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ABSTRACT

In this paper, the congruences generated by the instantancous screwing axes of the moving
trihedrons (DARBOUX’s trihedrons) moving along the lines of curvature on a surface which
is referred to its lines of curveture have been investigated.

1. INTRODUCTION

>
Let G denote the instantaneous screwing axis of the moving

trihedron (;;’, 7—]), 5) (DARBOUX’s trihedron) connected with the

-

R
point x on the surface x. G is given by

(tg + ) Xy — puX; + pgX5

3 = 1.1
'\/”Zg + 02 -+ pIn + 2e7y (b

- -

[1], where the dual vectors Xj = x; + s;io, (i=12,3),(2 =0)
are the axes of the moving trihedron. The real and the dual part of

. . - = 2 - > 2
three vectors are defined, respectively, by x; = %/, x;, = 7, X3 = ¢
- - - - - -
!
and x;; = Xy, Xy9 =g X39 = 5. Pn» pg and 7ty are the normal

curvature, the geodesic curvature and the geodesic torsion of the

curve with the arc length s through that point x. Let the paramet-

o
ric curves v = const, and u = const, on the surface x be its lines of
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curvature (F =M =0). Let S; =S;/4/E, S, =S,4/G be the

invariant derivatives of S(u, v) which is an invariant function on the
- - .
surface x ([2], [3]). These derivatives are formed according to the

->
arc length s of the lines of curvature on the surface x of S. By means
of the invariant derivatives, the moving trihedron (x, v, &) is the tri-
hedron (x;, x;, £) belonging to the line of curvature v = const. on the

- - -

N
surface x, where x; and x, are the invariant derivatives of x. £ is the

d —
unit normal vector to the surface x. Since (, ( are the geodesic curva-

normal curvatures of the lines of curvatures v == const., u = const.,
respectively, some equations between the invariant quantities q, f,

r, ¥ defining the surface x and their invariant derivatives and integra-
bility conditions namely GAUSS-CODAZZI equations characterize
important surface types [2].

A rectilinear conqruence may be represented analytically by an
equation of the form

- >

x4 td, (d =1 (1.2)

— -
where x and d are functions of two independent parameters

u, v. The point x may be taken as a point on a surface of reference x,

-

which is cut by all the lines of the congruence. We may take d as a
unit vector giving the direction of the line, and t is then the distance

-

from the surface of reference x to the moving point y on the line [4].

Some equantities between the first fundamental form and the second
fundamental form of the spherical representation of the congruence,
namely in the KUMMER secns, the function &, &, ¢ the fundamental
coefficients of the first order and the functions, e, f, {’, g the funda-
mental coefficients of the second order characterize some properties
of the congruence and some important congruence type [3].
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2. DEFINITION OF THE CONGRUENCES TO BE INVESTIGATED

2.1) Since Tgy = pgy = ~ ¢, Pny = I, the insantaneous screwing

axis G of the trihedren (;19 ;2, 2) which is moving along the lines

. Ed
of curvature v = const. on the surface x (u, v), we find

53}(1 - riz - q§{3

G = i B
V12 + q?

(x 0, q 5 0). (2.1)

Seperating G into real and dual parts, we get

o _ ¥tdgb | xi-rx-qf — 2 cs
R NCIEEE 0
2.1y’
g =~ X, + 04 _g) _ X — Xy —G%
VET e T g
The congruence generated by G is expressed as
y =1+t (g=1 2.2)

-

form (1.2), where v is the surface of reference. Using the properties
of the line G given by (2.1), that it cuts the 3(3 axis and is perpendi-

cular to X, the displacement vector of the intersection point on X;
is found as a result of dual and real calculations as

P x4+ | (2.3)

r

- :
Therefore, the instantaneous screwing axis G of the moving tri-

—

hedron (xy, X,, £) which moves along the line of curvature v = const.
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5
on the surface x, cuts the surface normal at the center point corres-
pouding to the line of eurvature v == const. From this, it can be seen -

that the reference surface r is the center surface belonging to the

-
line of curvature v = const. on the surface x. Therefore, the instan-
N

- -
taneous screwing axis G is tangent to the center surface r of x.

The vectorial equation of the congruence which will be investi-
gated according to the considerations above, may be stated as
1

; == —}: (w, v, 1) == ; (w, v) + ;-(—1;;-;)— E (u, v)

e

-

r (u, v) ;2 (u, x) + q(u, v) £ (u, v)

\/I’Q(u, v) -+ q2(n, v)

2.2) Since 7Ty, = 0, pg, == {, pnv = ¥, the instantaneous serewing

-t

axis _f} of the Thrihedron (;2, —;1, é) moving along the lines of

td
curvature u == const. on the surface x (u, v), we find

G = Xzif_)if s (520, g ~0).

T

Seperating G into its real and dual parts, we get

A O T
= L © o X2 L0 i O g I egy
\/ 2 - q2 \/ P2 - g2
1 (2.4)
S +d 2 x+x@
8= T B0 T T
\/‘rZ—]— q2 \/rZ + q2

-
The congruence generated by G is expressed as

= -

+15 (g2 =1). | (2.5)
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-
Similarly, the reference surface r is the centers surface belonging to

-
the lines of curvature u = const. on the surface x, that is
2 - 1 —
r=x-+ — ¢
r

(32.6)

Therefore, the equation of the conguence y may be expressed as
= 1

_ - — -
y =y (u v, 1) =x(u,v) + I‘(uj?)ﬁ ¢ (u, v) -+

S YN ) F ) @)
AV 12 (u, v) - q2(u, v)

3. PROPERTIES OF THE CONGRUENCES ;f, ;7

3.1) In order to investigate the properiies of the congruence vy,
at first, its first and second fundamental forms, in the KUMMER
sense, are calculated

-2 -2 r - 2
¢ =g —Eg —FE (M_>

2 - q}l
Fm= < > =1/ BC<gp, gr> = /G (r29 - 47) (9, -+ T°) (3.1)
c Bu? oV v ol 22 - (r2 _i_ q2)2 ’
e P[RR ) @ ]
=g, =6g =6 (r2 F q2)2
- } - qr \2
52 = (dg)? — 1 (94" > dn2 -
d {dg) B ( ) dn2
Ee Lma - qir) (4 4 90)
24/EG 1 (r21+ q2;2 2 dudv
r2{q2 (r2 4 q2) + (q + q3)2 )
e e L T L ()

and
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S . T —riq) T
€ = <r,, g,> = }L<I'1. gy > == E W »f =Ty, Gy =
1 ’\//EC <1‘33};1> - O ’ (3'3)
s T we LT = g+ g
= <r,, g,> = VEG <rp, g,>=-/EG (r2 - q2)372 °
g = I, gy~ = G<]729 g2> 7777 O’

are found.

3.2) To investigate the properties of the congruence }—7, similarly,
ite first and second fundamental forms, in the KUMMER sens, are

= 22 5 ?l_ ; 2 [q?. (i‘Z -+ qz) - (q2 -+ q2)2]
& =g, =lg =k GEon

(@ - 19) (0 + @) (35

F = <tws>=VEC<g.5>—=/EC

(2 + q2)2
- =72 22 a - e 2
5 - ‘ gt — Toq
7 = 8y -—‘ng = G < 72 + '(iz )
a2 —dg =5 SN2 @) e e ] g
(22 q2)2
B s E(qof - faq) (o -+ 9P) .
-2 \/EG G @) dudv
_qf’_i'_"._-f.%f_-’i_ 2 dv? = [T ‘ 36
G ( e ) dv2 = [1] (3.6)

and
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3
¢i

-2

¢ = <h g =By, g> = 0, =<f,, g,> —y/EG <iy, g,

= VI &)

-

f, = i‘u’ gv>= \/EG <f17 g?> - Ov g:<fv, év> :G<i'29 g2>

-G 3 (P2 1 q3/2

<di, dg> — EG 21 @) g g, ¢ B2(Di-Td) 4,
T

¥
( 2 —2)3/2 ( P2 - q2)3/2

[L]. (3.8)

1 Hl

The other properties of the congruences ;r and y may be listed
as: a.l) For J/

‘ : r2q2 (rq - qr)?
G2 — EG 3 : 3.
g2 = £6 TS (3.9)
and
2) For 3
v o PC A - £,4)?
2 = EG _ 3.10
x @+ (.19
are found.
b.1) The limit points of the line of the congruence };
r s o = =
= Tl g VR @ VPR T O T @ a7
(3.11)

1i |
111 = - P2 boq2 - 2(2 2 1 a2)2
| R Y [qx/l q \/q(r + q%) + (q; + §9)?]
are found.

-

2) The limit points of the line of the congruence y are
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I[TI B m lov/ 2+ @+ ¢ + ¢) + (42 + 0]
]; (3.12)
| T = g (qi;ﬁ‘—fﬁ'%"l"' [y 2 4+ 2 -/ (2 + ¢2) + (42 + 4?)?].

—

c.l) The principal surfaces of the congruence y

= T
VEG W (B (g + ¢?) (ryq - qpr)du® +

+2/EG v (rg - qp) [@ 02+ q?) + (@ + §9)2] dudv +
+ G2 (q -+ ) [q2 (22 + ¢?) + (q, + g?)2] dv?} =0 (3.13)

are found as the solutions of the differantial equation.

—

2) The principal surfaces of the congruence § are

VEG Tz;]?)—ﬂ" {2 (g2 + ¢?) [q? (2 + @) + (3.14)

+ (q2 + q2)2] du? + 2/ EG 7 (q2f - T2q) [q2 (¥ + q2) +
+ (q2 + 2] dudv + G (q2 -+ q?) (qaF — £2q)2dv2} =0

—

d.1) The developable surfaces of the congruence y

~ rrq? (raq — q4v) .
EG @I L )2 dudv =0 (3.15)

are found as the solutions of the differential equation.

-

2) The developable surface-of the congruences § are

”2‘12 (Gaf — T29q) _

-

e.l) The focal peints for the line of the congruence y
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75
2 2
op= SVELE (3.17)
r (r,q-q;r)
are found.
2) The folcal points for the line of the congruence_}; are
- 3 \/ F2 - 2 —~
— ~1 == (. 3.18
o Piqz-qia) 7 G19)
f.1) The middle point of the line of the congruence ;
2 2
m = nVrete (3.19)
2r (119 - qyr)
is found.
2) The middle point of the line of the congruence ;'; is
Foa/ 12 - G2
o vVEPAE (3.20)
21 (q, - qf,)

-5

g.1) The middle surface of the congruence y

m=r+ g (pr-pm=0¢ (3.21)
is obtained.

2) The middle surface of the congruence;; is

m=f + _;_ g (o1—pm =o) (3.22)

h.1) Let the middle surface m of the congruence y be the refe-
rence surface. Its first local surface generated by p1

- -

k = Lo = g =y VDU 3.23
m 4 - .g=r+pg =1 =) (3.23)
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and its second focal surfacc generated by prr

- -

p =m —

o - - - 1 -
—— & =71 ==X ”1,, .

2 ° T

are found.

—

2) Let the middle surface m of the congruence y be the refe-

rence surface. Its first focal surface generated hy p_}

v

2 2 ez oz = - fyy/ B2 F q2 2
k=m-+ — g=rt =F 4 g 3.25
Tz °¢ i (742 - qi2) (3:29)

and its second focal surface generated by é_n are
2 1 = o
=x - — &. (3.26)
7

i.1) Considering (3.1) and (3.3), the mean ruled surfaces of the con-

gruence ; are found as the solutions of the differential equations
rieq (rq — qr) {E (rq - q)2 du? - (3.27)
= Gr2 [q2 (r2 + q?) - (q; + §2)2] dv2} = 0.

2) Considering (3.5) and (3.7), the mean ruled surfaces of the

N
congruence y are found as the solutions of the differential equations

ot (Fz = ) (B2 [q2 (2 + @) -+ (92 + q)2] du>-
- G(iq, - {Fy)2 dv2) = 0. (3.28)

The surface x, chosen to be the families of the lines of curvature
as parameter curves, should obey EG -4 0 at each point to hecome
regular.

-

Therefore, from the cylindrical conditions of the congruences y

and ;—; or J¢ =0 and Jf = 0 giws‘ respectively from (3.9) and (3.10)
P0G =0 rg-qr =0

and
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= (),/ q = 07 qf_,i' — iz’(_{ == ().

Here, the conditions r = 0, ¥ = 0 infer the surface x to be de-
velopable surface, the conditions q = 0, § = 0 infer the surface x to
be a Mubliir surface, the conditions rg — qr = 0, qof — i = 0 infer

o
the surface x to have these familics of the lines of curvature v —
const. and u = const. formed from plane curves. Whereas, since one
of the families of lines of curvature of a developable surface is generator

- - - - -
of a surface and since the trihedron (x, x5, &) or (x5, —x1, £) is only
displaced along the gencrator, the instantenous screwing axis does not

exist. Consequently, _(:1 and similarly G are not defined. Therefore

the surface ; cannot be developable surface, that is r 5% 0 and ¥ 5= 0.
(In (2.1) and (2.4), we have already taken r 4 0 and & 5% 0). Since
there families of the lines of curvature will also be plane curves, the

surface x cannot be the surface which have the lines of curvature v ==
const., u = const. consicting of plane curves, that is rq-qr #* 0,
Eoq — qa2F 74 0. On the other hand, since one of the familics of the

lines of curvature on Muliir surfaces is plane curves, the surface x
cannot be a Muliir surface, that is q =20, § # 0. (In (2.1) and (2.4)
we have alredady taken q 7= 0 and § 3£ 0). Therefore, we may stade
the theorem below:

3.1. Theorem

>

The congruence y or ¥ generated by the instantaneous screwing
- >
G or G during the motion of the moving trihedrons along the families

5
of the lines of curvature v = const., u = const. on the surface x (a, v)
which cannot be developable surface which cannot have the lines of
curvatures consisting of plane curves, which cannot be Muliir surface,

-

cannot be cylindrical congruences. In order to make the congruence y

5
and § normal congruences, from (3.3) and (3.7) we find
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-
==

r(@+ ¢ =0, (G#0)

and

iy (q2 + q?) =0, (q=0).

Here the conditions r| =0, ¥, % 0 or iy == 0, r; 3% 0 denote that
N
the surface x is a canal surface.

The familics of the lines of curvature of the canal surfaces are planar
curves since they are circular. Furthermore the central surfaces of the
canal surfaces, (2.3) and (2.6), become curves. Since there curves are

>

also the reference surfaces of the congurences y and §, ruled sur-

- -

faces generate instead of the congruences y and ¥, congruences are
not generate. The conditions q; + q2 =0, (q@ #0) or q» + g2 = 0,
(q £ 0) on the other hand, indicate that for the congruences ; or )‘;,
their limit points (3.11) or (3.12) coincide with their focal points (3.17)
or (3.18) and that their principal surfaces (3.13) or (3.14) arc developable
(3.15) or (3.16). Thus the theorem bellow _s obtained.

3.2. Theorem

-

The necessary and sufficient conditions that the congruences y

>

and § generated by the instantaneous screwing axes G and G of the

trihedrons connected with the families of the lines of curvature v =

o
const., u = const, on a surface x (u, v) which is wot a canal surface
and Muliir surface, can be normal congruences are

- — _

42+ =0, (95%0)

and
q - q2 =0, (q70).

The necessary and sufficient conditions that the parametric surfaces

—

of the congruences y and ¥ be their principal surfaces are, respecti-

vely, considering (3.1), (3.3) and (3.5), (3.7),
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(g -qr) (@ -+ q3) =0, n(q 4 @) =0
and

2

HQot - qf) (q2 - q%) =0, Fo(q2 + ¢?) = 0—
also wsing r 40, r; £ 0, r;q—qr # 0 and ¥ £0, i, 30,
st - f2q = 0 we find
G T -0 G#0)

and

q2+ @ =0, - (g #0).

N -

The conditions indicate that the congruences y and § are normal
congruences and also that their parametric surfaces are their prineipal
surfaces. Since these congruences are normal, their principal surfaces
are developable. Therefore the following theorem may be stated:

3.3. Theorem

The prineipal surfaces of the normal congruences y and ¥, which
are developable are their parametric suffaces.

>

If the congruences y and ): are normal conguences, their mean
ruled surfaces (3.27) and (3.28) may be written as
E du2-Gdv2 =0
and

F du2 -G dv2 = 0.

-

Considering (3.3) and (3.7), to make the congruences y and ¥
isotrpiic, we find consecutivly

r(qr-rq) =0, r(q + ) =0
and
f‘z ((‘12; - E‘Zﬁ) = 0, iz ((]'2 ‘:H q2) — ().

Here, we get r; = 0 and &5 = 0 as the common solution. On the
contrary f; # 0, ¥, £ 0 according to Theorem (3.2). Hence forth the
following theorem is obtained.
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3.4. Theorem

-

The congruences y and § generated by the instantaneous screw-
ing axes of the moving trihedrons along the lines of curvatures v =

-
const. and u = const. on the surface x (u, v) which is not a canal
surface, can not be izotropic congruences.
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