
Corumun. Fac. Sci. Univ. Ank. Series Aj 
V. 36, pp. 17-21 (1987)

CONVOLUTIONS OF CERTAIN CLASSES OF ANALYTİC FUNCTİONS 
WITH NEGATIVE COEFFICIENTS

S.M. SARANGI and B.A. URALEGADDI

Department of Mathematics, Karnatak University, India.

(Received, May 1981 Accepted: 9 March 1982)

ABSTRACT

Let f (z) — z
co
S

n = 2
0 and g (z) — z —

00
s b.

tt=2
b > 0. We investi- n —

gate some properties of h (z) — f (z}
00
s wbere f (z) and g (z)

n=2

satisfy either Re(f(z) / z) Re (g(z)/ z) ly. or Re £'« a for |z| 1.

‘n

* g (z) = 2

v"

a, Re e'(z)

INTRODUCTION

Let S denote the class of functions normalized hy f (0) == £'(0) — 1
= 0 that are analytic and univalent in the unit disk E. A function
f (z) e S is said to be starlike if Re (zf\z) / f(z)) 0 for |z 1 <1 and is

said to be convex if Re 11 + zf"{z)) 
f'(z)

0 for I zI 1. These

classes are denoted by S* and K respectively.

The convolution or Hadmard product of two power series

f(z) =
co
2 anz“ and g(z) = 

n=o

oo

n=o

is defined as the power series (f * g) (z) = S anbnz“.
11=0

Ruscheweyh and T. Sheil-small (1973) proved the Polya-ScEoenberg

conjecture that if f(z) = + 2
n=2

anz“ e K andz
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then

h(z)

Let f(z)

g(z) = z + 2 bn e K, 
n=2

f(^) g(z) + 2
n=2

HnbnZİ 6 K.

2
n=2

anz”, an 2: O and let P (a) denote the

class of functions of the form f (z) which satisfy Re(f(z) / z) y. for

Re f'(z) > 
h(z)=f (z)

1 and Q {(/.) denote the class of functions f (z) whicb satisfy
a for |z J 1. In this paper we obtain some properties of

* g (z) where f(z) and g(z) belongto P(a) or Q(a) for 0 1.

Schild and Silverman (1975) investigated some properties of con- 
■volutions of univalent functions with negative coefficifnts.

CONVOLUTION PROPERTİES

We need the following result :

LEMMA:
CO

i. f(z) G P(a) iff 2
-n~2

y.

CO

ii. f(z) G Q(a) iff 2 
n=2

nan 1 - a.

PROOF: The lemma has been proved in Sarangi and Uralegaddi 
(1978)

THEOREM 1: If f(z) e P(a) and gfz) e P (a) then h(z) f(5î) » g(z)

CO

2 anbnZ" G P (2a 
n=2

- a2).

PROOF: From Lemma we have

. CO' ' .

2 a„<l — y and 
n=2

00

2 b
n=2

'n 1 — y.

z

* z

I

z

a

»n 1 -

In v‘iew of Lemma, we have to find the largest (a) such that
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2 
n=2

anbn 1 - p.

We hav e to show tliat

S
n-2 1 - a 1 (1)

and

2 
n=2

bn
1 - a (2)1

imply that

S 
n=2

«inbn 
W

< 1 for ali 3 = 3 (a) = 2 a — «2. (3)

From (1) and (2) we obtain by means of Cauchy — Scb,warz inequality

2 
n=2

•\/ -y/ b
1 - a

’n (4)1

Hence it is sufficient to prove that

*tn hn y/ ^n -y/ b 

1—0.
’n •\/-y^hn 1 - fi

1 — aP (a), n = 2,3 . . . or

From (4) we have -\/ an y/ bn 
ficient to show that

1 ~ a for each n. Hence it vvili be suf-

1-p
1 - a (5)1 - a

Solving for P we get P 2 a - «2.

The result is sharp with equality for f (z) g (^) = z -(1 - a)

COROLLARY: Let f (z) e P (a), g (z) e P (a) and let

h(z) z — S Sn -y/ bn
n=2

z’i. Then Re Qı(2) / z) a for j z I 1.
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This result follows from the inequality (4). It is sharp for the same 
functions as in Theorem 1.

THEOREM 2. Let f(z) e P(a) and g(z) e P (fi), then

lı(z) f(^) * g(z) 6 P(k + & — V. Ş).

PROOF: The proof is similar to that of Theorem 1.

COROLLARY: Let f(z) e P(a), g(z) e P(^) and h(z) e P(r), then 

f{z) * g(z) » h(z) e P (a+^+r — kŞ - ^F - Fa + a^F).

THEOREM 3: Let f(a) e Q(a) and g(z) e Q(j3), then

b(a) = f(z) » g(z) e Q 1 + a + jî — aji
2

PROOF: From Lemma, we know that

2 
n=2

nan
1 - a

1 and

2
n=2

n b,, 

1-P
1.

We have to find the largest F = F (a, such that

2 
n=2

n Un bn 1 - r.

It is sufficient to show that 2
n=2

nan
1 -a 1 and 2 

n=2

nbn
1-P

00

imply E
n=2

n an bn
1-r 1 for ali r = r (a, Ş) =

Proceeding similarly as İn the proof of Theorem 1 we get

nnbn 
TT'

n an bn 

(l-«) (1-?)
or r (l-«) (1-^) 

n

1 + a + Ş —'
2

1

1 —

The right-hand side is an increasing function of n (n=2,3,...). Taking

n=2, we get F < 1 4- ot — 06^
2
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THEOREM 4: Let ffz) e Q(a) and g(z) e Q((3). Then

f (z) * g (z) e P
3 a + — a Ş

4

PROOF: From Lemma, we have

2 
n=2

nail < 1 îind 2 
n=2

nbn 1 -

We have to find the largest F r (a, Ş) such that

2 anhn <1 — r. 
n=2

This is satisfied if

1
fT (l-«) (1-P)

i.e., for r (l-g) (1-&) 
n2

9
1 —

Since The right-hand side is an increasing function of n, taking n = 2 
we get the result.

THEOREM 5: If f, g e Q(a), then

lı(z) (an^ + hn2) 
n-2

zn e Q(2«-a2).

PROOF: Since
00

2
n=2

1 — a, we have

2 
n=2

n2a„2 

(l--a)2
2

n=2

aan
1—a.

1.

Similarly, 2 
n=2

n2bn2 and. therefore

S 
n=2

au2 1.

We have to find the largest [3 (a) such that

2 
n=2

(an2 + h„2) 1.

z

n an

< 1

2

+ hn2

n
1—p
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This will be satisfied if

1 1 n
1—p - 2 (1—a)2

2 (1—a)2 
n

or < 1 —

Again since the right-hand side is an increasing function of n, we get

P < 2 ot —

NOTE: The result is sharp for the functions

= g(z) = ------ (1 —a)z
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