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ABSTRACT

In this study, we give a generaiizatîon of the higher order Gaussian curvature function and 
the mean curvature function ahout the parallel surfaces in E^, for E^’^*.

BASIC CONCEPTS

DEFINITION 1; Let Mı and M2 are two hypersurfaces in E“+I, with 
unit normal vector N1 of M1

Nı
n+ 1 
S

1=1
»1

a
axı

Where each aı is a C^ function on Mj. If there is a function f, from Mı 
to M2 such that

f : Mı

P

M2

■> f(P) = (pı+raı (P), Pp+ı+ran+ı (P)).

Then M2 is called a parallel hypersurfaces of Mj, where r e R [1].

DEFINITION 2: Let M be a hypersurface in E®+1 and S denotes
the shape operatör on

H : M ------------- 

M, at P e M. The function H defined by

> R

H(P) = Iz S(P)P

is called the mean curvature function of M and the real number H(P) 
is called mean curvature of M at the point P [3].

DEFINITION 3: Lct M be a hypersurface in E’i+1 and S denotes the
shape Operatör on M, at PeM. The function K defined by
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E : M

P

R

E(P) det S(P)

is called the Gaussian curvature functioa of M and the K(P) is called 
Gaussian curvature of M at the point P [3].

DEFINITION 4: Let M be a hyper&urface in E“+ı and Tm (P) be a 
tâılgent spacc ön M, at P e M. If Sp denötcs tbe shape öperator ön M 9
at P e M, then 

Sp: Tm (P) - > Tm (P)

is a linear mapping. If we denote tlıe characteristic vaîues by Z ı, X;
and the corresponding characteristic vectors by xı,X2, ...
Xı,X2’ •••’ Principal curvaturcs and Xı,X2, x

Xn of Sp then
are the pıin-

cipal directions of M, at PeM. On the other hand, if we use the notations
n

Ki (Xı,><2»-">^n)
n
2 Xi 

i=l

Kj An) —
n
2 XiXj

Ki

K3 (X iAt’"'An) S XiXAt 
i<]<t

K„(Xı,X2>-An) =
n
n Xi

1=1

then the characteristic polinomial of S(P) becörtıes 

Ps(P) (X) = X" + (-1) K.ıXn-l 4" ... + (-î)n En
and Kı, 1 < i n are uniquely determined, tvhere the funetions Eı
are called the higher ordered Gaussian curvaturcs of the hypersurface 
M [4], [5],

THEOREM 1: Let f be a mapping from M to Mj. and Mr be a pafallel 
hypersurface of M. Then f preserves the principal curvature directions [2 ]

mean
THEOREM 2: Let Mr be a parallel surface of the surface M c E^. 
Let the Gaussian curvature and mean curvature of M be denoted
by E and H at PeM, respectively and the Gaussian curvature and 
mean j curvature of Mp be denoted by Ej. and Hr at f (P) e Mrt 
respectively. Then. we. know that • ?;
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and

Kr
1 + r H + r -î K

Hr
H + 2 r K 

1 + r H + 1-2 K

[2].

GENERALIZED THEOREMS
THEOREM 1: Let M be a hypersurface of E’i+ı and Kı,K2,...,Kn are 
the highor order Gaûssian cufvatures and kı,k2,...,kn the principal cur- 
vaturcs at the point PeM.

Let us define a function
(£ : M 

Psuch that
> R
>(D(P) O (r,kı,k2,...,kn)

n (1 + rki)
1=1

n
1 4-t sO (r,kı,k2,...,kn) r2

n 
S'

1=1 Kj
kıkj + ...' kj

-p n k]
i= 1

or

O (r,kı,k2,...,kn) 1 -|- r K 1 1’2 K2 “H ■ I' Kn,

where reR is given in Definition 1.

PROOF: We prove the theorem by induction method.

For n == 1, dhe thoorem holds.

Actually,

O (r,kı,k2,...,kn) 3 (l-+rkı)
1=1

= 1 + r ki

1 + r
1
S ki 
Gı

1 + r K 1-
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now Suppose that the theorem holds for n=p and show that it is true 
for n=p-|-l:

p
o (r,k |.kT....k„) = n (1 + rkı) 

1=1

= 1 + r
p
2

1=1
k, + r2

p
S kik] 4-
Kj

p
+ rP n

1=1
ki

= 1 + r Kı + r2 K, + ... + rP Kp.

For n = p + 1, we have

p+ı
<I> (r,kı,k2,...,kn) = n (1 + rkı) 

1=1

[P Tn (l + rkı)J(l + rkp^ı)

p p
I r S ki 1-2 L kıkj -f- ...

1=1 Kj

P \+ rP n kı) (l+rkp^ı) 
1=1 !

= 1 + r (P \ /S kı+kp+ı) + r2 (
1=1 / \

p
2
Kj

kıkj

+ - + rP
' P

2 
j<j<...<S 

p times

p,
+ kp+ı 2

1=1

kjkj ... kg

ki

+ kp+ı
p 

ı s 
!<]<...<! 

p-1 times

kıkj ... kı
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p
+ rP+1 kp+ı n

1=1
ki

P+l
= 1 + r S

1=1
ki + r2

P+l 
S

KJ
kikj

+ - + rP
P+l 
S

.<s
kikj ... kg + rP+1

P+1 
n 

i=l
ki

p times

= 1 + r K j + 1-2 K2 + ... + rP Kp + rP+1 Kp+ı,

which proves the theorem.

THEOREM 2: Let Mr be a hypersurface to the parallel hypersurface 
M of E“+l. Ki,K2,...,Kn denote the higher order Gaûssian curvatures 
of M, at PeM. Kr and Hj generalized Gaûssian and mean curvature of 
Mj, at the point f (P).

Suppose the function d* : M 

P

> R

O (P) = O (r,kı,k2,...,kn)

Then we have

0“ O (r,kı,k2,...,kn)

and

Kj. (ör)»
(n!) O (r,kı,k2,...,k„)

8 O (r,kı,k2,...,kn)
8r

O (r,kı,k2,...,kn)

n (l + rki). 
1=1

PROOF; Let Xı,X2,...,Xn are the principal directions and ki,k2,...,kn 
principal curvatures of M, at PeM.

Let f^ (Xi), f* (X2),...,fı|.(Xn) be principal directions at the point
f(P) of Mj. then we know that [2].

Sr (f*Xi) = kj 
l+rki

Hr =

f* Xı
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Sr (f* X2) = k2 
l+rk2

f*X2

Sr (f* X„) kn
1+rkn

f* X„.

Then, we know that, the shape operatör of Mr is

kj 
l+rkj

and

Sr

Kr = det Sr

ki

k2 
l+rkj

kn 
1+rkn

k2
1+rkı ■ l+rk2

kn
1+rkn

0

o

0

o

0

o

kı-kp-kn

n (l+rki)
1=1

n
11 

1=1
ki

n (l+rki)
i=l

and

O (r,kı,k2,...,kıı) = ü 
1=1

(1+rkı)

then
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8“ d» (r,kı,k2,...,kn)

Kr (8r)“
(n!) <I> (r,kı,k2,...,k„)

On the other hand

Hr = Iz Sr

=
l+rkı +

^2

l+rk2 + ••• + kn 
l-)-rkn

kı
n n n—l
n (1+rkı) + (l+rkı)k2 H (1+rkı) + ... + k„ H (l+rkı)
1=2 1=3 1-1

n (1+rkı) 
1=1

Since

n
<D (r,kı,k2,...,kn) = II (l+rkı) ,

1=1

we get that

8 O (r,kı,k2,...,kn)

Hr 8r
<D (r,kı,k2,...,kn)

The case n = 2 of this theorem reduces to the result which is given in [2 ].
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