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ABSTRACT

When a sheet of paper is crumpled in the hands and then crushed flat against a desk-top,
the pattern of creases so formed is governed by certain simple rules! These rules are generalized
to theorems on folding manifolds isometrically into one another which has been examined mde.
pendently by Robertson [1977] and Sewell [1973]. In this paper we have constructed a more
general theory of purely topological character. To achieve this, we- abandon the definition of
isometric folding, which has no obvious analogue in the topological case, and instead” we adopt

an inductive procedure.

MANIFOLDS WITHOUT BOUNDADRY

We define the following standard subsets of Euclidean n-space

En for any n > 0: 7
Dr = {xeBEr: |x |'<1}
Snl = {yebr:ly[=11}

We call D? and S2-1 the unit disc and the unit.sphere in Euclidean
n-space, respectively. Thus Sp-1 = D2, It follows from the deflmtlon that
for each x € D2 with x'# 0, there is a unique real number tanda unique
point y € St-1; such, that x = ty, 0 < t < 1. Of course, for all y € Sn-1,
0 =20y. See figure (1).

Now suppose that f : Sn—1 —» Sn-1 is any map. Then f in&u’ces a
map f, : D2 - D2, given by f, (tx) = tf (x) where 0 <t <{1,x¢c $o-1
and f, (0) = 0.

By using this construction we can define a topological folding hy
the following induction. Let M and N be teplogical manifolds.” Where
dimM = dim N = n > 0:and oM = oN = @ For all xc M; a_ disc! chart
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at x is a homeomorphism £ : D2 > V,, where Vx is a neighbourhood of
x in M and £ (0) = x. Hence, every x ¢ M has a disc chart.

Now let ® : M - N be a continuous map. We say that ® is a topo-
logical folding of M into N, iff for each x £ M, there are disc charts % :
D2 ViforMatxandyn:Dn > Wy for Naty = ®O(x) together with
a topological folding f : Sp—1 — 8n~1 guch that y o fr == @ 0 &.

f*
Do 5. Dnr
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To complete the definition we say that any map f : S° - S0 is a to-
pological folding. Since S° consists of the two real numbers 1, -1, there
are exactly four topological foldings of S° to itself. We denote by v (M,N)
the set of all topological foldings of M into N, ant put «(M) = t(M,M).

If @ € 7(M,N), then x ¢ M is said to be a singularity of ® iff @ is
not alocal homeomorphism at x. The set of all singularities of @ is de-

noted by X ().
FOLDINGS OF 1-MANIFOLDS

PROPOSITION: Let @ ¢ ©(M,N), where M and N are 1-manifolds wit-
hout boundary. Then X (@) is a discrete subset of M.
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PROOF: LetxeMand y=® (x). Then there are disc charts £:1—>Vy,
1 : I Wy on M and N, respectively, and a topological folding f : 50 - S,
such thatv o fr = ® 0 £, where I = {—1, 1} = D'. Now suppose that
x ¢ 2 (®). Then f(1) = f(—1) = 4+ 1, say f(1) = f(—1) = 1. Then { (t) =
[t]. Hence @ is a local homeomorphism on Vi \ {x}. Hence x is an iso-
lated point of Z(®), and so Z(D) is discrete.

COROLLARY: Let ® ¢ «(M,N). If M ~ R, then Z(®) is countable. If

M ~ 8%, then is finite, and X(®D) is even.

PROOF: The first statement follows immediately from the proposi-
tion. Suppose then that M~ S, and let x ¢ X(®), then there are disc charts
£:I-Sl,%:I- S! such that £(0) = x, 5(0) = ®(x) = yand ® o
£ = nofs, where f, : I - I is given by f, (t) = |t|. Hence f, induces
orientations onrays I_(0 <t << 1) and I, (—1 < t < 0) and hence local
opposite orientations on £ (I_) and £ (I,). These local orientations can
be chosen so that each region has a unique orientation induced by disc
charts. This shows that the singularities of ® partition S! inte arcs in
such a way that successive arcs have opposite orientations. Thus the
number of arcs is even, and so the number of singularities is also even.

It should be noted that, topological foldings of S! to itself can be
of any degree. For example, the power map @, : Sl — 5! given by
@, (el9)=elkY, is a topological folding (without singularities) for any k+# 0.

FOLDINGS OF SURFACES

Consider now any topological folding ® ¢ « (M,N), where M and N
are connected surfaces without boundary. The disc charts provide local
models for the set of singularities X(®), as follows. Let f : ST — S! be
a topological folding. Then X(f) consists of 2k points p;,.. py. Hence
3(f,) consists o the rays joining each p; to 0. That is, 2(f,) = {t pi:
0 <t <1,i=1, ..., 2k},

It follows that the set X(®) has the structure of a locally finite
graph Ko embedded in M, for which every vertex has even valency.

A connected subset of M\ K¢ is called a ®-region. We note that
the ®-regions, together with the edges and vertices of K constitute a
topological stratification of M, (where a topological stratification of a
topological manifold M is a partition of M as a disjoint union of disjoint
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connected manifolds called strata, such that the frontier in M of each
stratum is a union of finitely many strata of lower dimension).

Note also that if M is compact, then K¢ is finite and the number
of @ - regions is finite. Moreover, every ®-region is bounded by a clos-

ed polygon in K.

FOLDINGS OF MANIFOLDS

From the previous two scctions, we can begin to form a picture of
how the structure of Z(®) may be described, for any ® ¢ t(M,N), where
M- and N are topological n-manifolds without boundary. We proceed
inductively as in the case of isometric foldings {1} and conclude that
Z(®) partitions M into disjoint strata that fit together to form a topo-
logical stratification S of M. We refer to the r-dimensional strata as
r-strata, and to the n-strata as ®-regions. This stratification is locally
finite and, if M is compact, is finite.

We remark that, if ® ¢ = (M,N) and ¥ = « (P,Q). then’(D X ¥ex
(M P, NxQ). Also, it is easy to check that
(O x W) = E(D)xP) U (M x Z(WP)).

For example, let ® ¢ 7 (I) and ¥ ¢ 7 (S!) be the topolegical foldings
given by for all x ¢ I, B(x) = Ix| and for all (y, z) ¢ S!, ¥(yv.z) = (y,—2).
Then @ X W et (I X S!). The set Z(® x ¥), and its relation to X(®)
and %(V), is indicated in Figure (2).

L{e % ¥)
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T
Z(¢)

Figure (2)

However, the composite of any two topological foldings is not in
general a topological folding. We give an example to illustrate the phe-
nomenon., - & ] R
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Let ® : 52 - S2 be given by ® (x,y,2z) = (x,y, {z]). Then ® ¢
7 (S2), the image of this topological folding being the 'Northern’ hemi-
sphere H. Let v be an embedding of the equator z=0 of 52 into 52, given

by n(xy,0) = ((X,y, ex sin —%—), where 0 < ¢ << 1,x # 0 and’

7(0,y.0) = (0,y,0). By the Schoenflies theorem, since v : ol > SZisa
topological embedding, 7 extends to a homeomorphism % : S2 —» S2. Let
Y =7o0®. Then Ve (S2).But ® oV ¢ (S2), since X (®oW) has in-
finitely many strata.

We observe that for any @ ¢ v (M,N) and for each stratum o ¢ S,
® | ois a topological immersion of ¢ in N. Suppose now that ¥ z v (N,P)
is a topological folding. Then V" o @ will be a topological folding if for
each stratum o ¢ S, where S in the topological stratification induced by
® on M, and ® (c) is topologically transverse to each stratum of W.
This condition is not, however, necessary.

MANIFOLDS WITH BOUNDARY

Let M and N be topological manifolds, where dim M = dim N =
n > 0, and &M = 8N # ®. For all x ¢ Int M (Int M means interior of
M), a disc chart at x can be defined as before. If x ¢ M a disc chart at

x is a homeomorphism £ — Dn — Vi, where Vi is a half disc neighbour-
hood of x in M, D = {x e En: |[x| < 1, xn > o} and £(0) = x. Hence
every x ¢ M has a disc chart

Now, let ®: M —+ N be a continuous map. We say that ® is a to-
pological folding of M into N, iff for each x ¢ M, there are disc charts

£:D0>Vyoré:D0—»VoforMatxeInt Morxe o M, respectively,
andn: D2>Wyory:Dn > W, for N at y = ® (x) cInt N or
y = @(x) ¢ @ N, together with one of the following topological foldings:

(i) f:Sn-1 - Sn-1guch that o fx = ®o £, (x ¢ Int M any y < Int N);
(i) £: Sn1 > Sn-1, where Sn-l = {x ¢ En : |x| = 1, x, > 0}, such
that 7o fx = Qo ¥, {(xzoMand ye & N);
(iii) f; : Sn-1 > Sn-1, such that 7 o foy = @ o &, (xc Int M and y ¢ & N);
(iv) £, : Sn-1 s §n-1 such that nof,= ®,%(xcé&Mandy e IntN).
Again we say that any map f : S° > S0, f : So > So, f, : S0 50 or
f, : §° >80 is a topological folding.
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These definitions imply immediately that : If ® ¢ + (M,N) is a to-
pological folding of M onto N where &M = oN # &, and ® (M) < @ N,
then ®|éM < « (éM, oN).

As before, any such topological folding determines a stratification
S on M in which each stratum is a manifold without boundary, and S
restricts to a stratification S on oM. In constructing this stratification
we have considered points in oM separately. Thus the set Z(®) of sin-
gularities of @ is a proper subset of the union of the strata of dimen-
sion < m—1. This is because the ® |oM-regions of 6M are (m—1)-strata
in S, but © is not singular on these strata.

THE GRAPH TOPOLOGICAL FOLDING

Let ® ¢ J (M,N). Then, as we saw in the fourht section above,
there is a topological stratification S on M by singularities of ®. In this
section we show that there is a graph I'gp associated with this stratifica-
tion in a natural way. In fact the vertices of ['p are just the n-strata
of S, and its edges are the (n—1)-strata. If E ¢ S;_,, then E lies in the
frontiers of exactly two n-strata ¢, o’ S;. We then say that E is an
edge in I'p with end points s, o'

The graph I'gp can be realised as a graph ﬁp embedded in M, as
follows. For each n-stratum o ¢ S, choose any point ; co. If 6, 6" =8,
are end-points of It ¢ S,,_,, then we can join oo by an are £ in M that
runs from o through ¢ and ¢’ to g, crossing E transversely at a single
point. Trivially, the correspdndence G =0, E->Kisa graph isomorphism
from I'g to ﬂp Figure (3) below illustrate this relationship in case
n=2.

In this case, the cell complex subdivision of the surface M induced

by IN‘@ is the dual of that induced by Kg. These constructions have
a greater significance in the case of a special sort of foldings which we
call neat.

It should be noted that the graph I'¢p may have more than one edge
joining a given pair of verticet. For instance, consider the topological
folding @ of the torus T into itself shown in Figure (4) below, induced
by the map @ : R, given by ® (x,y,z) = (x,y, |z|). The graph I'p has

just two vertices but has two edges. See figure (4).




TOPOLOGICAL FOLDINGS 107

’ P
¢ n
——— E ]
$(T)
Q" '
g
T e

Figure (4)

REFERENCES

ROBERTSON, S.A., 1977. Isometric Folding of Riemannian Manifolds, Proc. Roy. Soc. Edin-
burgh, (79), 275-284.

SEWELL, M.1., 1973. Complementary Energy and Catastrophes, University of Wisconsin
Mathematics Research Center, Madison.



DE
DE

COMMUNICATIONS

LA FACULTE DES SCIENCES FACULTY OF SCIENCER
L'UNIVERSITE D’ANKARA UNIVERSITY OF ANKARA

INSTRUCTIONS FOR AUTHORS

The joarnal is published in English

Submitted articles must be based on original research. Review
articles can also be accepted, provided they are written by eminent
scientists.

A short abstract must be added to each submitted article.

Manuscripts must be submitted in triplicate, typed double-spaced
on A-4 format with 4 cm. left and 2 cm right margin.

Inclusive of figures and tables, manuscripts must at most be 25
type-written pages long.

The title must be typed on a separate page along with the name(s)
and affiliation(s) of the author(s).

Figures must be drawn neatly in indian ink. Original or glossy
prints may be submitted. Photographs must be sharp glossy prints.
Lettering and numbering must be neatly printed. The running
title of the manuscript and the name(s) of the author(s) must be
written in pencil on each figure or photograph.

Captions and tables must be typed on a separate sheet.

References must be typed on a separate sheet in alphabetical
order of author names. References must be denoted in the text
by the surname(s) or the authcr(s) and the year of publication.

The author(s) will receive 25 reprints without charge.

Irrespective of their acceptance, manuscripts will not be returned
to authers.



DE
DE

COMMUNICATIONS

LA FACULTE DES SCIENCES FACULTY OF SCIENCES
L'UNIVERSITE D’ANKARA UNIVERSITY OF ANKARA

VYolume : 35 Number : 1-2 Year : 1986

M.

CONTENTS

. ASHRAF and M. A. QUADRI

A note on commutativity of rings ................cui.... ' 1

. 0. ABOU-ELATA and M.L. HUSSIEN

The probability in the entire system of series oueues and the
measures of effectiveness ............... ... 0 c0iiia.... 5

. BASAR and R. COLAK
- On the strongly regular dual summability methods of the

second Kind ... 15

. ESIN and H.H. HACISALIHOGLU

A generalization for Laguerre function of a hypersurface in
a Riemannian manifold ............................... 19

. ESIN and H.H. HACISALIHOGLU

Umbrella mairices and higher curvatures of a curve ...... 27

. ESIN and H.H. HACISALIHOGLU

Curvature matrices and Darboux matrices of motions along a

CUITE ot i i ettt annnineneenns 35
. GORGULU
A generalization of the Gauss-Bonnet theorem ............ 45

. GORGULU and E. OZDAMAR

A generalization of the Bertrand curves as general inclined

curves in E™ L. 53
ORHAN

Absolutely p-th pawer conservative matrices .............. 61
PALAMUTOGLU

Relationship between central projection and reflecting action .. 67

H.E. RABADI and O. CELEBI

Reflection principles for generalized poly-axially symmetric
biharmonic functions ........... ... ... ... ... . ... 83





