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ABSTRACT

The objective of this research paper is to find P, (N) the steady-state probability that there
are n units in the entire system of N-stations series queues in a general form. We obtain an
implicit formula for P (N). Thea, we find an explicit formula for three different models in the
heterogeneous case and deduce the homogeneous ease. Also:we calculate both Ex(n), Ex(m)
the expected number of units in the system and the queue in the entire system, respectively.

INTRODUCTION

This type of work has been merely defined by Hunt [1956] in the
homogeneous case of two-stations and the heterogeneous case of three-
stations series queues with a single server at each station.

In this research we treat a general formula for Py(N) for the case of
N-stations with any number of servers at each station. We treat an ex-
plicit formula for three different models in the heterogeneous case (i.e.
different p;, i=1(1) N), and deduce the homogeneous case. Also we
derive Ex(n), Ex(m) the expected number of units in both the system
and the queue of the entire system of N-stations for these three models.

THE IMPLICIT FORMULA OF Py(N)

The steady-state probability Py(N) of finding n units in the entire
system of N-stations series queues can be found in an implicit form as

Pu(N) = = Py(N—1) Py (1), N=2 (1), (1)
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where Pp_; (1) = Pp_; is the usual steady-state probability of any queue
in the case of one station only. To prove (1) we use mathematical induc-
tion. Hunt [1956] gives a formula for the two-stations series queue
case in the form:

P,(2)= X P;(1)Pos(l). (2)

i=o0

Also for three-stations series queue, he defines:

J=0

r n—j
Pa(3)= I Pi(1) T Py(l)Pay(l).
1=0
Now, to complete the prove of (1), use relation (2) to get:
n
P, (3) = Z Py (1) Py (2).
j=o0
Let j=n—i, then we obtain:
n
Pa()= I P;(2) Pos (D). 3)
1=0

Thus the relation (1) is true for N=3. And so if we assume that relation
(1) is true for N=k, it could be easily proved by mathematical induction
that it is true for N=k-1 and therefore it is true for all values of N.

THE EXPLICIT FORMULA OF P, (N)

In this section we give the explicit formula of Py, (N) in the het-
erogeneous case and then deduce the homogeneous case. Also we derive
Ex (n) and Ex (m) the expected number of units in both the system and
the queue respectively in the entire system. We analyze the following
three different models.

Model I

Consider N-stations series queue each with a single server. Let the
inter-arrival times of units be an exponential with rate ) and the serv-
ice times an exponential also with rates y;, i=1(1)N at each station. The
units are served according to the discipline FIFO. Then, as in Donald
and Harris [1974], we write:
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Py (1) = Pom . Pms and;

- (@)
Pom =1— Pms Pm = A 5 m:]'(l)N'

m

Using relations (1) with N=2 and (4), we get:

n+i n+1

n 0, —0 2
Pn(2) - 2 Pi (].) Pn_i (1) = (———————) H Pom
i-o Pr— 9y m=1
From relations (1) with N=3 and (5), we obtain:
n ' |
Ph(3= X Pi(2)Pni(1)
1=0
( n+1 n+1) ( n+1 pn+1)
Pr(Ps  —F P1 P —%
+ H Pom (6)
(P5—0y) (P—Py)  (P3—P1) (P1—F2) o
Also from relations (1) with N=4 and (6), we have:
n
Pn(4)= 2 P;i(3)Pnri(l)
1==0
2 mil ntg 2 nl nt
P3Py —P3 ) P By —F )
(pa—pa)(p3—p2)p3—P1) (pa—p2)(02—p3)p2—01)
2 n+1 n+1
. PPy —f ) H Pom )

(ea—p1)(P1—p3)(P1—P2)

And since the relation (1) is true, it could be easily proved in general
for N-stations series queues that:

n+j n+}
Nl oy — fney 9_
PNy = [ = (D Nl) N ] n Pom (8
n( ) [i=1 ( Py — Pt ‘T~1 pN_ p) om ()
Ni#;l

In the case j=N—i the bracket of the product should be taken equal
to unity, and Py is given in (4).
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The homogeneous case, ; = P, i=1(1)N could be deduced directly
from (8) by taking limits as py —> Py —>...—> P; = ¢ using De
L’Hospital’s rule or by the following method. From relation (8) with
N=2, take limits as ¢, > ¢, = ¢ we get:

Py (2) = 7 (1-—¢)? o1, 9)

which is the same result as in Hunt [1956].
Let N=3 in (8), and taking limits as p; > p, and p, > p; = p, we obtain:
n+1) (n42 '
P, (3) = (_Tz,(“) (1—p)3 pm. (10)
By mathematical induction, we can easily generalize the relation (48)
given in Jolley [1961] in the form:

I

Neroo o 1 .
i) = I (nt) (11)

n
=
i=o0 1

i=1

T

Therefore using (11), we can easily generalize the relations (9)'and (10)
by mathematical induction in the following form:

Py(N) = %ﬁlﬁ)—"y— IE (241} n=1)...

(12)
5o

P(N) = (1—p)N , p = , N=2(1). ..

The measures of effectiveness of Model I such as the expected num-
ber of units in both the entire system and the queue are:

© N-2 N1
Ex(n) = £ n.Py(N) = (-l—_ﬂi—'- I {j—G—De],N =1 (13)
n=o0 (N—1) ! j=o
and
En(m) = Ex(n) — N oN (14)
N=1 E@m) = e one station queue only

l1—p

N=2 Ein) = 5 2-stations series queue.
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But as given in Hunt [1956], the expected number of units in the system
of N-stations series queue is:
Ne

Bn) = = (15)

Comparing Ex(n) in (13) and E(n) in (15), we get:

j=0

(N—Do -
= =0 N=1(1)...

Le.,

E(n) > Ex(n).
The equality holds when N=1, and so we expect less units in the en-
tire system than in the system.

Model 11

Consider an N-stations series queue each with a single server and a
limited capacity k. As given in Harris [1]:

Pu(1) = Pom #m ., n=1(1)k

Pom = _ITPL s Pm — . X ’ m:]-(]')N (16)
k+1 Ym
1—fm

Therefore as'in Model I before, we can easily get:

n i1 PN — PN_i x II . CPxi—0) dmat "
N—ixj= 7

The homogeneous. case is:

n . N N_—
PN = gy () - I i) a1

j=1

(18)
P(N) = (—li—p“—kpﬂ) o=, N=2(1)...
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The measures of effectiveness of Model IT are:

Nk
Ex(n) = I nPyN)
-

O

(1—p)72 Nt : NEAT
TNy ! (I—ok ¥ JEO [ — (G—D p—(Nk+j+1) p
+ (Nk+j) pNe+2] (19)
and  Ex(m) = Ey(n) — N o¥

e [1—(k+41) p¥ + kpk+1]

N=1 E@ =9 1557

N=2  Eym) = (1—p) [1—2 (k1) o1 + (2 k1) 205+ Efn)

Model IIX

Consider N-stations series queues with two servers at each station

(Le each stationis: M /M /2). As in Donald and Harris [1974], we have:

n

pm
P . ,n=0,1,
Py(l) = { °" n! (20)

n
Pom - 2 fm > n=2(1). ..

0
where Pom = —SF——, tn =

, m=1(1)N.
Case I: n=0,1

Using relations (1) with N=2 and (20), we get:

n on 2 n
P = £ rmram= 2 (2 )

i=1

2
n P, (21)

m=}

Also from relations (1), with N=3, (20) and (21), we obtain:

n on 3 03
Pa3) = X Py2) Pyy(l) = (z pi) 0 P (22
1I=0 1

n! =1



THE PROBABILITY IN THE ENTIRE SYSTEM... i1

In general, by mathematical induction, it can be shown that

ou N n N
Pu(N) = ( X op ) I Pom, (23)
1 1

n! i=1 je=1
and for the homogeneous case:

9n n N
Pn(N) = 0 (NP) PO ” 11:0,1 (24)

n:

Case II: n=2(1)...

Using relations (1), with N=2, and (20), we obtain:

2
Pu2) = Py Pu (1) +2 o+ 2 (FEZRRL) 1 P 29)
m=1
From (1), with N:?’, (20) and (25), we have:

i — o =2 [ 2 () (1)

12 ( c1e3"—e301"” ) < 91+E2ﬁ.)] o P (26)
P3—P1 O m=

1

Also from relations (1), with N=4, and (20), we deduce:

Pa(d) = P Pa3)+2 [ otz ((O3PTP4R"s ) e’ teslerted e |
(4) = Po,Pn(3)+ [9 + ( —0 )' (p3—p2) (p3—P1)

42 (gg@,”:@g;ﬂ_) % 9224—92(91‘%92)*}'91&3’7‘_ !
042 (p2—p3) (p2—p1)

42 (,El,f?f@n“hpln ) y erttei(paes)teses )] il P (27)
Fa—F1 { (e1—p3) (91‘94)

Thus, by mathematical induction, we can easily generalize relations
(25) to (27) in the form:

Pu(N) — Pyy Pu(N—1) + 2 [.{; +

ot/ PP N—PNP N I)
g 'y (PNPNTENEIN) el ] P, 28
i=1 ( PN_p’\T i ) J) - ( )



12 M.0. ABOU-ELATA AND M.L. HUSSIEN

where 1 N=-9
P3_i + Pi N=3 (29)
o (N,j) =
N_ N3 N-k-2 N1
P Xoexs (8 4 I ey N=d(l).,
N1 k= N—izj=1

and X, = sum of the product of p’s taken k at a time excluding px
and px_; from them. The homogeneous case, pi=p, i=1(1)N can be
deduced directly from relation (28) by taking limits as before. Using
relation (28), with N=2, and taking limits as p2—>p1=gp, We get:

p@ =k [ (o) a0 +2 (7)] (30)

From (28) with N=3 and taking limits as py—>p,, py>p; = p we obtain:

P = Poe[ G (o ) am+ 3 (5 ) w2 (3) J e

In general, by mathematical induction, we can easily prove that:

Py(N) = PN on E (N ) (D)5t g 25 gy N=20)- . (32)

Thus, from (24) and (32), we can write:

2n N
i P, (No)2 , n=0,1
Py(N) = (33)
N NN 2N-i
P,on X (i )(n—l)N_i‘1 Ny =2
and
1—p
= . 34
° I+o (34)

For N=1, we get the same result given as in Harris [1]. The measures
of effectiveness of Model III are:

. % 2N I+4p \N1 N
e = 5wy 2 ()
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_ 2Ne
I (35)
Ex(m) = Ex(n) — N~
N1 Em) — 2p which is donald and Harris’s [1974]
B 12 result.
. 4 s
N=2 Ez(n):T__goj—»P:—u‘-
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