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ABSTRACT

In this study, some recurrence relations for a class of functions derived from
Lorentzian metric, which can be solutions of a ultra-hyperbolic type linear P.D.E. in p+q
dimensional space, are obtained.

1. INTRODUCTION

It is shown by E.G. Gallop [2] that in three dimensional space, the
surface spherical harmonics defined by

n a b c
o SRR o

alb!c! oz
hold the recurrence relation
(a+1)(a+2)P(a+2,b,c)+(b+1)(b+2)P(a,b+2 o)+ (c+1)(c+2)P(abc+2) = 0 (2)

and

5;)_ [FPabo)] = 1" [@+)P@t1b2crHatPatLbe2-CnaP@albd], ()

where r’=x*+y’+z? and a, b, ¢ are non-negative integers with n=a+b+c. It
is well known that P(ab,c) is a homogeneous function of zero degree and
satisfies the Laplace equation [3].

In this study, we obtain some new forms of the formulas (2) and (3)
by extending them to the functions which arc the solutions of a PD.E. of

ultra-hyperbolic type in p+q dimension. We use the following notations:
zp; az q 82
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2. SOME RECCURENCE RELATIONS FOR THE SOLUTIONS OF Lu=0
p q

Let a,...a .b,.. ,b be non-negative integers and let Z a + Zb =n

Define the function P* as =l =l
: 3 a b b

Pra,apob) = — L [V (VT2 [V e ox gy,
(al p’ 1 ’b) al!"'ap!bl!"'bq! (axl) {ax) ayl ayq G(Xl ’Xpyl (Z;)

where Ge C™%(D) and DcRP*.
Lemma 1. If L(G) = 0, then L(P*) = 0.

Proof., The operator L defined by (4) and the operator T defined by
b

T=(;Tl)a*..(a%p)a"(ayil)"t{;7q)q @

are linear operators with constant coefficients and they hold the relation
LT(u) = TL(u). Thus, from (6),

_ 1
LE) = L{—ET T‘G’}
T ala 'b' b HTe) ®)
= m O]

Since L(G) = 0, we get L(P*) = 0 by (8).

Theorem 1. If L(G) = 0, then the function P*(al,...,ap,bl,...,bq) as
bemg a solution of Lu = 0, satisfies the recurrence formula

2 @+ DEADPH@, et 2,2 by b)) - 2 B DOADPH@, et b by$2,. D).
i=1 =1
®

Proof. By the equality (6), we have

2}“ @+ DEHDPH@, ot 2, b b)) - 21: BDBADPH@, v B b$2,..5)
1= =
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P p | 4
_ 2 (a+1)a+2) _@_ kR ) 9 G
by al!...(aLl+2)!...ap!b1!...b' axP dy, ayq
b
q b +1)(b:+2) (_a_) (_a_) i)l(i) )
. axp dy, E)yj
% 1 °

" (ax) (ai -
2]

i a !...a b !...(b.+2)!...b !

Since L(G) = 0, the resu]t follows.

®
Corollary 1. The function P, defined by

* s
_ 1 G 9\" 1
Fo Gymefiybyb) = m(a_ ( )(ayl {ay) ET
q

satisfies the recurrence formula (9). Here s is the Lorentzian distance
defined by (5).

Proof. Since ]_,(s21Hl = L( 1
p+g-2

): 0 (sce [1]), by letting G =
Theorem 1, we get the result®

8

Theorem 2. Let DR, FeC(D) and GeC%D). For L(G) = O the
function P** defined by

F(xl,...,x Y ey )/ Py 4
P**(al,...,a bl’ ,bq !".a !pbl!.“b !ilg(——) .{ ) (ay {-——-) G(Xl, ’yl, ’yq)
P q 1 (1 1)

satisﬁes the recurrence relation
2(a+1)(a+2)P**(al AF 2R b D) - 2 OADOADPH@, B b D F 2, D)0
i=l i=1 1

J (12)

Proof. Multiplying both side of the equality (9) by F(xl,...,xp,yl,...,yq)
and by observing the relation FP* = P** from (6) and (11), we get (12).

Remark. We note that the function P** defined by (11) need not be
a solution of the equation Lu = 0. But, if we choose, in (11),
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F=()s?? and G =L,

then the resulted function

N neprg2 8 a h1 b
-Ds P a q
Popaypiet) = e (o] o o] o] 7 @
al.albl.b/ . 9x,] 9y, E)yq s
is a zero-degree homogeneous solution of the ultra-hyperbolic equation

Lu=0. By taking P instead of P** in (12), the function P as a special
case of P** satisfies the recurrence relation

q
21 @+D)@+2)P(@,...a42..a b, b) - 21 (b DOADP@,..a b, .. b#2,.. b )=0.
1= =
(14)

The formula (14) is the extension of the recurrence relation (2),
which is satisfied by the surface spherical harmonics as zero degree
homogeneous solutions of Laplace equation to the similar type solutions of
the equation Lu = 0.

3. EXTENSION OF (3)

In this section, some extensions of the recurrence formula (3) are
obtained. Let us first give the following lemma.

Lemma 2. Let us define the function Q as
b

_ § 9 \'1
LA LN, LX HE R

where s is the Lorentzian distance and ¢ is a real constant. Then we have

p
2
SQ@-abb) = -3, {a(al-l)Q(al,...,al-Z,...,ap,bl,...bq)+2alxiQ(al,...,ai-1,...,ap,bl,...bq)}

i=l

+Z (B0, 1y 2 b P20 Qe 2, by b ) (16)

j=1

+- (])+2)((al-l)Q(al-Z,...,ap,bl,...bq)-*—le(al-l,...,ap,b1 ,...bq)},

where a,, bj (i=1....,pj=1....q) are non-negative integers.

Proof. By the definition of s, we have
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I (") = v

aX 1 S

(a )arl 3 Vi 3 )bl ( P bq
ox, | {axp) (ayl, ayq)
to the both sides of the above equality we get

b

(i)al{_@_)ap »—a_-)ln{_a—_)bqs-(pﬂ - (02) (_i)dll{i)ap(__a*)bl‘(_a_—)bq%
axl‘ axP ayl ayq ax] axp ayl, ayq s (17)

On the ()Zther hand, rewriting the term s%*? of the first side of the
equality as S ——1¢— and taking the first derivative with respect to X, we
s

obtain
(—a— s ]¢ = 2, - +sz—a—(—{5),
,BXIY s S axl s,
and hence the second derivative gives

2 2
(«a—)sz—l— =2 1 + 4x, —9—(—-1—)+sza—(
ox, ¢

1
$ Lax ¢ axf S¢} v
By rcpeatlng derivation a, tlmcs we obtain, by mductlon,

Bl 4wl - 2T 4 2

Similarly, in the last expression, taking the derivatives a, times with
respect to X, gives us

R A-BIRIEY
=(a1-1)a( )( ) S%)”alxl a%)l (—a%)l(_la)
ol T b e

Proceeding in this manner, taking the derivatives with respect to X‘.""’Xp
respectively A, times, finally we obtain

Applying the operator

1

+S
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Now, by applying the operators (g‘) (g) successively to both
sides of the last expression, we get 1
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By using the definition of Q, we can rewrite the right hand side of
the last equality in terms of Q as follows:

b, ibqszL
o) |

SRS

P

—

P
= z <a(a DQ(@, 522,00, 2 ’bx’ ,bq)+2axQ(al, Al ,bl, n q)}
i=1
q
Z{b(b 1)Q@, 524 By 20 P20, Q@B b Dy L))
=
2
+5Q@,.ab,,..b) (18)
X
Similarly, applying the operato ) (ay {—) to ‘% the right
s
q

hand side of the equahty {an takcs the form

e el
{ RIS G 6

Again by using the_definition of Q, we get
-1 b
(-¢+2>(i)al ,_ ia"(_a_)"{, A
ox, axp dy, $
= (042|102 by )+x Q@ Lo by byl (19)

Hence in view of (17) (18) and (19) we obtain (16).

Theorem 3. Q as being in Lemma 2, we have

5% ["Q@a by b)] = {(-¢+1-2n—a1)a1Q(a1-1,...,a bymb)

1

+ (20-¢+00x, Qa2 by . )+2 a@-1Q@+ 12, by b))

i=2



92 F. TASDELEN and N. OZALP

2 b®-DQ@,+1... b2, b, (20)

Ay Dy
P g
where o and ¢ are real constants, n = 2 a + Zb and s is Lorentzian

i= =1
distance defined in (5). : =

Proof. Using (15) in (20) and writing the derivative with respect to

x, explicitly we have
9 1
ay,/ "oy, «*

a,%[%b _ aihax) {a) aj
PRSI T 6

+1
@

On the other hand in (16) réplacing a, by a+l and using this value
in (21), after simplifications wet get

d [a
—_—18 Q(a],...,a 7b gesey )]
o, ‘
— sa_z[(_q)-al-{-l)alQ(al-l,...,ap,bl,...,bq)+('2a1_¢+a')X1Q(al"“’ap’bl’m’bq)
P
- gz‘ {al(bal-l)Q(a1+1,...,al-2,...,a by b H28xQfa,+1... ApDye )}
q

E{b(b Q@ +l...ab,.. ,b.-2,...,bq)+2bjij(a1+1,...,ap,bl,...,bj—l,...,bq)}] 22)

=1

Next, for i = 1,2,...p since (xl ai - X, i) 1 0, applying both
X

1
sides the operator ox

a al a b, b
9 ..{_‘l 42 "(_a_) 42
(axl ) Bxi {axp ) dy, ayq

we get, for i=2,...,p,

AV oo (o (o VT (a\Ha (a)

al"—__ Y e — . —_—— _¢+xla_ .o a— a_ T e _¢

ax) ox ) \oy,) Yoy, & M) o) ay,) oy, ) s
b.
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AT e

By using the definition of Q in the above equality we obtain

a+l

alQ(al-l,...,ap,bl,...,bq)+x1Q(al,...,a - ,b)(a DQ(a,+1,...8,2,....a b, ... ,b)
-xiQ(a1+1,...,a]-1,...,ap,bl,...,bq) =0,i=2,.p (23)

b, b
ﬁ_ J'lu ( _a__ )q
{ayj) A

) l{b =0 (j=1.2,...q), and again using the

Similarly, applying the operator

SRGIE

to both sides of |X, —a— +y i
Yoy T

definition of Q, we get

2,Q(@-1,...a b,,...0 }+X,Q(@,...a b, »....b )

bj-2,...,bq)+ij(al+1,...,ap,bj,...,bj-l,...,bq) = 0. 24

+(bj-1)Q(al+l,...,ap,bl,...,
Multiplying (23) and (24) respectively with -2a, (i=2,....p) and -2bj,
(j=1,2.....q) and adding them side by side, and then comparing the result

with the right side of (22), we obtain

a a b1 b
3 “(i) {1) (i) RS
aX] axl axp ayl' 8y 3
= SOL72{('<|>+1—2n—z:11)alQ('f11'1’---’a b, b))
p

H2n-¢+0)x, Q@ .. 2, bysnb) + Y a](al-l)Q(al+1,...,25-2,...,ap,b1,...,bq)
=2

Zb(b Q@ +1,...2 b, ... ,...,bq)}

j=1

Corollary 2. Let s and P be as defined in (5) and (13). Then

—_ seeesd D penns DP(a +1,..a-2,.. -

Fy [s"P(al ab, )] rzz,(a+)(a+ A2y b b )

q

> @HDP@+,8 D,y 2, b ) - Q04GR0 P@ L By b)) 25)

=1
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Proof. Let us take o = 2n+p+q-2, and ¢ = p+gq-2 in (20). Then
Insprq2
- Iis PG Q(al""’ap’bl""’bq)]

{pat3-20a)a Q@ 1,8 Byb)

p
+ (20-( g2 2mp+q-2)x, QM@ et by b 22) a@-DQ@+1,..272,..2 b ...b)
1=.

q
- 2 b+ by b))

j=1
N
We obtain (25), by multiplying the last equality by alalblbl and
taking the equality L
n n4p+q-2
P(al""’ap’bl""’bq) = (—l) m Q(al""’ap’bl""’bq)
p

into account.

Remark. Using 9 instead of -2 replaces Theorem 2 and Corollary 1
. . y ox
with followings: 1 1

Theorem 4.

% [saQ(al,...,aP,bl,...,bq)} = sw{(q>1+2n-bl)le(al,...,ap,bl-l,...,bq)
1

p
+ (¢-042n)y,Q(@,,...2 b, ...+ _2 a@-DQ@, A 2,2t b 1.0

i=1

qd
- Y BB, e b+ Lb 2, b))

=2
Corollary 3.

p
% [$'P@ b)) = -s“[z (b +DP@, 22,8 B+ 1,0
1 1=

q
- J§2 (b1+1)P(a1,...,ap,b1+1,...,bj-2,...,bq) + (2n+p+q-3-b1)P(al,...,ap,bl-l,...,bq) ,

p q
where n = g{ a + g{bj and s and P(al,...,ap,bl,...,bq) are defined as in (5)

and (13) respectively.
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