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ABSTRACT

In this article, a class of equations of the hyperbolic type with singular coefficients is
studied. Using the multiple Fourier transforms in the space (X 155Xy 1, ) &R™, for the domain

[x] < yand in the space (x ..., X 15 Ys %) € R+ for the domain (Ix|*+ 2% 3 < vy boundary
value problems containing the singular boundary are solved.

1. INTRODUCTION

The equations of hyperbolic type with singular coefficients have
been studied by many authors. In this article, using the multiple Fourier
transform we will obtain the solution of boundary value problems.

Let us denote a point in m - dimensional Euclidean space by (x1,
s+s X0y Xn11, ooy Xm) € R®. Thus (x, z) € §M+1. Now consider the fol-
lowing operators of the ultra-hyperbolic type with singular coefficients:

n-1 o2 m 02 ZkJ 7]
= —— — 2 .
L= % ( D ) (LI)

n-1 o2 2 2 :
ap =z 249 —<§1 2_ 4 X a) (1.2)

i=1 OXiz j=n aXJ 2 Xj 8X,

where kj, k € R*. By means of the transformation

m 1/2
—_— 2 Xj 2)
j=n

<
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the operators of (I.I) and (1.2) become,

n-1 22 02 20, 0
L = — - 1 k2
o1 oxi? ( yr Ty oy )
n.1 2 o2 2
AE = d —Ix'_ nc - na + 2 d "
i1 0xi2 022 oy2 y oy
where

y = o is a singular hyperplane for the operators L and Ax.

2. BOUNDARY VALUE PROBLEMS

We want to obtain the solution of the following boundary value
problem for the operator L:

Liuxv)]=0 x| <y | 2.1
u(x, xi) =g (x) (2.2)
u(x,y)>0as [x|2+4y2-> o, x| <. (2.3)

In this problem n < 2 « - land2o™>1,n > 2.

On the other hand boundary value problem for the operator Ay
is as follows:

Ap [W(xy,2) ] =0, (x|2+ 292 < (2.4)

W [x, (Ix|2 + 292, 2] = f(x, 2), 2.5)

W (x,y,2) 0 as x |2+ y2+ 22 > OC,({X§2~—§—Z2)1/2 < y.
(2.6)

Where x = (X1, -y Xn_1), (X,y) and (x, y, z) are the vectors in R07L,
R and R+ respectively. For both of the problems, y = 0is a singular
hyperplane. We will study the problem in the hypercone (|x]2+22)2 <y.
The given continuous functions g and f are the values of the functions
w and W over the caracteristic cone y = ( |x |2 + z2)"/2 respectively.
As it is well known the (n-1) and n dimensional Fourier transforms
are given in the following forms [3],
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A -1 (n-1 . )
$(8) = Foon [0 (x)E] =@n) = OV fRn—J o x) e G gy,

) = Fay [0 (6 2)s )] = (2) j o, z)e(E ) g

where 2 (21 ,Zn_l) € /anl and (g X) = Ex X1 —r ver —-L ‘zn_l Xn_1.
Let us denote the inverses of the operators Fa-y and Fmy by F* @1

and E’](n)

3. SOLUTION OF BOUNDARY VALUE PROBLEM FOR THE
OPERATOR L

Now let us apoly the operator % _1) to the both sides of the prob-
lem defined by (2.1), 2.2) and (2.3).

02 20 O .
Foon [Llats 5 &1 = (3 + 55 - K2+ 1E12) ey
where

1€ 12 =E12 + oo + &2

and

@€y = Fny [u(xy); E]

In this manner we arrive at the following equivalent problem:

(53 + > 2 + 22 + E) e ) =0 (3.1
G [E]) =8 (®) (3.2)
i vy) >0 as y - o (3.3)

In equation (3.2),
& (@ = Fa-v [gx); E]

The general sclution of the equation (3.1) can be obtained as,

i(Ey)=y" " (AD T L D+ EDAIHBON vt 519721

l\')

(3.4)
by making the replacement
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P
Gy =y VEy
with A (£) and B (£) beeing arbitrary functions. In equation (3.4)

J ,and N | are the Bessel functions of the first and second
-3 0—5

kind respeciively. We know that the Bessel functions will be given for
small values of their argument as follows [4]:

1 x \P
Iy (X)N-—l‘(p—_}_—lj (T) spxE-1,-2, ..

2
— Inx, p =o0
Np (x) ~ p# -1, -2,..
-1 2)\P
—n_ I' (p) <?) , p#0

and for large values

I () ~ (%)é os [x= (v + +) 5]

o~ () [ (v ) 3]

In order to the solution (3.4) of (3.1) be finite as y - o we must have
B (£) = O. Besides in order to the solution

. - -« v Vo
W y) =A@y J [y &2+ [E]2)77]

-}

satisfy the conditions (3.2) and (3.3,)we should have

AG = § ()

EETET L LE K2 4 (2])

&

“-}

Thus as a solution of the problem (3.1), (3.2), (3.3) we obtain
LEy) =8 EYPEY, | (3.5)
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where the functions &, (&) and P (c_,, 7) are given by

B () = B 1 © PR
, ["'(k2+ W) 2]2 I TENE2HEPR ]
1, 1_ 1 _
P ) = Iy -~H£l2)/2]2 “3, R e
: 2 v g T
In thls manner it can be seen easﬂv that o e R ' o
Jim, L a (E,y) = g(O)

v="1E =6

Applying the operator Fm_1)* to the both sides of the QOIUHOD ( 5)
and making use of theconv olutlon theorem we obtam the solutmn of the
problem (2.1), (2.2), (2.3). as [2],. .~

u (x,v) = (2= ) 3o-1) J & (s) K (X—s y) ds. (3.8)
i Tl

Where s ‘_(sl, v Sn_ 1\ € (R" ! and-

gt (0 =Fap* [& s x)]
AR
[IE] (k2 4+ [E12)°

= @ io- ” j (i) - A, i 39)

I

o—1
2

Kny) = szm_l) [P E9); x].

The Hankel transform 6f order v of ihe Tunction f(r) is

CRE = [(E); & %Jw Cf) FoE

Its inverse transform is, 7

f@ =96 FE: 0L~ Gk
We know the following relatlonshlp [3] between Fourler and Hankel
transforms . 8
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f (X1peonrXn) = (zn)‘%n%nj F (o) o &) gz (3.10)
2 ) = T T R0 T, ) 4y (1D
o in-1
where

n=|x|=(x24 ..+ xnz)l/z, pr =18l =2+ ... + <gzn)l/{:

So, if we set

r=|x| =(x12 ~{—‘... - in_l)l/z, p =18 = (512 + o+ azn—l)l/z

we can write,
Key) = @ 1070 [ pey e &9 e
ol
_B-n) e

x [Tt O N ety L ey g 0
F;m [I] we know the following integral

|7 03, 2+ )% 2420 P T a

0,a<b Rev>Rep>-1 (3.12)

T b 2V A TEY (azp2) OB Ty [2(a2-b2)%], s> b,Rev> Rey.> -1

Using (3.12) as a kernel funsction we obtain,

2a-n

K@y =k? “y'2% gy 5 [k(y2)?] (3.13)

2

Let us apply the convolution theorem for the equation (3.9),
-3(n-1
g 0= 10 [ 06 an
Aot

where © = (7(5..., Tny) € R*! and
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2]k + (2P 2%

O (x-7) = Fap®
T, TR e

} X—-7T

S I Lt 20270 S
Rt Ja_%[}il(kz-HiP)%]

Considering (3.10) and (3.11), we get

O (x-7) = |x-7 33%‘ oné(n—l) [o (k2 + 92)1/2]

NGRS
2

“-}

1/2]1,,_2._3[9 x-7{]de

where

1
o =1Eh Ix=t| = [(x=71)2 + oo + (xn_1-mn_1)?]72

Thus as the value of the function g;,

. 3-n

1 _ | 1/2 0(—%‘
o — (2D a8 e 2 (° o2t e2) 7]
a@ =@ [ @) et T

X Jn_ [P is“fi]dp |
n3 §d~: (3.14)

is obtained. If we replace (3.14) into (3.8) the solution of the problem
2.1, (2.2), (2.3) is

u (x,y) =(2n)1—n j g j’ "D (p, | s~ ]) K (x-s. y) g(z) dp { dvds
po-nd
where
Bt 3
D, lsr]) = [e (k24 p2)7%]

I N L )
I, k24 )7 T
2
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4. SOLUTION OF BOUNDARY YALUE PROBLEM FOR THE
OPERATOR Ax

Following a similar idea and applying the operahto'r Fm) to the both
sides of boundary value problem (2.4), (2.5), (2.6) we obtain

o2 2¢. 0 . o
(ayz Ty T ]5!2;‘r"n2) W y,1) =o, | (4.1)
A~ ) S 1/2 X : o
WL (€12 + 4% 0] = f (&%) (4.2)
Wy =0asy>o. (4.3
Where

W(ueyv") = Fum [W (xy.2); ()],
FEn) = Fm I (2 Gl

By use of the transformation

~ i - l P . : . . 'Vy
W Eym) = v5 C W, Ly

the general solution of the equation (4.1) is obtained as

W) = v (0G0 I,y bR+ DE N,
yOEE+a37%y @

where C (£.7) and D (£,9) are arbitrary functions. VIriA order to (44) be
tinite for y — o0, we get D (£, %) = o. Using the conditions (4 2) and (4 3)
we obtain the solution of the problem (4.1),(4.2), (4. 3) TR

W (gym) =1 (En) Q Gym) .5)

where . . : : - T o

fiEn) = e @.6)
(1E12-+22% " F ()2 +7?)

1, N T

TR I M PATRRe L R TR )
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The selution (4.5) satisfies the boundary conditions and takes the fol-
lowing value in the limit:

po—

im 4, W (Eym) =1 (0,0).
y =(&12442)"" >0 ‘
When we apply the operator Fm)* of (4.5) we can obtain the solution
of boundary value problem (2,4), (2.5), (2.6) as

W(X,y,z):(Zn)—%n j £1 (s,t) M (x-s, v, z-t) dsdt. (4.8)
an

Where the kernel function M is given as follows

M (x,y,2) =F @ [Q (Eym): (x2)]

N KULR T b AR EE T R P
-} | (4.9)

f1(x2) = Fm* [f1 Em)s (x:2)]-
Let
1 1/
P (R4 F = (N2t
From (3.10), (3.11) we get ‘

J-a -1 (o Ldm2e bl - e
M(x,y,z)=y2 Cir 2 j 92(11 o4 )Ja l(yp)Jn (pr)d?.
e 77 ‘

We know from [1] that,

(0] (b dt — at I [3(14-v+p—y)]
oj Ju(at)Jy(bt)t ™Y dt = o T (e ) T v )]

' 3.2 $)
x, Fy [1 (+vtp—y), § (Lp—v—y); p+1; W]" (4. 10

Re (vfyu—y+1) >0, Re vy >-1, 0 <<a < b.

By use of (4.10) the kernel function becomes
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i (n+1-2¢)

) ! . n . r 2
M (x,y,z) Wﬂ__—l—l)_‘ y 2 Fl [2 (n—2o€—g—1), ‘?2—, —SfT]‘

Now in order to calculate the function f;. let us apply the operator Fmy*

of the equation (4.6) and use the convolution theorem for the Fourier
transform we get
n

f1(xz) = (27) ° j f (6,7 G (x=0, 2-7) do d,
%ﬂ

where

G = (615 vees c7?1_1) S :Rn~19 (59:) € CRn

N2

T, CEFF)

1
%=z

a-% A
G(x-6,2-%) = (275)_ RnJ. (1€12442) o ! [£-(x-0) + n(z-)C] dZdy

Again forom (3.10) and (3.11)
2-n

G (x-0,2z-0) =[x 2 + (z=0)2] *
- ~% (n-F40-2)
* J ——— J, {elxc2+ (z—C)Zjl/z} g,
o0 J (2 -1

7

©

where
EX“G 12 b (Z"C)Z = (XI—GI)Z 4+ e (Xll—-l - Gn_.l)z + (Z‘_C)z‘

Hence the solution of boundary value problem (2.4), (2.5), (2.6) is.

Wy =@ [ 3 S E B e 02

x M (x-s,y,2-1t) f (0, Q) deg ¢ ds ds,

where

E [6 s ]2+ (:-0)2] = &

w
-
~-
02
Lpumen |
-
1
s
4+
p—
(i
|
o
[ ]
| R—
N
o
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OZET

Bu makalede hiperbolik tiirden olan tekil katsayih bir, denklem simfi incelenmigtir. (x,,

Xy 1Y) € R de |x| < y bolgesinde ve (xy,..., X1 Ys 2) € RO+L e (jx |2+ A<y
bélgesinde ¢ok boyutlu Fourier déniigiimii kullanilarak tekil simr1 kapsayan sir deger problem-

leri ¢ozitlmiistiir.
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