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1. A classical problem of fundamental interest is to study the
representability of analytic functions as infinite series in a given sequ-
ence of functions. In other words, the expansion problem in the space
of entire functions I is just the problem of determining conditions under

i . .
which sequence {u,} of entire functions in I' constitutes a basis

n=9
for the space. Considerable interest attaches to the bases functions known

as Pincherle bases, of the form

(1.1) %n (z) =z" {1 + Ay (Z)}
where each 2, is an entire function vanishing at origin. Sufficient condi-

tions for {x,} defined by (1.1) to be a proper Pincherle basis in T', have
been established by Arsove [1].

He also gave a method for constructing proper Pincherle bases from
entire functions of exponential type. Later on, Krishnamurthy [5] ob-
tained a sufficient condition for a sequence {x,} given by (1.1) to form
a proper Pincherle basis in the spaces T (p), I' (p,T) and ' (0), where
I'(p), I'(p,T) and I' (0) are the spaces of entire functions of order less
than p, of growth (p,T) and of order zero respectively.

The present work is in continuation of the earlier works done by
Arsove [1], Krishnamurthy [5] and others. In this paper, we obtain
a sufficient condition for a sequence {x,} of the type (1.1) to be a proper
Pincherle basis in the space of entire functions having fast growth and
and then establish a method to construct such hases.

The result of this paper generalises the corresponding results of Ax-
sove and Krishnamurthy.
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2. In this section, we recall a few of relevant concepts.

Let I'(,,) (¢,T) denote the class of entire functions which are either
constants or whose index pairs are less than (p,q) or which are of (p,q)-
growth (o,T). Itis easily seen that I'(q,q) (p,T) is a linear space over
the complex field D with usual addition and scalar multiplication.

o

Further, any element f(z) = Z az™ e I' (.q) (p,T) is characterized
o]

by the relation E T
(2.1) limsup (log[P=2In) . (logla-1lia I"1/")~(~2) < T/M or by

n-xm
the condition,

. 1/p-A
(2.2) la, |U" expla-1] (——T_l\j_r log [P—2 1n> —~ 0 asn > w0

|

for every 8 >0,

where
' (o—1)p1jof if (p.q) = (2,2)
M =M(p.q) = | 1/e? if (p.q) = (21)
1 if p =3
and

A =1 for (p,q) = (2.2
= 0 for all other pairs.

[For details regarding index pair, (p.q) -order and (p,q)-typé ete., see
2], [31 ). '
- Define.

1/p—A

(2.3)fe.T + 3] = Z la, | exp (n exp [1-2) (Tile} log [p-21 Xn)
n=g . . !

where
(2.4) % =No foro<n=N,
=n forvnA>N0 7
| - anrdwNno = [exp tp—3]1] A+ 1.
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Clearly, for each § > 0 and f € ['(,,q) (¢.T), (2.3)

defines a norm. Denote the corresponding normed space by I (p,q)(p,T,S)
and let I'(,,y) (0,T) be the weakest topology which is stronger than
each I'(,,q) (p,T,3). Obviously, I .oy (¢,T) is generated by the family
My (2 T,8); 8 > 0)}. Further, it can be easily verified that
Fipay (p,T) is an F-space under the induced metric

3 < 1 lf—gse: T+ 1/p]
(2.5) d(fg) = ||| f—g |l = Y
2 W T g

It is well known that a basis in I'y < I'(, )(p,T) is a linearly inde-
pendent set spanning the closed subspace I'y whereas a proper basis is
a basis which has in addition the property;

L=
For all sequences lc,} of complex numbers, Z %, converges
- ;
in T (o) (1) if and only if > cye, converges in (g (pT),
o

where e, (z) =z"forn =1.2,...., eo(z) = L.

Now it can be easily seen that

(2.6) Z cqe, converges in 1", )(p,T) if and only if
0.

Limsup log [P=21y, L= r
-0 (lOg [g—11 [cn |vl/ﬂ)p~A S M

o o v L yp-A
OR ¢, [V/mexpla—1] (T—{TS— log [D—Z]Xn) -0 as n—

for every § > 0.
Thus, Z %, converges in I, )(p,T) if and only if-

o

limsup log (p—2 ]Zn < T
% (log [-1Tlc, |-/m)e~& = "M
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A characterisation of proper bases in I'(, ;)(p,T) has been given by
Juneja et al. [4]. In fact. they proved the following theorem.

THEOREM 2.1. A basis {«,} in a closed subspace I'; of I'(, ,)(p,T)
is proper if and only if the following conditions hold:

(a) limsup _log[4~1 ) jons o T+ 3 "

M
e (log [0-2 1 JI76-A < < T ) 1/e=A for every 5>0

and

| 1/g-A
(o lm § liminf logl-tfpTespun ) M\
8—)0 N-sw (log [p_zxn)l/ P‘A = T

3. A Pincherle basis in I' (1) (p,T) is a basis {«,} in I'p,1) (p,T) as
given in (1.1). Obviously 2,(z) is also in T'(,,1)(e.T).

Let 2, (z) = Z h, xz¥ n = 0,1,2,... with each h,,, =0 where for eachn,
k=0

BImSUp  (1og (-2 1k) (hyy -1/)- < T/M

So forgs 0, TH38| = 2"+ z"0,(2), p. T+

@

= e T3] 4+ D [ o, T3]
k=1

= |z e, T3

M e
= [exp (exp (1] ( T+8) 10g[p—2]xn)1/,)]

for each § > 0.

M ,
e T80 e (oxp 1) (2 g2 )7

by . T3 )
(log [p=275 Y1/p = T+3 .
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1/¢
So~

| e (M)

S50 ( n-so (log [p-2 ]Xﬂ)l/P T

Now for a Pincherle basis to be proper, it is necessary and sufficient that
only condition

(3.1) [Tsup lotg, o, TA3 [/ M\
o T leg 02T T

holds good for each 3 > 0.
THEOREM 3.1. If {o,} as defined by (1.1) satisfied

(3.2) &ff]?,ﬁw (log [P-21(n-+K)) | hy,y [¢/04k < _iT

then it constitutes a proper basis in I',1)(p,T).

PROOF. First we shall show that {x,} satisfies (3.1) and therefore,
if it is a basis in I" 5, 1)(p.T), it is as a proper basis. To see this, we have,
for each 8’ > 0, we can find N(§') > N, such that from (3.2).

M 1/¢
(33) M| < exp (k) exp U1 (e loglo2) <n+k)) }

for all (n-+-k) > N, where N = N(S') is independent of n and k. SO for
each 8§ > 0 and for a fixed n,

loy(2)s 0 T3 | — " + Z bz, o, T 4 8]

k=0

= ”(1+hn’0) zt A Z h . 2K, 0, T3 “
k=1
= " 0 T4 ]+ D |27, 0, T3] by
k=1
= exp (nexpl-1] ( T35 log [P—21y, ) )
p

S M - /e
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n/p

M
uzn’ Pv T+8 ” g ( T+8 log [p_2 ]Zn)

M (nik)/p
- f iy, | ( T35 log lpﬁzlek)
(n+k)<N
—(n+k)/p
M ¢
+ f (-—'-I‘:-S—, log [D‘Z](n_!_k))
(n+k)=N
(n+k)jp

M
. <‘iﬁ;§; log[p‘21m+k>>
for some positive 3' > 3.

The last sum on the right hand side being the sum of a convergent
series, we have for all n > N,
n/o

oty 0, TH 8] < (—Tl\_/il_—g— log [p—2 ]Zn> 4 w for each § > 0,

u being a finite constant depending only on T, §’ 8§, 5.
It follows that

1/p
for each § > 0.

fsup |t p, TH3J1" (M
D% (log (P=2Ty 17D T

So {a,} satisfies (3.1). Hence it will form a proper basis in I'(,,1)(p,T)
only when {x,} is a basis in T'¢ 1)(p,T).

But «,’s are clearly linearly independent and so it is enough to show
that {«,} spans ' 1)(p.T).

Let f(z) = X ase, € I'(,1)(p,T). Form the equations

n

(3'4') ag = €o, &g = C, |- Z Cn-x hn_kok
k=1

These equations determine ¢, uniquely in terms of the a,’s and yield
f(z) = 2, c,x, provided we can justify the step by showing that
2y lea! [rge oo T3] is convergent for each § > 0.

n |
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Fix 8 > 0 and write | f | to denote |f, o, T3] Putting

B, (z) = 2z, (z), n = 12,..,it is clear that the convergence of
z eq ! | an(z)]] will follow from that of z ea | |zl
n=1 n=1
+ D leal I8l
n=1
Since
n
(35) ‘cn}<‘an1+ z nk‘ ‘lnksk‘
k=1
we see that the series icy| | 2" is dominated by
= , S
Z anl Bzl > Al D ewk o[}
n-1 n=1 k=1
which is equal to Z ta, | |iz) + Z {icy, | Z Ihook—n | ] 25|1-
n=1 n={ k=n+]
So > feal llz*ll = > ! Jafl 4+ D e
n=1 n=) n=]
> el BT < D laal [+ 2 eal [ Ball
k=n+1 n=1 n=1

Since 2, a,z" € F(p,l)(p, ), the above shows that for the requlred con-
vergence of X, |c,! [ «, ]|, we need only prove the convergence of

Zaleal IiBall-
Now chose a §' > 3 and two positive numbers N’ and N such that

M

1/;
(3.6) la,| <exp |{—mnexpl-t] <T+ 5 log tv=2 1y, ) H

for all n = N' = N’ ()

and
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oL /e
(3.7) <—T1‘£—8,—log[p'2]n) > 2

for all n > N” = N” (§).

We note that (3.6) is possible since X a e, € I p.1)(p.T). Choose N

nrn * .
= max (N, N’, N”) where N = N (&) is as defined in (3.3). So N, =
N, (8'). The inequalities (3.5), (3.6) and (3.3) now give for n > N,

1/¢

Cal = exp {—nexp 1] (Tl}ws, log[p'“xn) j
I N

T < H ¥ M —
-+ kzl Ch x| exp {—mnexpl-1] <T+8' log Ip 21n)> iR

Now define positive numbers d, as dy = lao |,

n
d, =1+ dy o0 > 1.
k=1
This gives
dn i dn<1 = dnﬁb n > 2.
From which we get d, = 2"l d;| =201 (1 4+ |a, )
So

| M .
ICn } = exp {"—n exp =11 ( T—;-S' lOg fp-2 ]Zn ) } dn

Ca |
or E < d

— n
A

M .
exp {—nexp -] ( Ty log[p"Z]Zu) 3

= 20-1) (L4 lag|) forn = N,

Now > eyl [ 8all = > lenl (o). oo T43]
n=

= 2 el Dyt p T
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= D lea i D lhayl expintk)
=] k=1

¢

M ) 1/
. exp l4-2] (T+8 1og[p—2]zn+k) 1
We shall split this double summation as
Ng—1 Ng—1 N*:l © w© w©
DD D N D)
n=] k=1 n=| k=N n=l\’* k=1

The first series is finite. The second series is dominated by the convergent
series

Ngx_.1 . 1/9

M .
leal D o exp i(n+K) t‘XPH](rH_S log“’““xn+k) }
n=1 k=Nx ’
Ng—1

o 1/¢
, _— M
< D leal 2 e —lnk) esptt (g log )
n=} k=N %
M 1/¢
. exp {{n-4-k) expi-tl] < TTs3 log [D‘Zln—{—k) }
1/p
Ne_1 . exp {(ntk) exp 1] ( M lﬁg[p"21n+k> ¥
! T3
R Z “’n!i Z M 1/¢
=] k=Ns¢ exp {(n"{”k) exp =1l < T+8, log [‘I)-Zln"i_k) }
© M ' 1/
< NG D exp [ntk) fexpCi] ( s log 02 ]n+k>

M t/e
—exp [-11 ( Ty l()g [p—-2 ]n+k) } ]

Ng—1
[0 2 el = (NeD max ey | =N, |

n=1

which is convergent since §' > 3.

Consider the third series,



92
n=N, k=1

o

< 2

n=N 4

k=N*

. exp {—(n-+-k) exp [-11] (

Now consider the series

o«

k=N*

.exp {-(n-}-k) exp [—1] ( TI\,I - IOg [p~21p- -+ k ) 1

Z exp {(n-+k) exp -1} ( M

Z | nii h..x i exp {(n-+k) exp [-1]

(1 + Jag]) exp {—n exp - 1]<

Z [GXP {(n‘%—k) cxpvliﬂ] ( Tfs

T+3

M
T--3

log lv—2In-+k ) 1

loglp—2In+k ) }

M - 1

K=N, TI-\{-I— 5 logp—2in4k

Case 1. For p = 2 we get
- . ntk
M (mtk) e
o T_{_S - @

> | T -2
k=N, T3 (n+k) =N,
. T3 = T8 T3
1‘ T8\ /¢ 5—3 ( T35 )
o ( T+3 )

which is a convergent series,

P.D. SRIVASTAVA AND SALILA DUTTA

/¢
log [9"2]n+k> }

1/¢

M '
[p-21] 1
Ty log n) }

1/¢

. i/¢
M
[p-21p- .
Ty log [P-21n k> 1l ‘

1/¢

/g
J

(n-+k)
n—{—kﬂ
T+ ) e
T3
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Case' 2. For p > 2 we get

nt+k
M et2miky | P ntk
M - T3 :
) ' lgg [P—21 ] k=N !
=N, T+8'bgp (n+1) =N
is a convergent séries.
.Hence the third series is dominated by the series
1/p

0

> 2000+ faa) exp fnexp 1) (s log0in ) 3

n=Ny

ntk

< [T+ P
-2 ()

k=N

e ; -/ n+ Nk
= > o (1'* |a°r> ( M 1og[n—21n) .MI(T+8’> ;

—K z T+5 %8 ‘ T45\"
- neN 27 "\ T3
* where K = K (3, %)
This is again dominated by the series
' —njg
(———-—M log [p—21
& ANTEY T T . T
KD - PR ( T+8<1>

n=N
*

and is convergent due to the equation (3.7).
This campletes the proof of the theorem.

4. Now it is of our interest to comstruct the proper Pincherle
bases in I' .1)(p,T). A direct application of Theorem 1 gives a general
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method of construction of proper Pincherle bases from certain entire
functions belonging to T'(,,1)(p,T).

COROLLARY. Let & be an entire function belongs to I'(p,1)(p,T)

having the power series expansion @ (z) = z t,z". If t; # 0 and

n-0

Itsup (log tr—2}(n--k)) —t"*—k PR/ ntk)
(n+k)> 0 tn

T
i for all 3 > 0O

and k- # 0,
then the sequence {v,} defined by

w(e) = = [ 2@ ~Zl tuak |

n k=0

is a proper Pincherle basis in I, )(p,T).

The proof follows on the lines of Arsove [1, Them 6] with the fol-
lowing values:

1 X
ua(z) = Z t zk—n

and

1/¢
M |
Ty gl ]zk) )-

RE = exp (k exp (1] (
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