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ABSTRACT

The present paper is concerned with the degree of approximation of certain functions
belonging to the class Lip (p(t), p) by almost Riesz means.

1. Let f be a 2n—periodic function integrable LP (p > 1) and let
£~ % + ¥ (an Cos nx -+ by Sin nx) (1.1)
n=1

be its Fourier series.

The conjugate series of the Fourier series (1.1) is given by

Z (by Cos nx - ap Sin nx) (1.2)
n=1

A function fe Lip (p(t), p) (p > 1) if
2T L/p
({ [ (x + 1) —f(x) P de = 0 (p(1) (1.3)
when p(t) is a positive increasing function.

1. Definition (Lorentz [2]). A sequence {S,! is said to be almost

convergent to a limit S,
it Li ! S (1.4)
i lim oy 2 Sk '

with respect to p.
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An almost convergence is a generalization of ordinary convergence.

2. Definition (Sharma and Qureshi [4]). A series 3 Uy
n=0

with the sequence of partial sums {Sy} is said to be almost Riesz sum-

mable to S, provided

1

Tnvp = Pn K

Px Skep-> S as n—> ©

I ra=

uniformly with respect to p, where

k4D
S, p = k_—};—l— “EZI Su.
and {pn} be a sequence of non-negative constants, such that py > 0,
Po=po+pP1+ ----- -+ Pa.
The Riesz means is regular if and only if Py — o with n.
(see Theorem 1.4.4 of Peterson [3]).

Qureshi [1] proved the following theorem:

Theorem: The degree of approximation of a periodic function
f(x), conjugate to a 2n—periodic function f(x) and belonging to the
class Lip «, by almost Riesz means of its conjugate series, is given by

- lO%({,’i)';O<a<1
max [f(x) — Thop(x)| = n s
0 < x < 2%
- Pn_ Pn —
0O an lo P, o 1

where, T_n,p (x) is the almost Riesz means of series (12) and Riesz means
are regular such that 0 < py 4 with n > ny. The object of this paper
is to prove the following theorem.

Theorem: The degree of approximation of a periodic function
?(X), conjugate to a 2m-periodic function f(x) and belonging to the
class Lip (p(t), p), (p > 1), by almost Riesz means of its conjugate
series is given by

0 % = om I£(x) = Top (x)| = O g F’(i}%) ( ‘}E)’z >_1 ¥ g
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where Ty, (x) is the almost Riesz means of the series (1.2) and Riesz
means are regular such that 0 < p, } with n > ny where p(t) is a
positive increasing function and satisfies the following conditions—

_Pn_
NRUST

(ii) / }— (‘E%x()?r)Pdt%l/p = 0 (p (*%:T) ( 11;?1 )—1)

, l/p
@)

Proof of the Theorem: Let Sy be the k—th partial sum of the
conjugate series (1.2). It is easy to show that—

7T
Gr—f(x) = _71_:_ [ () Cfﬂ‘_t_iE~ d
0 2 Sin 79~

where ¢ (t) = f(x 4+ t) ~f (x—t)

- = 1 kip _ —
And i) = 0) = g 2 ) = o)
1 T 1 Cos (k -+ §)t
= [ ) X —_— 2 dt
rle D) k0 2 x Sin t
-
1 T iy (Sin (pt) - Sin (k + p + D)
=Y s L) " de
2 Sin2 5—
We have
_ - 1 n _ _
tp () =) = 5~ 2 pe Sep-F(1)
_ 21 }: () nE px [Sin (pt) - Sin (k + p 4 1) t] dt
TCPn 0 k=0

(k - 1) 2 Sin2 ;*

Therefore
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¥ ro 1 I ' % Px
|tn’p (t) _f(t) ‘ = e Pn (1 Y (t) {k=0 k __‘_ 1
Cos (k + 2p + 1) 32% Sin (k -+ 1) x dt
Sin2 —23—
P
P T n
1 n ‘ ] Pk
= t P -
= |t prl] A 1x ] E P
Pll
T, t
Cos (k + 2p + 1) —— Sin (k + 1) 5=
. [ dt = I; + I, say
Sin2 —2'—
Now, Pn
1 Pn rﬁ Pk
I, = 3 Tr (e || Z T
t t
Cos (k+2p-+1) — Sin (k1)
(t2pil) g S (b)) o
Sin?2 —-;—-
Pn
P n
1 n Px
= =
ofp [ HOTIE
t
Cos (k+2p+1) - Sin (k+1) -
| dt]
Sin2 o

2
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1
Py ) Y
=0 [ 5} 1 Tuw " e

S - (Cos (k+2p+1) - Sin (k1) — 1 )711—
" 5 Px dt
X( oj kEO k-1 ¢ tS ]
Sin2 —
3
Pn L pn | RS
P P
1 n P P n | n Px (k-+1) q %q
—ofl-2_ | 3 ta
[Pn 3()( \r’(t)ldtlgof Z 2y 1 ]
Pn 1 Pn 1
( Py P ,p ( Pn 1 4
ZO[%J !@(t)Jdt£ gf Td—dg]
Pxn 1 -1+ S

1
-1 + =
= Pn Pn q
o (+(5)) o ($)
1
— Pn ) (Pa) p
o (e($r) ($) ™)
. 1 1
since — - —— =1, such that 1 < q < oo,
P q
Similarly,
1 T n
I,=0| —— , Px
=0l T 1 E
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Cos (k--2p+1) — Sin (ktl) ——

2 2
[ dt]
Sin2 ——g—
1
T P y P g n
SR S pa KO KF
Py Py
Cos (k-+2p+1) t Sim(ki1) £ 1
2 2 q q
g
Sin2 79~
1
1 T (t) P ) P w n 1
== 0[—; ( d ) dt § ) t S —
) D) T e E
Pn P
s 1
(k+1) [Sin  [px Cos (kt2ptl) t  —
2 3 l‘l q
X dt% ]
t
Sin2 79~
1
= S pr (kt2p+1) —  q
[Pn Pn ( t1/p+1 E Po 1 t 2
Py Pu
1
—o [P Pn pn \ 71 ? (T
[Bxe(®)(8) 1§ «
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~o[ (5) ()]
~olr () (B 7)

Since {py} is monotonic, increasing, we have

n
S p, Cos (k+2p-1) ;; < pn T Cos(ki2ptl) —
0 k=0

— 0 (l;cn_)

This completes the proof of the theorem.
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