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ABSTRACT

Mohanty and Nanda [2] were the First to establish a result for (C,l) i.e.
C -summability of the sequence {n B (x)}. Varshney [5] established a theorenı on (N , -î--)C, 

* . M- r . ", n , Jî+lsummability. In the preseni paper we have discussed (a pCj-summability of the sequence
{n B^(x)} which inciudes the result due to Tripathi and Singh [7].

1. Let Z Ujj be a given infinite series with the sequence of partial sums 
Let ||T|| = (a^ı,) be infinite triangular matrix with real eonstants. Then 

sequence to sequenee transformation.

t 
n

n

= y a .s.
nk k n = 0,12,...

defines the T-transform of the sequence {S^}. Recall that the matrix
elements a , nk = 0 for eaeh K > n, then the matrix is called triangular.

The series ZU^is said to be T-summable to S, if t^^ - S.

The regularity conditions for T-method are:
n

(1) There exists a constant K such that X *■
fcO

(2) For ever K, lim a
tı

k=O

n-^ n,k = 0;and

a , - nk = 1.

The tnatrix T reduces 
of coefficients {p^} if 

a 1 = nk

to Nörlund matrix generated by the seguence

P 1,/P 
n-k I

o
n

if K < n 
if K > n
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n
vvhere = X Pr

r=0

If the method of summability ||T|| is applied to Cesâro means of 
order one, another method of summability ||T||.C^ is obtained.

2. Let f(x) be a periodic function with period 2k and integrable in the 
sense of Lebesgue över an interval (-7t,7c). Let the Fourier series of f(x) 
be

eo
y + Z (^ <=0® sin nx) i + X A„(x) 

1^1 iî=l
and then the conjugate series of (2.1) is

(2.1)

oo
S(b 

n=l
cos nx - a^ sin nx) = B[^(x)

n=l

(2.2)
n

We write

\l/(t) = f(x+t) - f(x-t) - L,

(where L is some constant),

Vı(t) =
f ‘

tj/(u) du ;
Jo

n 

njc

and T = [1/t] the integral part of 1/t.

3. Mohanty and Nanda [2] proved the following theorem:

Theorem A: If
V(t) = O (- 1 

log(l/t)
-) as WO,

and a 
n

= O(n®); = O(n^) , 0 < 5 < 1, thcn the sequence (n B]^(x)} is
(C,l) sununable to the value L/n.

Varshney [5] generalized the above theorem of Mohanty and Nanda 
[2] which was later on extended by Tripathi and Singh [7] in the 
following form:

Theorem B: Let a function p(u), tending to infinity with u and a
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sequence {p^} be defıned as follovvs in terms of p(u), monotonic 
decreasing and strictly positive for u > 0

P(U) =
JO

Vı(t) = o (■

u

p(x) dx , p^ = p(n) (3.1)

t 
e(l/t)

(3.2)-) , as t +0

e(t) being positive non-decreasing with t and
n

P(x)
1 X e(x)

(3.3)

then the sequence (n B„(x)} is summable (N,pJ.Cj to the value L/n. The 
object of this paper is to generalize the above theorem of Tripathi and 
Singh [8] for ||T||.Cj summability. However, our theorem is as follows:

Theorem: Let ||T11 = (a .) be an infınite triangular matrix with a . â 0
113^ n 3^

and a . n,k be defined by a^^j^
monotonic non-increasing function and

= ai](k), a[i(u) being a strictly positive

A(n4i-u) =
'o

u

a^(n-t) dt —> 1 as n —> 00 for fixed u > 0. (4.1)

Let e(t) be positive non-decreasing function of t.

If

Vı(t) = O (. t
'e(l/t) (4.2)-) , as t +0.

and
n

A(njı-u) 
ı u e(u)

du = 0(1) , as n 00. (4.3)
1

then the sequence {n B„(x)} is sunamable l|T||.Cj to the value L/Jt.

We note that (4.2) and (3.2) are same while conditions (4.1) and 
(4.3) in the case of (N,p^).Cj summability reduce to conditions (3.1) and 
(3.3), respectively.

5. For the proof of the theorem we require the following lemmas:

Lemma 1: (Kishore and Hotta [8]).

If is non-negative and non-decreasing with respect to k, then
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for O < a < b < oo, o < t < 7t and any n.
bız a uji'k

i(ıı-k)t|
n,n-T (5.1)e I < K A ' r

Lemma 2: (Mittal [10]). If 0 < t < 1/n, then

n

IQn(OI - I 171 lc=l
a , njc

sin kt . cos kt
1 

kt
= O(n) (5.2)

t

Lemma 3: (Mittal [10]). If 0 < t < jt, then

= o (5.3)

6. Proof of the Theorem: If we denote the (C,l) transform of the 
sequence {n B^^(x)} by t^, we have after Mohanty and Nanda [2]

n
t ti

-J^ = J-yrB(x)- L/ti 
7t n r

= 1 
TC

TC
V(0 J_ X sin nt . cos nt

4n 2 . 2 , 
sın — t

2

dt
o 1tan L t

2

+ J-
2jc

ijz(t) sin nt dt + 0(1) 
/o

1
TC 'o

V(t) sin nt
1 

nt
cos nt 

t
dt + 0(1).

by Riemann-Lebesgue theorem.

On account of the regularity of the method of summability we have 
to show that under our assumptions

I = f v(t) y
Jo k!=0

a , njc
sin kt . cos kt

kt
(6.1)2 t

as n —> oo.

From Lemma 2 we write

n

Q.«) • 2
k=l

a 1 njc
sin kt . cos kt

k? t
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Therefore
TC

V(t) Q/t) dt

= (
Jo

'o
p 1/n 

+
Jl/n

TC

) V(t) Q„(t) dt

= + I + , say, where 0 < 5 < K.

Now by Lemma 2 and hypothe'sis (4.2), we have

I,
'o

Un

v(t) Q„(t) dt 
I

/• lAı

= O (n
Jo 

= o (n o ( 1 
n e(n)

'e(n)
Therefore Ij = 0(1) , as n -> c». (6.2)

Again by Lemma 3,
.8

t|r(t) Q_/t) dt 
1/n

O( ((V(t)l 
Jl/n1/n

A 
^) dt)

= o ( lv(t)| e(t) 
Jı/n İt e(t) I1/n

dt)

= o (vı(t)

lAı
A 

njı-T

1/n
Vı(t) — , dt İt e(l/t)

e(l/t) dt

= O (i) + O (-İ-)
E(n) 'e(n)

+ 0(1)
A njı-T

1/n

_t------ d.
,e(l/t) t e(l/t) / dt

I =

6
+

8

1

lv(t)l dt)

= O (-^t) •

^2 ~

+ O

s

S

8

-»

5

+ 0(1) + 0(1)
^5 / A \

o / t 1 d I
Ju„ \e(l/t)) dt İt E(l/t)l

1/n
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= O (_L_j + o m
U(n)/ U(n)/

,6

+ 0(1)
e(l/t) 

dt

Vn

2
(e(l/t))

+ 0(1)
1/n

t -i. 
dt

' Anjı-T

tt e(l/t)

(-J-I + o m
\e(n)/ U(n)/

+ 0(1) 1 
.e(l/t)

-.5

Zr

+ 0(1)
t A

nai-T
1-5

-'l/n

Lt e(l/t)Jı^

(e(y (e(n))

A
njı-T dt

+ 0(1) + 0(1).

= O

= O

S

5

By virtue of (4.3) we have

1^ = 0(1) , as n -> oo (6.3)

Since the method of summability is regular, we have

Ij = 0(1) , as n oo (6.4)

by Riemann-Lebesgue theorem.

Combining the above resul ts w e obtain (6.1).

This completes the proof of the theorem.
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