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ABSTRACT

In this study, we give a generalization of the higher order Gaussian curvature function and
the mean eurvature function about the parallel surfaces in E?, for EML,

BASIC CONCEPTS

DEFINITION 1: Let M| and M, are two hypersurfaces in Entl, with
unit normal vector N; of M,
n+1
Nl = X aj 0

i=1 0xj

Where each a; is a C* function on M. If there is a function £, from M,
to M, such that

f : M —->M,
P ———f(P) = (p1+ra; (P), ... pniytran. (P)).
Then M, is called a parallel hypersurfaces of M, wherer € R [1].
DEFINITION 2: Let M be a hypersurface in-E?*! and S denotes
the shape operator on M, at P € M. The function H defined by
H: M — R
P ——— H(P) = 12 S(P)

is called the mean curvature function of M and the real number H(P)
is called mean curvature of M at the point P [31].

DEFINITION 3: Let M be a hypersurface in Entl and S denotes the
shape operator on M, at PeM. The function K defined by
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K: M — >R
P —— K(P) = det S(P)
is called the Gaussian curvature function of M and the K(P) is called

Gaussian curvature of M at the point P [3].

DEFINITION 4: Let M be a hype;smface in En+1 and Tu (P) ke a
tangent space on M, at P & M: Tf Sp-denotcs thie shape operator on M
at P ¢ M, then

SP: TM (P) _— > TM (P)

is a linear mapping. If we denote the charactenstlc V?}ues by AoRas cenn An
and the corresponding characteristic vectors by X 1,X5, «., Xp Of Sp then
X1shgs wes Ay arve the principal curvatures and x,x,, ..., x; are the prin-
cipal directions of M, at PeM. On the other hand, if we use the notations

n

Kl (7\1,7\2,...,7\11)7 - E 7\{
i=1

K2 (7\1,}\2,...,7\11) - E )1)\]

- : i<

n

K3 ()\1,7\2,-.-,7\11) == Z >\i)‘j7\t
i<j<t

. n
Kp (Midgoeehn) = I %
i=1

then the characteristic polinomial of S(P) beeomes

PS(P) (7\) =\ 4 ( ) Kl)n L ( I)H Kn

and Ky, 1 < i < n are umquely determmed -where the. functlons K
are called the higher order(,d Gaussmn curvatures of the hypersurface
M [4]. [5].

THEOREM 1: Let f be a mapping from M to M; and M, be a parallel
hypersurface of M. Then f preserves the principal curvature directions [2]
THEOREM 2: Let M, be a parallel surface of the surface M. < E3.
Let the Gaussian curvature and mean curvature of M be denoted
by K and H at PeM, respectively and the Gaussian curvature and

mean- curvature: of M, be denoted by K; and:- Hy-at £ (P) € Mr,
respectively. Then swe. know. that :
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Ky = 14+rH4+ 12K
and
H, — H|+2rK

14+ rH4+ 2K
[2] e g
GENERALIZED THEOREMS
THEOREM 1: Let M be a hypersurface of Entl and K ,K,,....Ky are

the higher order Gaussian ' curvatures and k i,k,,....kp the principal cur-
vaturcs at the point PeM.

Let us define a function -
O : M — - R , ,
such that P —— & (P) = O (rki.ky..kp)

- ﬁl (1 I‘ki’) SR

j=

—

n ) n
O (rkykykn) =1 +1 X k12 X kkj 4 ..

i=} i<y
: n
+¥ i H E kl
i=1

or

D (r.kiky, ky) =14+ K| 4+ 22K, + ... + 12 Ky,
where reR is given in Definition 1.
PROOT: We prove the theorem by induction method.

For n = 1, the theorem holds.

Actually,
1
(D (I‘,kl,kz,...,kn) = . H (1+ I‘ki,) i P
i=1 : .
= 1 + T kl

1
=1l+4+r 2 Kk

= 1—|—I‘K1.
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now Suppose that the theorem holds for n=p and show that it is true
for n=p-1:

D
D (rk kopkn) = 1 (1 + rky)
i

p
4+ rp 11 k;
i=

=1+rK;+rK,+ ..+ 12K,
For n = p + 1, we have

P+1
® (rkpkyky) = I (1 -+ rky)

i=1

_ [11211 1+ rki)] (1 + rkp, )

b 14
= (1-[—1‘ > ki+r2 by kjk]—+—
i=1 i<

i=

+ 01 ki) (1+rkp, 1)

i=]

D p
=1 + T (2 k1+kp+1) + 12 (Z kikj
i=1

i<j

b
Y okpy B ki)

i=1

D
+...+rp( S kikj.. ke

I<j<ene<B
p times

P
Tkpy 2 kik ...k1>

i<j<oned
p-1 times
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p .
+ Pl kpy T kK
i=1

p+1 - p+1
=1+4r X k+12 3 kk

i=1 i<y

p+1 S ' p+1
—-f— + rP = kikj e ks —[—- rbt+1 I1 kj
i<j<enn<s ’ i=1
p times

=14+rKy4+2K, + ... 4+rPKy+ P Ky,

which proves the theorem.

THEOREM 2: Let M; be a hypersurface to the parallel hypersurface
M of Ertl, Ky,K,,....K, denote the higher order Gaussian curvatures

of M, at PeM. K; and H, generalized Gaussian and mean curvature of
M;, at the point f (P).

Suppose the function ® : M —— R
P - @ (P) = ® (r.k.ky,...kp)

-+ rk;).

bte

I
-

Then we have

o O (rk1.kykn)
(or)m

Ky = (n!) © (r.kq.ky,....kn)
and
8 ® (r.k1.kp,m.ky)
H, — or

P (r.ki.ky,...ky)

PROOF: Let X,X,,...,Xy are the principal directions and k 1.ky,e0kn
principal curvatures of M, at PeM.

Let f, (Xy), f, (X;),....f,(X1) be principal directions at the point
f(P) of My then we know that [2].

ky

Sr (f* Xl) - —1—‘{_11{_1_

£, X,
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k
Se (f* XZ) = T—r——f‘—l_{;— f* X2
k
Sr (f* Xn) = T_.l-%l;l?n_ f* Xn.

Then, we know that, the shape operator of M, is

k,
1——‘|-——1"1—(1_ O . . . O
k2
i B = "
. kn
0 0 0 0 m:‘l—
and
Kr — det Sr
. kg k, kn
T 14k 7 14k, 77 14rky
_ kl.kl...kn
B n
I (1+rki)
i=1
n
Ik
i=1
o n
I (1+rky)
i=1
and

® (rkkpoks) = I (141ks)
1

then
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o @ (rk 1 kyenokp)
(or)m
(nl) ® (K 1kprmmkn)

K, =

On the other hand

H, — 1z S,
_ Kk k, kn
= Tk, T Tk o T Tk

n n n-1
k, ‘1212 (1+4rk;) + (14rk)k, I (14rks) + o + kn il;ll(l+rki)

n
I (14rk)
i=1
Since
n
® (r.kiky,.ky) = 1T (141k;),
1

we get that

e O (r.ki.ky,. . ky)
or
D (r.k 1.ky,....kp)

H, =

The case n = 2 of this theorem reduces to the result which is givenin[2].
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