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ABSTRACT

In Section 1 of this paper we have extended the results on fixed point of operators on Ba-
nach spaces of Bernfeld, Lakshmikantham and Reddy and Som for two set-valued mappings.
In the proof of our theorems we have introduced a generalized version of a contrative type con-
dition. In Section 2, we have investigated the solvability of certain non-linear functional equa-
tions in Banach spaces.

1. INTRODUCTION

Let X be a Banach space and let B(X) be the set of all non-empty,
bounded subsets of X. Let C denotes the Banach space of all continuouvs
functions from a finite closed interval [a, b] into X, such that

Ifllc = sup  [f(t)|x for all f e C.
a<t<b

The function |[A—B |px) with A,B in B(X) is defined by

JA—B|px) = sup {Ja—blx rae A, b e B}.

If A consists of a single point a we write
JA=B o = la—Bsco
and if B also consists of a single point b we write
JA—B|sx) = la—blrx = Ja—blx.
If follows easily from the definition that
ABlem = [B—Alsx = 0
and ' ’

“A——B “B(X) < ”A-—-—C “B(X) - ”C—-—B HB(X)s see Fisher [2,3]7311(1
Kaulgud and Pai [4].
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Now, let ¥ be a mapping of C into B(X), a member f ¢ C is said to
be a fixed point of F if F(e) is in Ff for some e < [a, b].

The intent of the present paper is to extend a result of Bernfeld et
al. [4] for two set - valued mappings F and G of C into B(X), where C
is a Banach space of all continuous functions from a finite closed interval
[a,b] into X and B(X) being the set of all nonempty, bounded subsets
of a Banach space X. One may also observed that we have introduced
a generalized version of a contractive type condition.

Now, we give our main results as follows.

Theorem 1.1. Let F : C - B(X) and G : C - B(X) be two mappings
which satisfy the following conditions for all f, g € (, for a given
e e [ab]

(a) [FI—Gglpix) < {[f(e)—Gg [ex) 1175 { Jg(e)—Ff |n(x) }¥ { [f—g |c}5
where 0 < q <<1,v,8 € [0,1] with 0 < v+ 3 < 1. Then (i) for a
given fo eC, every sequence {fy : n=1,2,...} defined as fy(e) is in
Ffy,_{ =X, for the some ¢ & [a,b] such that .

a1 — fo, ”C = [fni(e) — fiy(e)

for ny, n, = 0,1,2,.. ., converges to a point f* and f* is a common fixed
point of F and G. Further, Ff* — Gf* = {f*(e)} and f*(e) is the unique
common point in Ff* and Gf*, and

(i) Tet Qf* = {f e C: [ftf*fo = [f*(e)x,

|
X

where f* is a common fixed of F and G, then F and G have a unique com-
mon fixed point in Q f*,

Proof: First we prove that {fy} is a Cauchy sequence. Put
o = i;fo(e) — Gf, ”BX)

and suppose that the sequence | [X,—-Gf, Bx) :n = 12,...}is un-
bounded. Then there exists an integer n > 2 such that

B = |xa — Ghhlnx) = Xo; — Gfylrix
with § > q/08) ¢ [(1—q1/(Y+3) and so

Xy—fule) [px) < 1 Xy—51; Jax) + [Gfo—fo(e) [x) < B+
for r = n—1, n. But on using inequality (a), we have '
B= [Xn—Gflpx) = [Ffa_1—6f, |
= qt[fn_1(e)—GLo |B(x) } 7784 fole)—Ffu_; [B(x) }Y { [fa_1—Fo o}
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q 11X 1 =65 [Bx) 1178 | Jfo(e)—Xu [Bx) 1Y { [fa_r(e)—fo(e) [x}®
q {IXn_1—G1, |x) }1-Y=8 { ffo(e) —Xn [B(x) ¥ { I Xn_1—fo(e) I}
< q BUYdB o)t (B4a)®
which implies that
B < qUOd o [(1—qt /YD)

giving a contradiction. The sequence {|X;,—Gf,|px) : n=1,2,...}
must therefore bhe bounded.

Similarly, we can prove that the sequence {|Fgo—Yy |p(x) : n=1,
2,...} is bounded. Since

Xy—Ys|sx) < [Xy—6f fnx) + [Gfo—Fgolpx + [Fgo—Ys [B(x)
it follows that

= sup {|Xy—Ys|x) : 0.8 = L,2,...}

is finite. Now, for arbitrary ¢ > 0, chose o a positive integer N such that

Q¥ M < ¢
Then for m, n > N
th—Yn Ipx = [Ffn 1—Ggu1 [
{Mmo1(0)—Ggn_1 a0 } Y73 {lgn_a(e)—Ffm_1 Bx) )7 { ffm-1-8n1 [}°
44 Xm—Yn B 778 { [Yn1—Xm [Bx) 7 { fm_1(e)
4§ X 1—Ya s} 8 {[Ya1—Xn [0} {Xn1—Yn_1 [0}
q{Xy—Ys lsx) :m—1 <y <m;n—1 <s < n.}

iJ,.J\——/\—\A

< @UXy—Ys o :m—2 <y <m;n—2 <s < n}

....................................

< @ {Xy—Ys|px :m—N <7 < m;n—N <s < n}
< gt M < e
Thus
“fm—fn UC == “fm(e)_f( )lt}x
< [Xo—Xa|Bx)
< [Xm—Yalp 4+ [Yo—Xalam < 2 ¢

for m, n > N. The sequence i{f;, : n=1,2,...} is therefore a Cauchy
sequence in Banach space C and so has a limit £*. Further,
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m(e)—Xnlpx < Xn—Xnlpx < 2 ¢

for m, n > N and so on letting m tends to infinity we have

") —Xnlpx < 2 ¢

for n > N. Thus
ifn(e)—Gf* [px) < [Ffa_g—GFf* [Bx)

< q{ifa_1(e)—GE* [nx0) =8 {[f*(e)—Xn [B(x) }¥ { Ifn_1 - £* 3
< qiffn_1(e)—GE* |Bx) }7-8(20)Y { fu1—F* | }d

for n > N. Letting n tends to infinity, we have

[f*(e)—GE* [Bx) < q{f*(e)—Gf* [px) }1-7T8(2e)Y { [f*—£* )0

which implies that

[£*(e)—6£* [zx) = 0

and so

Gf* = {f*(e)}

‘We now have

[Ff*—£*(e) [px) < [Ff*—Gf* |px)

< q{[f*(e)—=61* [nex }1 Y8 [f*(e)—Ff* [nex }Y { [f*—£* o }?
= 0.
It follows that Ff* = {f*(e)} and f* is a common fixed point of

F and G and f*(e) is a common point in Ff* and Gf*.

Now, suppose that G has a second fixed point £** so that f**(e) is

in Gf**, Then
If*(e) — £*(e) [x < [f*(e) — Gf**[px)

< [FE*—GE** px)
< q{lf*(e)=6L** [ne b Y8 {**(e) —FE* o) ¢ Jf*—£** c}®

< q [FE—GE** [px) 178 { [GE**—Ff* [g(x) }7 { [Ff*—GE** |p(x) }3

which implies

[Ff*—Gf** gx) < q [F£*—Gf** |p(x)

a contraction, since q << 1. It follows that

IFf* —Gf** |px) = 0.

Thus, we have

[f*(e)—G£** [px) = 0
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and then that f*(e) = f**(e). The set Gf* is therefore singleton and f*(e)
is in Gf*. Similarly, the set Ff* is singleton and f*(e) is in Ff*,

Finally, let g*(# £*) be another common fixed point of F and G in
Qf* where f* is a common fixed point of F and G in Qf*, then

f*—g* lc = 1" (e)—g*(e) [ = [Ff*—GEf* |z

< q{If*(e)—Gf* [0 } 8 { g *(e) —Ff* Incx) J* 1{f*—g* e }®
= q|[f*(e)—g*(e) [Bx) } 8 {g*(e)—f* B0 } { f*—g* Ic}?
= q{lf*—g* lo} -8 g*—f* [ )7 if* —g* o }®

tel

= q|f*—g* o
a contradiction, since q << 1. It follows that
=gl = 0.

Hence f* = g*, that is, I' and G have a unique common fixed point f*

in Qf*,

~ Corellary 1. LetS:C > X andT : C - X be two operators satisfying
the following condition for all f, g € C, and for a given e € [a,b]

[Sf—Tglx =< q{lfle)—Tg|x}Y3{|g(e)—Sfx}"{lf—glc}®
where 0 < q < 1,7, € [0,1]with 0 < vy + § < 1. Then

(i) for a given f, e C, every sequence {fy : n=12,...} defined as
fo(e) = Sfy_; for the same e such that

ni—fnalle == [fni(e)—fnr(e) Ix
for ny, n, = 0,1,2,. .., converges to a point f* and f* is a common fixed
point of S and T, and

(i) Let Qf* = [f e C: [f—f*|c = [f(e)—f*(e) |x}, where f* is a
common fixed point of S and T, then S and T have a unique fixed point
f* in Q f*,

Proof: Define mappings I and G of C inte B(X) by putting

Ff = ({Sf}, Gt = {Tg}
for all f, g € C It follows that F and G satify the conditions of Theorem 1
and so there exists a point f* in C with

Ff* = Gf* = {f*(e)}.

Hence, f* is a common fixed point of S and T. Further, it is easy
to see that f* (e) is the unique point in Ff* and Gf*. The uniqueness of
f* is immediate.
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The following corollary is an immediate consequence of Corollary 1.

Corollary 2. (Som [5]) Let T: C > X be an operator which satis-
fies the following condition for all f, g € C for a given e € [a, b ]

ITE—Tglx < q {lf(e}—Tg|x} 75 {|g(e)—Tf [x}" { [f—g]c}3
where 0 < q < 1,v, 8¢ [0,1] with 0 <y + 3 < 1. Then (i) for a
given f, € C, every sequence {fy—=n} 1,2,...} defined as fy(e)==Ff
for the same e each that

”fnl—fn:z le = |fni(e)—fn. |
for n;, ny, = 0, 1, 2,..., converges to a fixed point £* of T, and

(1) Let Qf* = {feC: [f—f* |¢ = |[f(e)—f*(e) |x}, where £* is a fixed
point of T, then T has a unique fixed point £* in Q f*,

X

Remark: If we take vy = 0 and § = 1 in the above corollary, the
results of Bernfeld et al. [1] follows.

2. Application: In this section we wish to investigate the solvability
of certain non-linear functional equations in a Banach space.

Theorem 2.1. Let {f,} be a sequence of elements in €, and let {g,}
be a sequence of solutions to the equation |Gf—Ff |gx) = |fu(e) [x for
the same e € [a,b], n = 1,2,..., where F and G are as in Theorem 1.1,
fn(e) is in Ffy_; and gn(e) is in Fgy_y. Thenif [fy(e) |x - 0is n — oo, the
sequence {gn} converges to the unique solution of the equation Ff = Gf.

Proof: First we observe that

Fen—Cgmlpo < 1 lga(e)—Cem 50} 3| lgm(e)—Fen 5 )7
{gn—gnm Jc 1

q{[Fgn—G6fm [Bx) }Y 3 {[Fgm—Gfn [Bx) }¥ { lgn(e)—gm(e) [px) }¥
< q{|Fgn—Cgm a0} ¥ { [Fgn—TFfn |50} { [Fen—Fgm B0 38
< q{|[Fgn—6gm[px Y3 {[Fgn—6gm [y + [Fgn—Ggm [nx)}**3

IA

which implies
{IFen—Ggm B 7% < q{lfm(e) |x + [Fgn—Ggm |Bx)}"*®

So we have

q/O*D [n(e) |x
1 — qu/r+d)

Fgn—Ggm By =
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Now, clearly

lgn(e) —gm(e) B < [Fgn—Fgm|Bx)
[Fen—6gm [Bx) + |Fem—6gm B

q /9 ffinle) [x
1 — ql 1(Y+8)

len—gm o =

IA A

+ [fmle) |x -

Hence {gy} is a Cauchy sequence and so it will converge to some
point, say g*. We further note from the inequality (a)

lgn(e)—Gg* B < |Fan—6g* e
< q{lga(€)—Gg B 11773 {lg*(e)—Fga B }* { len—8* lc}?.

Letting n - oo, we have

ig*(e)—Gg*| = 0
and so
Cg* = gHe).

We now have
“Fg*_g*(e) 15B(X) < k:Fg*—Gg* !}B(X)
< qlg*(e)—Gg* |px) }7 3 [g*(e)—Fg* Ipo }¥ { lg* —8* [c}® = 0.

It follows that Fg* = {g*(e)} and {g,} converges to the solution of the
equation Ff = Gf as required. The rest of the proof is simple.
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