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ABSTRACT

This study consists of three sections and first of them is reserved for the basic con-
cepts. Necessary concepts and relations obtained among the magnitudes of a ruled surface
-~ —_

R, and parameter ruled surfaces (chosen as principal ruled surfaces) R,;, R,y of a cong-
—
ruence R (u,v) are given in the section II s0 as to use in the third section.

In the section three, the relation

-
B =P(

Cos ¢ Sin § ay
B
i vt —p, B+ 5 Ry

is found among the Blaschke vectors (dual instantaneous speeds) of the three ruled surfaces
mentioned in the sectin II. Using this relation, the formula of Liouville, J. for the theory of
surfaces is generalized to the line space by giving the relation among the dual spherical cur-
vaturs which are the invariants of the ruled surfaces, and some corollaries concerning with
theme relations are given.

1 Basic Concepts

I.1. A ruled surface ﬁl is given by a unit dual vector depending on

- - -
one real parameter t: R/(t) = r/(t) + ¢ F,(t). One of the invarints
of this ruled surface is

_ 9
=3 _ 1.1)

which is known as dual spherical curvature of the ruled surface, (3).

The relation

=

<Ry By>=F=f1ecf=0 1.2)
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characterizes that principal ruled surfaces are being taken as parame-
ter ruled surfaces for a line congruence which is given by a dual vector
depending on two real parameter:

R (u,v) = T (u,v) 4+ ¢ i (u,v) (1.3)
7(2)‘

-
1.2. Let w be Darboux vector (instantaneous rotational vector) of the

-

E I
solid trihedron (e, e,, e,) moving with respect to a real parameter
t. Derivative vectors of this trihedron are:

de;
dt

=W A e (i = 1,2,3) (L.4)
4,3).

I1. Preliminaries

A ruled surface and parameter ruled surfaces of the congruence

(I.3) are given by the unit dual vectors ﬁl = fil(t) = f{(u(t), v(t))

and ﬁn = ﬁn (,vo), ﬁﬂ = ﬁn (ug,v) respectively. Blaschke tri-
hedron of these rules surfaces passing through the common line 15:0 =

- -
R, (up,vo), for the value t = t,, of the congruence R (u,v) are:

- —

(Ro=R,, R,, R)), (Ro=R,,, R,,, R,)), (Re=R

11? 127

21 R227 R23) (II°]‘)

Blaschke vectors of these trihedrons
B=QR,+ PR, B, =QR,+ PR, B, = QR, + P,R,, (I1.2)
and dual arc elements of these ruled surfaces
dS = P dt, dS, = P, du, dS, = P, dv (11.3)

are given respectively, where

p=NEAE - VR = vE P = Wiy - vE

When parameter ruled surfaces are taken as principal ruled surfaces,
we have
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<R, R, > =0 (IL5)

and

(IL6)

X
f
j=e ]

If the dual angle between the unit dual vectors ﬁzvand ﬁu is ¢,
then we have

R, = Cos ¢ R, + Sin ¢ R, (IL.7)
Cos § — id%l_ — VE. —g% , Sin § = ds — eI dS (IL8)

(1).
Theorem II1. The edges of Blaschke trihedrons of parameter ruled

surfaces coincide with each other under the condition that their
direction and orders are not the same, e.i:

R, = R, ve R, = — R, (IL.9)

(Ro =R, = R,, R, = — R, R, = &) (11.10)

Corollary 1I.1. The Blaschke vectors (II.2) can be only expressed

—

by the vectors R,,, f{zz and f{o.

Corollary 11.2. The edges of Blaschke trihedron (II.10) change
as function of the both parameters u and v, and by takmg (I1.9) into
account, we have

af{o - — aﬁo - — 8ﬁ - g ]

ga B X Bo —o— =B, X Roy =5 = B, X Ry

aﬁ — - aﬁ - - 6ﬁ — —

2 =B, xR, — 8 =B xR, =5, x K, (IL 11)}
R, = .= @R, = = R, = = oR

8&2 = B, X Ry 8v22 = B, X Ry, 6u23 = B, X Ry, 3V23 -
B3 X R23
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Corollary 11.3. For the parameter ruled surfaces f{“ and f{zz we
have.

e y

oR > oR E)v
Ry =g > = — <Ry, %> = _(—2//?‘_(1}‘:

1 1 L

(IL12)
- R - 4R (+/G)u
R 5> 7~ <R > TFe
pa 2
(1)

III. The relation among Blaschke vectors of ruled surfaces of a
line congruence (in this section, parameter ruled sufaces are
taken as principal ruled surfaces)

Theorem II1.1. Let ﬁl and R f{Zl be a ruled surface and pa-

11?
-

rameter ruled surfaces of a congruence R (u,v) recpectively. P, and
P, be magnitudes, ﬁl and ﬁz be Blaschke vectors of the parameter

ruled surfaces f{“ and f{m respectively. Then we have

R, _z. gz _9R

—~ w —go— = C X Ro (IILY)

aR - o
dS12 = C xRy,

, where § is the dual angle between the unit dual vectors fiz and
-f{u, which are the second edges of Blaschke trihedrons of the ruled sur-

-~ -
faces R, and R, and where

Cos ¢ = Sin ¢ =

C= —5"— B+ —5"— B (I11.2)

2

1 2

Proof : Since (I11.12) and (I1.7), the unit dual vectors ﬁu, f{zz and ﬁz
can be expressed as the functions of dual arc lengts S, and S,, By using
the two last relations of (II.3) and (I1.4), and the relations (I1.8), (I1.11)
can be written as the following:
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dR,, _ 4R, ds, + R, % _§ & _Cos ¢
ds oS, ds 25, oS ! 12 vE
X ——
| | 2 12 N
If we consider (II1.1) and (I1.4), we have
dﬁ BN -
dSlZ = C x R, (I11.3)
and using the similar way, we have
dR 2 o
ds” = C X R, (11.4)
from the relation (II.6)
dR d 2 = dR S dR
dSO = ’d_s’ (Ru X Rzz) = dslz X Rzz + RIZ X dszz

and if we use the relations (ITI1.3,4,5 and 6)

dﬁ - - = - - - d > =g
,_(Tsi_ =CxR,) xR, + R, x(CXxR,)=Cx(R, xXR,)

and by taking (II.6) into account, we have

aRy =

= = ¢ x R, (I11.5)
And from the relations (II1.3), (II1.4) and (II1.5) we get the rela.ion
(I11.2).

Corollary III.1. For the parameter ruled surfaces ﬁu and ﬁzv
we write

od dﬁ i d dﬁ - -
<Ry —g8~> =— <R, —& > =< Ro> (1119
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Proof: From (I1I.1) and (I1.6)

-
- > - -

= dR —> - - -
<Ry —g=>=<Rp, € x R,> = <R, X Ry, (>=<Ro, C>

and if (I1.5) is derived with respect to S

- dR L, dR
<Ry s = - <R

is obtained.

Theorem II1.2. Let a ruled surface ﬁl and parameter ruled sur-
faces ﬁu, ﬁﬂ of a congruence ﬁ(u,v) pass through the line R, of
the congruence. Let B and ﬁl, ]—3)2 be Blaschke vectors of these ruled
surfaces respectively, and { be angle between the edges f{z and f{u

of Blaschke trihedrons of the ruled surfaces ﬁl and ﬁu respecti-

N
vely. Among the Blaschke vectors and the common line Ry of these
three ruled surfaces, there exists the relation

=S Cos ¢ = Sin ¢ 3 dd 3
B—P(—T-Bl+—IT——B2—{- S Ry  (IIL7)

,where P, P, = \/—Ed, P, = \/-@ are the magnitudes of the ruled surfaces
fil, ﬁu and ﬁn respectively, and dS is the dual arc element of the

ruled surface ﬁl

Proof : If we take (I.4) and (IL.4) into account, since the Blaschke

vector of the trihedron (fio = f{l, R,, ﬁs) is ﬁ, we have

ds dt =P P P

If (I1.7) is derived with respect to S and the two last trihedrons of (II.1)
is taken into account and using the relation (IL.9), we have
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dR, dR ar,, .. S s - dy
5 = 3@ Cos ¢+ 2 Sin § + Rox(R,, Sin ¢ + K,, Cos §) -

From the relations (II1.1), (II1.2) and (I1.7) we get

-

M

dR,
—ds

e = —> —> d > = d =
=CXR2+(R0XR2)—T§—'=(C+R0 dSq) ) X R,

Let the expression in the paranthesis will be denoted by M for shortness
then ’ '

¢ =M—R, % (11L.9)

From the two last relations

: _ ¥ x R, (IIL10)

is found. From (III.1) and (I11.9)

aR, S "
= =M x & (ITL.11)

If we compare the relations (III.8) with the relations (IIL.10) and
(II1.11)

> -

> - B > o - B -
are obtained respectively. From these two relations

UR = VR, (II1.12)

can be obtained, where U and V are dual scalars. But the equation
(ITL.12) is not possible due to the first relation of (II.1), thus

"d’ =1}

M —
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From this relation and (II1.9)

B-P@+ R ‘fis“b )y (IT1.13)

is obtained and by substituting (II1.2) in (III.13) we get the relation
(I1I1.7)

Depending on the theorem (II1.3), the following corollaries can be
expressed:

Corollaryy 111.2. The Blaschke vector of the thiredron (f{p I_{)z,

f{s) of ﬁ1 ruled surface of R (u.v) congruence can be expressed by
the relation (III.13), depending on the Blaschke vector C of the tri-
hedron (fil, ﬁu, ﬁzz)-

Corollary 111.3. We have the relation

S =X Cos{ + 5, Sin ¢ + % (TTL14)

Where  and X,, X, are the dual spherical curvatures of a ruled sur-
face and parameter ruled surfaces of a congruence respectively.

Proof : Substituting the Blaschke vectors B, ]§1 and ]§2 in (TIL.7)

and expressing dot product of the two side of the equality by f{o

Q=P (-t g4 Y o 2

2

is obtained. Taking (I.1) into consideration, from the relation above
we get (I11.14). The relation (II1.14) is respond to Liouville’s formula
of the theory of surfaces (III), (VI).

Corollary II1.4. For the dual spherical curvature of the ruled sur-

-
face R,, we have the relation:

s = _g_ - <R d 9 (IT1.15)
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Proof : From the first relation of (I1.2), and (III.13)

- > -5 - d
Q= < BB <= P< RG> 4P 2L

By substituting (II1.6) in the above equation and reminding

Z= —g— , we get (IIL15)

OZET

U¢ kisimdan olugan bu ¢ahgmammn birinci kism temel bilgilere ayribmgtir. Tkinci kisimda

- —- > -
bir R (u,v) dogru kongriiansinimn bir R, regle yiizeyi ve asal rengle yiizeyler olarak secilen R ,, R,
parametre regle yiizeylerine ait biiyiikliikler arasinda elde edilmis olan bilgi ve bagmulardan

tigiineii kisim igin gerekli olanlan verilmistir.

Ugiincii kisimda, kisim ikide konu edilen ii¢ regle yiizeyin Blaschke vektorleri (dual ani
hizlar) arasinda

ng Cos ¢ = Sin ¢ T a¢y =
B=P B B R
(=8B +— )+ — K

1 2

bagintis1 elde edildi. Bu bagint1 kullamlarak yiizeyler teorisine ait Liouville, J. formiilii, regle
yiizeyin invaryant: olan dual kiiresel egrilikler arasinda bir bagmmti verilerek dogrular uzayina
genellestirildi ve bu bagintilarla ilgili baz sonuclar verildi.
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