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ABSTRACT

Su (1972) proved that for any two subsets X, Y of C, the complex plane, X and Y are
conformally homeomeorphic if there is an isomorphism between H(X) and H(Y) which is the
identity on constant functions. Minda (1976) extended the method to the rings of holomorphic
functions on any subsets of open Riemann surfaces. Royden (1963) listed some properties which
a ring of functions might have. In this paper, using the results of Su, Minda, and Royden we
present some properties of the subring Re.

Introduction

In this paper R and S will denote open Riemann surfaces and X,Y
will be non-empty subsets of R and S, respectively. A function
@: X — S is said to be analytic if for each point p ¢ X there is an open
neighborhood U, of p and an amalytic function {p:Up — S such that
yp and ¢ coincide on Uy n X. This is equivalent to assuming that there
is a single open set U > X and an anpalytic function ¢: U - S such
that {|X = ¢, (Minda, 1973); in this reference it is assumed that
R=8=C, but the method readily extends to the present situation. Let
A(X,Y) denote the set of all analytic functions ¢:X — S with ¢(X) < Y.
For Y=8=C, a function in A(X,C) is called holomorphic and we
write A(X,C) = H(X). Thus H(X) is the set of all holomorphic functions
on X which is non-empty subset of an open Riemann surface R. It is
well known that H(X) is an integral domain under pointwise addition
and multiplication. In fact, H(X) is an algebra over both the complex
numbers C and the real numbers R.

It is known that if R and S are open Riemann surfaces and X,Y
non-empty subsets of R,S respectively, and if ® is a C-algebra homo-
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.norphism of H(Y) into H(X) mapping each constant function onto
itself, then there is a unique analytic mapping ¢ ¢ A(X,Y) such that
@ (g) = gogp for g = H(Y), Minda (1976). Also if ® is an isomorphism
of H(Y) into H(X), then ¢ is a one-to-one mapping of X into Y.Thus
a subring R* of H(X) is a homomorphic image of a ring H(Y) under a
C-algebia homomorphism if and only if R* = Ry = {goe: g e H(Y),
v ¢ A(X,Y)}. More over, if ¢ is a one-to-one analytic mapping of X -
onto Y and ® maps H(Y) into H(X) in such a way that ®(g) = goe,
g ¢ H(Y), then @ (H(Y)) = H(X).

In this paper we are concerned with the proper subrings R* of
H(X) which are C-isomorphic images of H(Y), the algebra of all holo-
morphic functions on a non-empty subset Y of an open. Riewann sur-
face S. Royden (1963) listed the following properties which a ring of
functions might have. He and others have shown that if G is an open
set in the plane or on open Reimann surface, then H(G) has these pro-
perties.

(2) If f ¢ H(G) and if f is never zero, then f has an muitiplicative
inverse in H(G).

By If fy,.... 5 are elements of H(G) with no common zeros,
then there are elements ey,....e, in H(G) such that

e1f1 +...+ enfn = 1.

(Y) If feII(G) and f is not identically zero, there are a finite num-

ber of functions fi,....f;, in H(G) which separate the zeros of
f.

According to Minda (1976), in case that Y is a non-empty subset of an
open Riemann surface S,H(Y) the algebra of holomorphic functions on
Y has the following similar properties:

(«*) If £ e H(Y) and £(z) # 0 for every z ¢ Y, then ——lf- e H(Y).

(p*) If fy,....f; belong to H(Y) and have no common zerc,
then there are functions eg,...,ey in H(Y) such that
61f1 —]—. . .+ enfn = ].,

(Y*) If f e H(Y) and f = 0, then there is a set {fi,...,fy} contained
in H(Y) such that x # y and f(x) = f(y) = 0, then there is a
function fi,i=1,...,n, such that fj(x) # fi(y).
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In the next section we shall establish whether the proper subrings
of H(X) which are C-isomorphic images of H(Y) will have these proper-
ties. But before passing to the next section let us state the necessary
additional properties of proper subrings of H(X).

Suppose X and Y non-empty subsets of open Reimann surfaces
R and S respectively. We define a mapping of H(Y) into H(X) by ®(g)
= gog for g e H(Y). gop is holomorphic on X and @ is a C-algebra
homomorphism. The image of ®, R, = O(H(Y)) is a subring of H(X).
R, contains the constant functions, denoted by C, since C = H(Y)
and ®(2) = A for 1 ¢ C.

Now, if ®: H(Y) - H(X) is a ring homomorphism defined by ®(g)
= gop for g ¢ H(Y), ¢ ¢ A(X,Y) and if R, = ®(H(Y)), then the fol-
lowing three conditions are equivalent:

(a) Ry, properlty contains the constant functions.

(b) ¢ is not a constant function.

(¢) H(Y) is isomorphic to R,

It is clear that these are the relations between @, @, and Rq,. Thus a
subring R* of H(X) is isomorphic to H(Y) under a C-algebra isomorp-
hism, if only if R* = {gop: g ¢ H(Y), ¢ ¢ A(X,Y)} and R* properly

contains C the constant functions on X.

More over, if ¢ is a one-to-one analylic mapping of X into Y, A
is a non-constant analytic mapping of X into Y but not one-to-one,
O(g) = gop and A(g) = gor for g H(Y), Ry = (H(Y)), Ry = A
(H(Y)), then Ry, and Ry, are isomorphic but R, # R,.

The Function ¢ Determines Whether R, Will Have Properties
(«*), (£*), And (X*).

Theorem 1. If ¢ is an analytic mapping of X onto Y, then R,
has property (B*).

Proof. Let fi,...,f; belong to Re and have no common zero.
f; = O(hy), i=1,...n, where h; ¢ H(Y). Suppose hi(a) = 0 fora e Y,
i=1,...,n. Since ¢ maps X onto Y, there is z ¢ X such that ¢(z) = a.
Then 0 = hi(a) = hj(¢(z)) = @(hi(z)) = fi(z) for i=1,...,n. This is
a contradiction, thus hy,...,hy can have no common zero, H(Y) has
property (8*) implies there are ei,...,en in H(Y) such that eshy+ ...+
ephp = 1.
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1 = (I)(e1h1 + —|— enhn) = @(81}11) -{—-.. —!— (D(enhn)
- @(61) ‘I)(hl) +. . .+ (D(en) (I)(hn) == (D(el) f1 +. . + (I)(en) fn

which implies thers are functions ®(e;), i=1,...,n, in ch such that

@(61) f1 +...+ Q)(en) fn = 1.

If a set of functions has property (8*), thep it has property («*)
because when n=1, (3*) is («*). If ¢ is an onto mapping, R, has pro-
perties («*) and (£%).

Theorem 2. If R, has property («*) and R, properly contains
the constant functions, then ¢ maps X onto Y.

Proof. Let a ¢ Y. Since H(S) is an algebra of all holomprhic
functions on the open Riemann surface S, then there is g’ = H(S) such
that g'(a) = 0 and g'(w) # 0 for w # a, Behnke and Sommer (1962).
Set g’ |Y = g. Then g(a) = 0 and g(w) # 0 when a # w. ®(g) = R,.
If O(g) (z) = glo(z)) # 0 for z ¢ X, then theve is h ¢ Ry such that
®(g) h = 1. h e ®(H(Y)) implies h = ®(k), k¢ H(Y). O(g) O(k) = 1
implies ®(gk) = 1 but ® is an isomorphism, thus gk = 1 and g(a)
k(a) = 1. This contradicts g(a) = 0. Therefore g(p(z)) == 0 for some
z ¢ X and ¢(z) = a for some z ¢ X. Thus ¢ is a mapping of X onto Y.

If Ry has property (8*) and R, # C, the same result holds.

Theorem 3. R, has property (Y*)if ¢ is a one-to-one mapping of
X into Y.

Proof. Let £z R, and is f not identically zero. f = ®(h) for
some h ¢ H(Y). h is not the constant 0 or else f = @®(h) = 0. Since H(Y)
has property (Y*), there are functions hy,... h; in H(Y) such that if
z#'w and h(z) = h(w) = 0, then there is h; such that hj(z) # hy(w).
{®(hi): 1 < i <n} < Ry Suppose x # y and f(x) = f(y) = 0. Then
h(p(x)) = h(e(y)) = 0 and ¢ is one-to-one implies ¢(x) # ¢(y), so
there is a funection h;, i=1,...n, such that hi(p(x)) # hi(e(y)) or
o) # Phy(y)).

Theorem 4. R, separates the points of X if and only if ¢ is
one-to-one,

Proof. Suppose R, separates the points of X. Let x and y belong
to X,x # y. Then there is f ¢ Ry, such that f(x) # f(y). f= ®(g) =
gop implies g(o(x)) # glo(y)). If ¢(x) = o(y), then glo(x) =
g(e(y)) for every ge H(Y). Thus ¢(x) # ¢(y) and ¢ is a one-to-one
mapping of X into Y.
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Now suppose ¢ is a one-to-one mapping of X into Y. Let x,y belong
to X,x # y. Then ¢(x), ¢(y) belong to Y and o¢(x) #o¢(y).H(Y) se-
parates the points of Y implies there is g ¢ H(Y) such that g(o(x)) #

glo(y)) which implies ®(g(x)) # D(g(y)). ®(g) ¢ Ry Thus R, se-
parates the points of X.

Theorem 5. If R, properly contains C and has property (Y'*),
then ¢ is a one-to-one mapping of X into Y.

Proof. By Theorem 3, R, separates the points of X if and only
if ¢ is a one-to-one function. We shall show R, # C and R, has pro-
perty (Y'*) implies R, separates the points of X. Let x,y belong to X,
x # y. If there is £ Ro, fis not identically zero, such that f(x) = f(y) =
0, then there is a set of function {f,....f} in R, and a function 1
in the set such that fi(x) #fi(y) by property (X'*). Since R, # C there
is g ¢ Ry such that g is not a constant function. If g(x) # g(y), then g
separates x and y. If g(x) = g(y) = ¢, then since ¢(x) = ¢ belong to
Ry, g—c belongs to Ry and (g—c) (x) = (g—¢) (y) = 0. g % ¢ since
g is not a constant funetion. Since R, has property (I'*) there is h ¢ R,
such that h(x) # h(y). R,, separates the points of X implies ¢ is one-

to-one.

We make the following

Observations

(1) If Ro # C and has property («*), then ¢ is an onto mapping
from X to Y. If Ry is to be a proper subring of H(X), then ¢ may not
be a one-to-one mapping also. This implies R, does not separate the
points of X.

(2) It R, # C,R, can not have both properties («*) and (Y*)
because then ¢ would be one-to-one and onto and R, = H(X).

(3) Ry separates the points of X implies ¢ is one-to-one. If R,

properly contains C and is not H(X), then ¢ may not be an onto map-
ping and R, does not have property (a*).

(4) By Theorems 3,4, and 5, if R,# C the statements: Ry has
property (Y*), Ry, separates the points of X, ¢ is a oneto-one mapping
of X into Y are equivalent.

(5) Ry can not be an ideal of H(X) because 1 ¢ Ry,



52 N. ISPiR AND 1. K. OZKIN

REFERENCES
[1] BEHNKE, H., and F. SOMMER, Theorie der analytischen Funktionen einer komplexen
Varanderlichen, Springer Verlag, Berlin, 1962.

[2] MINDA, C.D., Analytic Functions on Nonopen Sets Math. Mag. 46 (1973), 223-224.
[3}

—, Rings of Holomorphic and Meromorphic Functions on Subsets of Riemann Surfa-
ces, Journal of Indian Math, Soc., 40 (1976), 75-85.

[4] ROYDEN, H.L., Function Algebras, Bull. Amer. Math. Soc., Vol 69 (1963), 281-298.

[5] SU, L.P., Rings of Analytic Functions on Any Subset of the Complex Plaie, Pacific J.
Math. 43 (1972), 535-538.





