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ABSTRACT

in 1979, Harman [8] in connection of tlıe study of q-analytic functions [7]., introduced
a discrete analogue z^*^) of the ciassical power function z’ This paper deals with a study of
a class of functions called discrete liypergeometric functions defined in (2.2) by usîng the dis
crete power function

1. INffRODUCTION

Harman [7 ], in 1978, introduced the concept of q-analyticity 
of a function by replacing derivatives by q-difference operators Dq,x 
and Dq,y which are defined as follows:

[f (^) ] = f (z) - f (qx, y) 
(i-q) X (1-1)

f (z) - f (x, qy) 
(i-q) iy

(1.2)

where f is a discrete function.
The two operators involve a 'basic triad' of points denoted by

T (z) = {(x, y), (qx, y), qy)} (1-3)

Let D be a discrete domain. Then a discrete function f is said to 
be 'q-analytic' at zeD if

Dq5X [f(«) ] (1-4)

Dq5 X

1^(1’ y [f(^) ] =

[f(z) ] =Dq,y

If in addition (1.4) holds for eyery zeD suciı that T (z) £ D then
f is said to be 'q-analytic' in D. (1-5)
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For simplicity if (1.4) 
used where

or (1.5) holds, the common operatör Dq is

Dq = D, — Hq, y (1-6)L'a, X

The funetion z“ is of basic importanee in oomplex analysis since 
its use in infinite series leads to the Weierstrassian concept of an analy- 
tic function. Harman [8] defined, for a nonnegative integer n, a q- 
analytic function z(“) to denote the discrete analogue of z(“), if it satis- 
fies the following conditions;

Dg [zW] (i-q°) 
(i-q)

(n-l)z

z’°) = 1
0(n) = 0, n

The operatör Cy, given by

O
(1-7)

oo
Cy = S

3=0
(i-q)^ 
(i-q)i (iy)^ (1-8)

when applied to the real function x”, yields 

In fact, Harman [8 ] defined by 

z(“) = Cy (k’*); n a non-negative integer

00
s

3=0
(i-q)j 
(i-q)3

(iy)^ H3q,x (x®), (1-9)

which on simplification, yields

z(“)
n
S

3=0
(3)q j (iy)^ (1.10)

or alternatively,

n
z<nr = S' (y)^ X3 (iy)n-3 

3=0
(1-11)

To justify that z^’i) is a proper analogue of z". Harman [8] proved 
that zW is a q-analytic function and satisfies the three requirements 
of (1.7).
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We slıall also use thc following notations due to Hahn [3]: Let

00 

f(x) = s 
r=ö

r 
ar X (1.12)

be a power series in x. Then

00 

f([x-y]) = S 
r=0

ar (x-y)r (1-13)

f t-
t 

[x-y]
S 
r=o (x-y)r

where (x-y)ıx
00

TC 
n=o

Hy/x) q” 
l-(y/x) q“^-"

(1-14)

a= x‘ (1.15)

For various other definitions, notations and results used in this 
paper one is referred to remarkable books on q-Hypergeometric series 
by Exton [1 ], Gasper and Rahman [2 ] and Slater [13 ].

2. DISCRETE HYPERGEOMETRIC FUNCTIONS

Using Harman’s discrete analogue z(a) for the classical function 
z", we now introduce a discrete analogue rMg [(ar); (bg); q, z] of the
q-hypergeometric function ı.d)g(9) [(ar); (bg); z ]•

It is well known that 

Dq {r<I»s<‘»[(ar); (bg); x]}
/I \(i-q )

(i-q) (iV^)---(i-q₺^)

(q)
[1 + (ar); 1 + (bg); x]

(i-q'‘^)

r

and so it seems reasonable to assume that for n, a non-negative integer
a q-analytic function rMs [(»r); (bg) ; q< z ] will denote the discrete
analogue of [(»r); (bg); z ] if it satisfies the following conditions;
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(i) Dq JrMs [(ar); (bs); q, z]}
(i-q“‘) ar

(l-q) (l-q^l) (i-q )

(b)

(İÜ)

rMs [1 4“ (ar); 1 + (bs); q5 z], 

The first term of the series is 1.

rMs [(ar);(bs);q, 0] =1.

(2.1)

Such a function is obtained by applying the operatör Cy defined 
in (1.8) to the q-hypergeometric function rî’s [(ar); (bs); x], with
real argument X.

In fact, rMg [(at); (bs); q, z] is defined by

r^s [(ar); (bs); qî z] = Cy
(q) 

r3>s [(ar); (bs); X]

00

s
n=o

/ (^t) 
(q )n

(2.2)

co (XI
S L 

n=ö k=o
(q)n (q)k (q

n
) n+k X (iy) 

(bs)
{2.3)

)n+k

(i-q')

(q)n (q^^®bn

k

The following theorem shows that rMs [(ar); (bs); q5 z] satisfies 
(2.1) and hence çan be taken as a discrete analogue of [(ar);
(bs); z].

Theorem 1. rMs [(ay); (bs); q, z] is q-analytic and satisfies the 
requirements of (2.1).

Proof;

00

jMg [(ar); (bs); q, z] = L 
n=o

(4“'’ )nZ
(n)

z z (^«) 
(q)n (q )n
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nco 
= s

n=o
'n

(q)n(q^’’'^ )n

n
S

j=o
C). n-j 

X (iy) -d

and hence

Dq, X { rMg [(ar); (bg); q, z ] }

00

L 
n=o

z (ar) (q )n

(bs)

(q)n (q )n

n-1 
S

3=0

n-j

(i-q) (iy)J

00
s 

n=ı

(q
(ar)

)n
,(“-!)

(q)n-ı

zı \(i-q )

(l-q)(lV‘ ) ..(l-q^')
rMg [1 (ar); 1 + (bg); q, z].

1
M

(i-q^‘)

n

similarly.

Dq’ y ( rMg [(ar); (bg); q, z J }

(i-q^^) ar.(i-q')

(l-q)(lV^) ••(l-q^' )
rMg [1 + (ar); 1 + (bg); q, z].

Hence rMg [(ar); (bg); q, z] is q-analytic and satisfies condition 
(i) of (2.1).

Since z(0) =1 and 0i“) = 0, 0, by definition andn 80
rMg [(ar); (bg); q, z] satisfies (ii) and (iii) also of (2.1). This proves 
the theorem.

It is of interest to note the similarity of rMg [(ar); (bg); q, z] to 
the function [(ar); (bg); [x + y] ] defined by Jackson [10] 
as follows •
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r<I’s<'« ([ar); (bg); [x + y] ]

m 1 n — n
00
L

00
S

ı (ar), (q )nı+n X (iy) q
(n-1)

ın=o n=0
(q)m (q)n (q

(bs)
m j-11

co
L

N=0 (q)N (q*
(x + iy) (x + iqy) . . . . (x + iqN.-ı y). (2.4)

)

n

The discrete hypergeometric function defined in (2.2) can be written 
in either of the following two forıns;

rMg [(ar); (bg); q, z] =2 
n=o

(q
(ar) )n (iy)“ (q)

r<bs [(ar) + n; (bg) + n; x]
(q)n (q^^^bn

(2.5)

or alternatively as.

nOD
rMg [(ar);(bg);q,z] = S 

n=0

/ (ar) (q )n X

(q)n(q
(bs)

)n

(q)
rOg [(ar) +n; (bg) +n;ıy ].

(2.6)

From (2.5) and (2.6), 
function can be regarded
geomotric fuuctions of the form

we observe that a discrete hypergeometric 
as a ‘generating function’ for the q-hyper-

(q) (q)
[(ar) + n; (bg) + n; x] or rOg [(ar) + n; (bg) + n; iy].

We further observe that for x = 0, rMg [(ar); (bg); q, z] reduced

(q) (q)
tord’s [(ar); (bg); iy] while for y =0 it becomes r®s [(ar); (bg); x].
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3 PARTICULAR CASES

As particular cases of (2.5) and (2.6), ^ve have the foUowing in- 
teresting results;

0^0 [ ’ ’ *î’ ] eq(x) eq (iy), (3.1)

2Mj [a, b; c; q, z ]

1
(l-x)

a + b - c

s 
n=0

(q*)n (q’^)n (iy)"

(q)n (q®)n (xq
a + b - c 

)n

2’1’1 [
qC~a, qC — b; xqa “b b—c -f- n 

qc + ıı; •>

(3.2)
]

oMj [—; a; q, z] = (q)a-ı
a-1 cc

E 
n=o

{yİ
(q)n

1
—)

X

qj a + n-1 (2i -y/ li),

Further, summing up the rOs -function by means of known 
summation theorems, yve have

(3.3)

1^0 [a;—; q, z] = 1 
(î^ ı’i’o [q^;—; İy 

[i-xq"']
(3.4)

1^0 [a; —; q, z ] = 1’1’1 [q^;xqa;iy]. (3.5)

ıMo [a;—; q, z ] = 1 
(l-iy)a ‘i’o [q^; ’ [i-iyq®] (3.6)

1^0 [a;—; q, z ] 1 
(i-iy)a

lOj [(]»; iyq'’; X J (3.7)

2M1 [a,-n; b; q, (q, y) ] = (q
b-a an 

)n q
(q'’)n

2’1’1
q% q-n: 
l+a-b-n.

-iyql-’’ 
; q-’

(3.8)

1
(T^

X
1

[q ]
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j 4. INTEGRAL REPRESENTATIONS

We also note the following simple Integra! representations for 
2M1 [a, b; c; q, z ] and 3M2 [a, b, c; d, e; g, z ] 2M1 [a, b; c; q, z ]

rq(c) 
rd(b) rq(c-b)

1 b-l
J' t
0 c-b-l

1M0 [a; q, zt] d (t; q), 
(4.1)

provided R1 (b) 0, I X I 1- ! y 1 1

3M2 [a, b, c; d, e; q, z] = r<,(d) rq(e)
r,(b) rq{c) rq(d-b) rq(e-c)

X

1 b-i
J' J' t (l-qt)d_b_ı

c-l
V (l-qv)e_c-ı 1^0 [a;-; Ztv] d (t; q) d (v; q)

1

0 0

(4.2)

provided R1 (b) 0, R1 (c) o, I X I 1.

One can similarly, write down the intcgral representation for 
.Mg -function.r-

f 5. CONTINUOUS DİSCRETE HYPERGEOMETRİC FUNCTİONS

Any two discrete bypergeometric functions.

rMg [(ar); (bg); q, z] and rMg [(a'r); (b'g); q, z]

are
one

said to be continuous, when ali their parameters
pair, and this pair of parameter differs only by unity.

are equal except

If we use the notations («r» + On and (ar? -i)n to denote

(«l)n (<Z2)n • • • • (ai-l)n («1 + l)n («l+l)n • ■ • • («r)n

and

('Zı)n ('^2)n • ((Zl_])n (^1,1)11 (ıZj-ı-j)n • • • • (o^r)n

respectively, where 1 < i < r, with similar notations for (^g), we have

1, İyi
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pMg [ar, i); (Ps); q, z]

«i
{ rMg [ar); (Ps); q, Z ] -q rMs [(ar); (Ps); q, qz]}, (5.1)

(i-q )
rMg [(ar, -i); (Ps); q, z]

aı-l 
(i-q

Cf:ı

) 2 
n=o

n(ai-l) 
q fMg [(«r); (Şs); q, q”z]» (5.2)

Pj <X)

rMg [(ar); (Ps, + j); q, z] = (l-q ) s q 
n=o

rMs [(ar); (Ps); q, q"z]
(5.3)

1

and

rMg [(ar); (pg-j); q, z]

1

(l-q

Pi-l 
rMg [(ar); (Ps); q, z]-q rMg [(ar); (Ps); q, qz].

(5.4)
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