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SUMMARY

In [1], the orthogonal matrices have been obtained with the aid of Skew-symmetric
matrices in E? and E% In addition, an interpretation for these matrices has been given in this

paper we tried to give the solution of this problem for E", n ~. 3.

It has been shown in [2] that the Lie algebra of the Lie group of orthogonal matrices
O(n) consists of the skew symmetric matrices. Here, we explain the orthogonal nxn matrices in
terms of the exponential expansion of the bases of skew—symmetric matrices. Consequently
we give a factorization of elements of SO(n) in terms of Euler Angles.

INTRODUCTION

Lie Groups And Lie Algebras
Definition 1.1. (Lie Groups). A Lie groupis a group G which is,
at the same time, a differentiable manifold such that the group operation
0: 6x6 > G |
(a, b) — ab™1
is a differentiable mapping of G x G (product manifold) into G.

Definition 1.2. (Lie Algebra). We define the Lie algebra of a Lie
group G as the Lie algebra of the left invariant vector fields on G.
We have

%(G) = Tfe)
where %;(G) is the space of left invariant vector fields on G and e is the
identity element of G.

Theorem 1.1. The Lie algebra of the Lie group O(n) is the space of
nxn skew-symmetric matrices [2].
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Proof. Let g € O(n) then we have

ghg=ce
d(gl.g) =0
(g71dg)T + g~ dg = 0.

Hence, o;; |, = g Ljxdgy; € T* ;1L (a,1r)(g) We obtain
[04lg] T+ [0l =10

or
(O] ig + 0y ‘g = 0.

For the inclusion mapping

i*: T* GL(n,IR)(g) = T* om(g)
we have

i* (wjifg) + 1% (wij]y) =0

Giilg + &Gijle = 0 = &; = — Eji, i* (wjilg) = &iile
this proves the theorem.

If we denote the space of left invariant forms on O(n), by Q,(0),
then a base for this space is {&;5} . Since a dual of this base is also a base
for T,mye, then a base of Tymye is

( o 0 -
_'__91 ?
? B p <. J=n

Tom)(e), which is the Lie algebra of O(n), is the space of n x n skew-
symmetric matrices.

2. SO(n) And The Angles Of Euler

Theorem 2.1.If L is an n x n skew-symmetric matrix then e0eSO(n).
Proof. Let A= elb
AAT = (el8) (el9)T
= el ¢LTO LT = -L
= el07L0
eo

= Ip.

Since we have
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ATA = 1
then
AeO@m ...covvvvvinnn., 1)
Since we have [3]
det el = el"L
L=1], izL=0
det el = e° A
det ot — 1 o (2)
So, (1) and (2) give us that A € SO(n).
Hence we can say that the Lie algebra of O(n) is the sﬁace of

nm_1) be a base of this

2

skew-symmetric matrices. Let {L;, L,,..., L

space, then the elements of this base can be written as

0 -1 0 0~
1 0 0 0
0 0 0 0
L= | .
E -
) 0 0 0 -
-0 0 -1 0 -
0 0 0 0
1 0 0 0
L, —
00 0 0
0 0 0 0 0-
0O 0 0 0 0
0O 0 0 0 0
Loy :
nep
0 0 0 0 0
0 0 0 0 -1
0 0 0 10
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. L.6. . n
Theorem 2.1. tells us that all the matricese 11 < i < "LQ ~~~~~ R
are the rotation matrices. Each of these matrices represents a rota-
tion about an axis. Hence we may consider here a composition of
n(n-1)

these —— -~ rotations.

2

Co

Lo . .
e 1°1 causes a rotation about the axis

1
by the angle 6
ox4 ° L

¢

Lo . .
€ 22 causes a rotation about the axis —
OXn

by the angle 0,,

Lot Once . . 0
e “—(‘é—ll “i;fl)-» causes a rotation about the axis v

by the angle e“(-g*—l)f

Further, if we have the product of these orthogonal matrices we
obtain the matrix A such as

Ln(n—l) 6n(n_l) LIBI
A=e 2 2 . e . (*)

Then A is also an orthogonal matrix since the orthogonal matrices
form a group under the matrix multiplication. Moreover, since

det A =1

we have that AeSO(n). When we consider the angles 0; as Euler angles

in (*), then the matrix AcSO(n) has a factorization in terms of the
Eular angles.

3. An Example for the Case of n = 3

The Lie algebra of Lie group O(3) consists of the matrices in the
form

-0 -—a -b -~
L= a 0 —¢
b c 0
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each of which is the skew-syminetric so we can write this matrix as

-0 -1 0~ -0 0 -1- -0 0 0
L=a I 0 0 (b 0 0 0 |+c| 0 0 =1 1
0 0 0 _ 1 0 0 _ 0 1 0|
Denoting
-0 0 0 - -0 041 -0 -1 0-°
Li={ 0 0 -1 |,L,= 00 0 !,Ly=, 1 0 0
0 1 o0 _ -1 0 o0 _ 20 0 0 _
we have
L.g -1 0 0 - ~ cosh, O sinf,
el =1 0 cosb; —sinf; |,elf, = | 0 1 0 »
_0 sinG; cosf, _ _ —sinG,; 0 cosf,
Lo " cos B; —sinB; 0~
€33 = sinf; cosB; O
_0 0 1
For these matrices,
L§ . 0
e 1’1 causes a rotation about by the angle 04,
X1
LA . 0
e 2°2 causes a rotation about by the angle 6,,
L9 .
e 33 causes a rotation about o~ by the angle 6,.
73 3

In addition, if we have the product of these matrices we obtain

L 9
A=c¢ 305 e 205 ely0;

then we have that AeSO(3).
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