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On A Generalization Of The Dual Summability Methods
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SUMMARY

In this paper, the concept of Dual SummabilityMethods has been introduced and later

generalized. Furthermore various inclusion theorems have been given connected with defined
new methods.

L. INTRODUCTION
A sequence method of summation with the matrix A = (ayy) is
based on the transformation
on=Aps = X apgspn=20,1,2,.. (1)
k=0

of the sequence s = (sp) into the sequence As = (oyp); and a series met-

hod with the matrix A’ = (a’px) corresponds to the transformation
o«©
Tn = z a/nk Uk, D= 07 1,2,.. (2) .
k=0

of the series X up, up = sy — sn_y1, S_1 = o0, into the sequence (tp).

It is natural that the matrix A’ of (2) is called dual to the matrix
A of (1) (or A dual A’) if 5, becomes 1 (or 1, becomes op) by the sui-
table way: This is equivalent to the relation.

=]
a'ng = X ap; or to the relation ape = a’px — a’p, xets [2]
i=k

It is well known that A is regular if and only if A’ is regular [1].
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2. Generalization of the Dual Summability Methods by the
Euler Mean of first order,

In a recent paper [3], the concept of dual summabiliry methods
was generalized by the Cesaro Mean of first order.
We shall now make the generality by the Euler Mean of first order First
we give some definitions.

Definition 1. Let A = (apy) be the matrix transforming the sequ-

ence s = (sp) into the sequence (op) ,that is to say that,
on = 2 aprson=0,1,2,... (3)
k-0
If,
1 o n
ty = o 3 ( Gy, ta > & (n = o0) (4)
2 2 \v

% 99
G .

we shall say that the sequence (sp) is (A, E1) -limitable to the value

This expression can obviously be written in the form,

=) 1 n n
th = b bnksk;bnk: on 2 ( ) avk,nzo,l,z,...
k=0 v=0 \V
This new method we have just defined is a sequence -to- sequence
transforming the sequence (sn) to the sequence (tn), i.e. it is a sequence
method. The necessary and sufficient condition for this method to be
regular is that

(bn) = ( ! 3 (i)avk);n,k:O,l,&... (5)

n
DA

should be a T-matrix [1].
Theorem 2. 1. If the matrix A = (apx) is a T-matrix, then the
matrix B = (byy) is also a T-matrix. But not conversely in general.
Proof. The proof of the first part of the theorem can be easily shown.
The second part of the theorem will be proven by giving a counter-ex-
ample. Let us define the matrix B = (bnk) as,

9k—1
2n

o<k<n
bnk:
o , k>n
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Because of the relation (5) we can determine the matrix A = (apx) with
the aid of the inverse transformation matrix of the method E; as,

_ n
(B — | U «J2Kogkgn

o ,k>mn .
According to this,

n
apg = 2 (-1)nv (3)2" by;n,k=0,1,2,.. (6)
v=0
Since by = o, for k > v, we have

se= 2 (A (1) 2 S — o (1)

v=k
Hence,
) .
(= 1)n+1 (- 2)k-1 ) o<k<n
ankg = n—k.
o . k>n
It is evident that the matrix B = (Bpx) is a T-matrix. But, for instance,
if, k = 1, ag; = (~1)2%t and since m ap; = lim (- 1)2+1 does
n— n—-

not exist, and so the matrix A = (apx) is not a T-matrix.

Definition 2. Let the matrix A’ = (a’px) transform the series Zuy,

Uy = Sp — Sp_1, S_1 = 0, to the sequence (tp); that is to say that,

Ty == c‘f] a‘ngug;n=0,1,2, ... (7)
k=0
If,
1 n n
Wp = —— X Ty, Wp > 7 (0 > o0) (8)
2 2 v

then we shall say that the series ¥ uy is (A’, E1) - summable to the value

[T
7.
Formally, this can be expressed as,

S ’ ’ 1 S n !
Wp = p bnkuk;bnk: ~on— > (V) avk,n:(), 1, (9)
0

k=0 2 V=
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The new method we have just defined is a series-to-sequence trans-
formation. In other words, it is a series method. The regularity of this
method is known [1].

Theorem 2.2, The methods B and B’ are dual if and only if the met-
hods A and A’ are dual.

Proof. Sufficiency. Let the methods A and A’ be dual.In this case,
according to the definition of dual methods we have

1 n n a n , ,
bae = “o9n VEO (v> vk = - EQ (V)(avk“awk+l)

= b'nx — b/n, kil
Necessity. Let the methods B and B’ Le dual. Then the relation
bnk — b'nk — b,n,k{_l exists, (10)

If (6) and (10) are considered together, then
amp = B (-1 (3) 2% by
v=0

n n n
= 2 (— 1)n‘v 2Vb,vk — X (— l)n-v ( ) 2v b,Vv kil
v=0 v=0 v
= a'px —a'y, kil
is obtained. Thus, the prood of the theorem is completed.
Theorem 2.3, If the method A’ is regular then the method B’ is

also regular. But not conversely in general.

Proof, The proof of the first part of the theorem is easy.

We showed that in the second part of theorem 2.1; There is a regu-
lar method B such that the method A is regular Which corresponding
to this. If we consider the fact that A is regular if and only if A’ is regu-
lar, the dual B’ of B is regular while the dual A’ of A is not regular. This
means, there is a non-regular method A’ which corresponds the met-
hod B’ is regular. This completes the proof of the theorem,



ON A GENERALIZATION OF THE DUAL... 93.

Theorem 2.4, Let the matrix A = (apx) be positive for n, k = 0, 1...
and furthermore the methods A and A’ be dual. If the sequence (sp)
is positive and nondecreasing then the method B’ is stronger than the
method A.

Proof, Let the summability field of the method A be U.

To prove the theorem, it is necessary to show that, for every fixed n,
the existence of the limit

—1
Iim % b'agug = lim {DE (b'nx - blnvk+1) Sic - blnp sp}
k

p—oc k=0 poe =0

for every s = (sn) € U. Considering the relations (3) and (9) we have,

p-oce k=0 P k=0 2 n V:o

(5, %]

. . = « .
Since s € U, the series X api si converges to a definite value oy for
k=0

D p-1 1 =n
lim X b'ygur = lim {2 1 (3) ayk Sg - 35 > (:)

every n. Therefore, for v = 0, 1, 2, ...

«®
lim > ayi 8§ = 0.

Ps®  i=p (12)

In (11), the first term of the statement within the paranthesis con-
verges to o as p - = and op also converges to 6 as n — « . Hence, it
remains to show that the second term converges to zero as p » «. Ac-
cording to (12),

. I = 1 n @
lim - X (Z avi) 5p L 5;— 2 lim X aysi=o
P

P> 2 V=0 2" v=0 P-%® i=p

i=

is found. Since the method B’ sums every sequence s = (s;) which be-
longs to U, the method B’ is stronger than the method A. This comple-
tes the proof.

Theorem 2.5, Let us suppose that the methods A and A’ be dual

and lim a'ygx = o,forn = 0,1, 2, ... . Then for every series X uy who-
—>®
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se the sequence of partial sums forms a bounded sequence, the method
B is stronger than the method A’.

Proof, Let the summability field of the method A’ be F. To prove
the theorem we must show existence of the limit

P
th = lim > bnk Sk
p->® k=0
for every fixed n and every u = (ug) € F. Since the methods A and A’
are dual, the methods B and B’ are dual because of theorem 2.2. Fuart-
hermore using the fact that B and B’ are dual and (9)

1Y D
lim > bnk Sk = lim p (b’nk - blnak.}.l) Sk
p->® k=0 P> k=0

n P n
= Zln X (n) lim 2 a'ypux-— ! = (n)lim a'y,py18p(13)
p->®

n
v=0 \V/ p>® k=o 2%y \V

is found. Since u = (uy) € F, the series X uy is summable by the method

<«
A’. If the series X ug = c (A’) the first term of the statement in
k=0

(13) converges to Ty as p — «, Tn also convergestocasn > «. Hence,

for the proof of the theorem it is sufficient to show the second term if

the statement (13) tends to zero. The limit of a’yp is equal to zero as

p -~ in the hypothesis of the theorem. This implies lim a’y,p,1 sp = o.
P

Therefore the proof of the theorem is completed.

OZET

Bu cahsmada, Dual Toplama Metodlan kavram tamuldi ve daha sonra genellestirildi.
Ayrica tarif edilen yeni metodlarla ilgili gesitli igerirlik teoremleri verildi.
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