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ABSTRACT

Soime Riemannian metrics on tangent and cotangent bundles of a Riemannian manifold
endowed with a Riemannian metric g were defined and studied by S. Sasaki [2], S. Ishakawa
[3]- K. Sato.[6] and others, Ini this paper, we will define Riemannian metrics T F K on TM
and state some properties related to these metrics.

1. INTRODUCTION

Let M be an n-dimensional Riemannian-C® manifold endowed with
the Riemannian metric g and TM be its tangent bundle. Let {ui} be a
local coordinate system for a chart (U, ) and {ui, 521} be the induced
coordinate system for the chart (TU, T@) on TM. -We put for simpli-
city 0; = @/ & ul and pi = 8/ & vi. Throughout the paper we will use
Einstein’s summation. Using local coordinates on TM, the Sasaki met-
ric g* on TM was defined by S. Sasaki. And S. Ishikawa [3] defined the

Riemannian metric on T,M as follows:
do2 = gij dxldx! 4 g;; Dy'Dyl - gi; DEIDES
where Dyl = dyt 4 I‘{,k yidx¥, iy = 21 4 Ipyly%, D&l = dzl -+
Py Eldxk and (xi, y1, 7!) is a local coordmate system on T2M )
Let II and B denote the natural projection of TM onto M and the
binding map associated with the linear connection y of M respectlvely

Let »¥(TM) be the set of the vertical vectorfields on TM and »"(TM) be
the set of the horizontal vectorfields on TM.

II. SOME METRICS ON TM FOR A RIEMANNIAN MANIFOLD
AND SOME PROPERTIES RELATED TO THESE METRICS

Using the pair (g, y) for the Riemannian manifold, we will defme
metrics Ty, Fg and Ky on TM.
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Definition 2.1, For the pair (g, y) of the Riemannian manifold, we
will define the first Riemannian metric Ty on TM by

@.1) Ty (2, W) = g (I, 2,11, W) + g (BZ, BW)
where Z, W are vectorfields on TM.

The components of the metric tensor Ty of TM with respect to
(vi, v0t) can be written in the form '

Tg = GI'S durdv®
where Gys = Tg(ur, s)s and 1,8 = 1,2, ,..., 2n.

If Z=(zl,201:1,2,..,n), W= (wl,wnti; 1,2, ..., n) and I'j
are the Christoffel symbols for the connection vy, then we have by IT,
‘and B Ty (Z, W) = g (zi (8 o ), wi (§; oll)) + ‘ o
+ g ((znH + (T oll) zivntk) (3;0ll), (wtP - (Mkgr oIT) wiunttT) (op0ll).

Then we can easily obtain that
(2.2) Giy = gijoll + (gproIl) (T'rioll) ([gjoll) vatrynts

i Cimin = (gioll) (MriolI) vrrt "
Gy = (gjxoll) (I*yroll) u2+r
G i) (i) = gy oll
where gij =g (65, 0 1,j= 1,2, ..., n

Theorem 2.1, The TG-transition structure for TM leaves invariant
the metric Tg.

Proof: If Z is a vectorfield on TM, then (TG)Z is also a vectorfield
on TM. For (TG) Z = (M, an#i: 1, 2, ..., n), we can write by the natural
projection II and the binding map B assomated with the linear connec-
non V of a mamfold M,

(2, 3) A= gni L (Fljk OH) zJun+k _
}\“in ="zl — ([ oll) votiyn+k — (Fl koH) (TigrolT)zsyntryntk,
Thus we obtain
(IT(TG)Z)! = zo+l + (Tjkoll) zhyntk -
(B(TG)Z)l = antl - (Tholl) M untk = gl,

For the vectorfields Z, W on TM, using the definition (2.1) we ob-
tain : o CL e
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g(TG)Z, (TG)W) = g (I (TG)Z), I (TG)W) + g(B(TZ)Z, B(TG)W)
= g(BZ, BW) + g(II,7Z, 11, W).
Then the proof is completed.
Proposition 1.1. Let XV, YV be vertical vectorfields on TM and X",
Y?" be horizontal vector fields on TM. We can easily sec that
(2.4) a) T (XV, YY) = Tg (X, YB) = g(X,Y) oll
b) Tg (Xv, YH) = 0.

Definition 2.2, For the pair (g, y) of the Riemannian manifold, we
will define the second Riemannian metric Fg on TM by

2.5 Fy(Z W) = g (I,Z BW) + g (BZ, I, W).

‘ Proposition 2.2, Let TG be the transition structure for TM, X,
YV vertical vector fields on TM and X!, Y" be horizontal vector fields
on TM. We can easily see that
(2.6)  a) Fe(Z, W) = Ty (Z, (TG)W)

b) Fg(X¥, YV) = Fg(X", Y1) = 0
c) Fg(Xv, YR) = g (X, Y) oll. ’
Definition 2.3, Let v be a point in TM. We will define that the third

Riemannian metric Ky on TM is a function which associates with each
point v in TM such that if W e T\(TM), then

2.7) (Kgh(Wy) = g (v, 1, W,).

Proposition 2.3. Let d be the exterior derivative operator. For ver-
tical evecorfields and horizontal vector fields on TM, the following
identity is satisfied
2.8) Ky =Fy

k froof : For the vector fields Z, W on TM, we have by the dei‘ini'tion
of the exterior derivative

dK g (Z, W) = ZK (W) — WK (Z) — K¢ ([Z, W]).

K g vanishes for every vertical vector. For the vectorfields X, Y
on M, XV, YV are vertical vector fields on TM. Hence we obtain

dK g (XY, ¥¥) — XK g (¥%) — Y¥K 5 (X¥) —K ([XY, V).

It is well-known that
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[X%, V]t = (510 Winy (9011) — (yoMun,; (ioll) = 0
[XP, Y¥]i = (xf 24(y) + xDigey®) ofl — ((yx V).
For the horizontal vectorfields X", Y!
dK 4 (X", Y¥) = X*K o(YV)— K ; (DxY)".
Thus using T1,(XV) = 0, for the pair (g, y), we get
dK, (XY, YV) = 0 and dKg (X7, X%) = g (X, Y)oll.
In the same way, we see that dK g(X", Y") — 0

Thus, using (2.5) b, ¢ we complete the proof.

Theorem 2.2, Let S be geodesic flow of y for (M, g) and Z be vec-
torfield on TM. Then the following identity is satisfied:

(2.9) T4 (S, Z) = K, (2).

Proof: If Y (I) is an integral curve of vectorfield S on TM and TToY
= « is a geodesic with respect to y in M, then the vectorfield S is geo-
desic flow for M. For S = (Si, So+i; 1, 2, ..., n) we can state

Si = ynti, SnH = —(Djoll) untipn+k, |
Thus t;he geodesic flow of y at the point v in TM can be exp‘réssed by
I, (Sy) = v and B (S,) = 0. '
We have by using (2.1) and (2.6)
TS, Z)y = g (I,5,2) = go, 11,2) = (Ke)lZo).
This completes the proof.

The Lie derivative of the first metric tensor Tz on TM with respect
to a vector field A on TM is two-form on TM. If the vector field A is
the vectorfield which is obtained from L,(T) = O, then the vectorfield
A satirfies the equations

alpi(Gix) + Gjmsnpx(al) + Gminpi(al) = 0

where Gji; which are given in (2.2) are the components of the metric ten-
sor Ty It is easily seen that the vectorfield A satisfies Ls(Tg) = 0
if and only if T ; is constant on each element of one-parameter group of A.
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RIEMANN MANIFOLDUNUN TANJANT DEMETLERINDE
TANIMLANMIS BAZI METRIKLER

OZET

Bir g Riemann metrigine sahip Riemann manifoldusun tanjant ve
kotanjant demetlerinde bazi1 metrikler S. Sasaki [5], S. Ishakawa [3],
K. Sato [6] ve daha bagkalan tarafindan tamimlandi ve ¢alisildi. Bu ¢a-
Iismada, TM ustiinde T4, Fy ve Ky Riemann metrikleri tanimlanmis ve
bu metriklerle ilgili bazi 6zellikler verilmistir.
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