
Commun. Fac. Sci. Univ. Ank. Series Aj 
V. 38, pp 15-20 (1988)

A CLASS OF nonlinear SECOND ORDER DİFFERENTİAL 
EOUATION SOLVABLE BY MEANS OF A LİNEAR 

DİFFERENTİAL EOUATION

CEVAT KART

Ankara University Facıdty of Science Mathematics Department 06100 Beşecler-ANKARA

ABSTRACT

The Solutions of the differential eguation 2yy'' = y'^ — 4q(x)y’ + are expressed in terms 
of Solutions of the equation + q(x)u — 0 for different values of the constant c.

INTRODUCTION

Mathematical investigations of natural phcnomena generaUy lead 
to nonlinear differential equations*.  If most of these plıenomena are 
not understood at present, the reason mainly lies in the fact that ge­
neral methods for solving nonlinear differential equations are not known 
yet. For this reason it is important to estabhsh some connections bet- 
ween linear and nonlinear differential equations.

Concerning the theory of nonlinear differential eguations. See, for instance [1 ], [2 ], [3 ] and 
[4J.
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It is 'vvell known that any homogenous linear differential equatiou 
of the second order can be reduced to the canonical form

u" + q(x)u = 0

If Uı, U2 are Solutions of (1), then

y = U1U2 

(1)

(2)

satisfies the nonlinear differential equation

2yy" = y'"- — 4q(x)y2 + c

for certain values of the constant c. In fact, substituting (2) and its de- 
rivatives in (3) tve have

(U1U2' --  U1'U2)2 + C = 0.

*
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Hence (2) is a solution to (3) if and only if 

c = — W^o

with W(uı,U2) denoting the Wronskian of uı,U2:

W(U1,U2) = UlU'2 --  U'l U2 = Wo.

(4)

(5)

The purpose of the present work is to investigate the two-para- 
meter Solutions of (3) for different values of c, with the assumption
that is real-valued.q

SOLUTIONS OF EQUATION (3) FOR DİFFERENT VALUES 
OF THE CONSTANT c.

Case I: c = O

are
so

Let u = C1U2 + C2U2 be the general solution of (1). Then u and u 
i (linearly depeudent) Solutions and Wı(u,u) = (cıC2—C1C2) Wo = 0 
that the two-paranıeter solution of (3) reads

y = u.u u2 = (ClUl + C2U2)2. (6)

In fact, the transformation y = in (1) at önce gives

4q(x)yA (7)

Case II: c 0 and c = — W^o

The Solutions of Eq.(3) are of the form 

y = (aıuı + a2U2) (bıUı + b2U2) (8)

tvhere aı, a2, bı, b2 are arbitrary (not necessarily independent) constants.
The factors occurring in (8) are linearly independent if and only if

aıb2 — a2bı 0. (9)

By (9), aı 7^: 0 or a2 0 so that we can set aı = 1 without loss of 
generality. Then (8) takes the form

y = (uı + C1U2) (C2U1 + CjUj. (10)

Then Wronskian of uı C1U2 and C2U1 4“ c^u^ is 

W2 = (Cj — C1C2) Wo. (11)
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It then follows that the expression (10) satisfies (3) if

+ c = 0

From (11) and (12) we have

cc

and so

c 3 == C1C2 ± 1 = kj. (13)

Accordinly, the two-parameter solution of (3) is of the form

+ (k, + Ul«2 + ‘’lklU^2 (14)

Case III: c 0 and e — W^o

y = ’’2"\

In this case (12) becomes

W\ = (c3-e,c,)^ =

This gives

c .

1
C3 V — c = k2. (15)

Now the two-parameter solution of (3) ean be expressed as

y = C2U12 + (k2 + C1C2) U1U2 + Clk2U22 

Moreoveı, let

(16)

Vı auı, V2 = Pu2 (17)1«I+IPI / 0.

One can choose a,Ş such that W(vı,V2) = 1. With this choice Cj 
becomes

C3 = C1C2 ± V — c = k, , (18)

and the two-parameter solution of (3) takes the from

y = C2V\ + (kj + ejC^) VjVj + CjkjV^. (19)

Case IV: e 0

e
Let us examine if Eq. (3) may admit of real-valued Solutions for 
0. By (11), we now have

^2C2)^W^O — c, e 0
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This gives

11
c V—C = C1C2 ±= C1C2 ±3 İVc = k,. (20)

Accordinly, the two-parameter (complex) solution of (3) is

y = c,u\ + (k^ + CıC2)UıU2 + Cjky^- (21)

Putting Cı = aı-pl P C2 = «2 + i Ş2, (1x1, Şı; Ş2 real) we mav
write (21) as

y = a2U' + 2(aıa, — PjŞJUıU^ + |^a,(, • (2a,Ş^±^)]

[2(a,P, + ± U1U2 +

(Xı(2a2Şı i — U' }•

+ i +

U'

O - P\) +

The vanishing of the imaginary part in the above ccjuality yields

1
P2 = 0, 2a2Pı i V c = 0. (22)

This implies

aı arbitrary, = i a/c 
2«2Wo 5 «2 7^ 0, P2 = 0. (23)

If (23) is satisfied, the solution is real, and can be expressed as

y = a2Uı2 + 2aı «2 U1U2 + «1^ aa + c
4a2 Wo^ U22. (24)

Case V: im c / 0

If y is real, Eq. (3) implies ime = 0. ilence Eq. (3) has no real - 
valued solution for Imc 0.

EXAMPLES

Esample 1. 2yy" = — (^ + l)“^y^—!•

This equation is of the type (3) with q(x) = 

— 1. The associated linear equation reads

(25)

+ 1)'’^ c ==1 4

u" + i (x + 1) 2 u = 0, (26)
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with the linearly independent Solutions

Uı = (x+l)i, U2 = (x+l)? İn (x+l).

Presently Wo = 1, and so Wo = — e. By (14) the real -valued solution 
is
y = C2(x+l)+(kj+c,Cj) (x+l) İn (x+l)4-Cjkı (x+l) In^ (x+l).

Example 2. 2yy" = y'z 8 + c-

(27)

(28)

Comparison of (28) with (3) yields q(x) = —2x“2. The correspon- 
ding linear equation is

u" --- 2x“2u = 0.

It has linearly independent Solutions
= x-t>Uı U2 X2

(29)

■with tlıe Wronskian Wo = 3.

(i) If c 0 the solution is, by (6),

(ii) If 
the form

e = — 9 we have = — e. By (14) the solution is of

y X ' + x2)\ X 0

y = C2X-2 (ki + C1C2) X + Cıkıx\

(İÜ) If c 0 and c / —9, then by (16) the solution reads y = C2X 2
+ (k2 + C1C2) X + Cık2 x\ X / 0.

X 7^^ 0.

(iv) If c 0, by (24) the solution becoınes

e
36 «2

+ 2aıa2X + ^aı2a2 + .4X’.

Example 3. + (40^’' + l)y2 e, 0. (30)

y =

c

In the present example, q(x) = — ^e^^ -|- —4“^ , and so the

associated linear equation is

u e2x + u = 0. (31)
1
4
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Putting z = this cquation becom.es

d 2u 
dz2

du 
dz

1
4z2 u = 0. (32)+ 1 +

The change u 2, N transforms (32) into

d2v 
dz2 V = 0. (33)

From the above relations it is easily found that

Uı — (i X + ex) — (i X — e^).
e , U2 e

The Wronskian of uı, uı is Wo = 2.

(i)
(30) is

c — —4. Preseutly c = —Wo2 so that by (14) the solution of

—(x + 2ex) 
y = C2 e ' + (ki + CıC2)e + Çıkı g—(x—2e’‘).

(ü) c 0, c —4. In this case, by (16) the solution of (30) is of
the from

—(x + 2ex) 
y = C2 e ' -p (ka 4“ CıC2)e + Cık2 e

—(x—20^^)
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