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ABSTRACT

İn this study, some recurrence relations for a class of functions derived from 
Lorentzian metric, which can be Solutions of a ultra-hyperbolic type linear P.D.E. in p+q 
dimensional space, are obtained.

1. INTRODUCTION

It is shown by E.G. Gallop [2] that in three dimensional space, the 
surface spherical harmonics defined by

a b c

P(a,b,c) =
a 

(-1)
a!b!c!

11+1 r (1)i 
r

hold the recurrence relation

(a+l)(a+2)P(a+2,b,c)+(b+l)(b+2)P(a,b+2,c)+(c+l)(c+2)P(a,b,c+2) = 0 (2)

and

[r"P(aj5,c)] = 
ax

-r"'l[(a+1 )P(a+1 ,b-2 ,c)+(a+1 )P(a+1 ,b,c-2)-(2n-a)P(a-1 ,b,c)], (3)

where r^=x2+y^+z2 and a, b, c are non-negative integers with n=a+b+c. It 

is well known that P(a,b,c) is a homogeneous function of zero degree and 
satisfîes the Laplace equation [3],

In this study, we obtain some new forms of the formulas (2) and (3) 
by extending them to the functions whieh are the Solutions of a P.D.E. of 
ultra-hyperbolic type in p-bq dimension. We use the following notations:

P
2

q 2

'=1 3x. j=ı 3y.i=ı 3x
1

(4)

J
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P 7 ’ 9 2 2

= Zx?-Ey, =W - M (5)
i=l j=ı

2. SOME RECCÜRENCE RELATIONS FOR THE SOLUTIONS OF Lu=0

Let ap,..,ap,bp...,bq be non-negative integers and let
Define the function P* as ı ı j ı

n.

1
a,!...a !b,!...b !

1 p 1 q

’ G(Xj,....Xp,yj,...,yq), 

(6)

where GeC-^^CD) and DdRP^*’.

Lemma 1. If L(G) = 0, then L(P*) = 0.

Proof. The operatör L defined by (4) and the operatör T defined by
bı’l

(7)

2 
S

p q

b

T =

p q

&

p q

are linear operators with constant coefficients and they hold the relation
LT(u) = TL(u). Thus, from (6),

UP*) = Ll 1
a,!...a !b,!...b !

1 p I q

T(G)

1
a,!...a !b,!...b !
T p 1 q

1
a,!...a !b,!...b !

1 p 1 q

L[T(G)]

T[L(G)]

(8)

Since L(G) = 0, we get L(P*) = 0 by (8).

Theorem 1. If L(G) = 0, then the function P*(aj,...,ap,b|,...,b(^) as 
being a solution of Lu = 0, satisfies the recurrence formula
P q

J (a+l)(a+2)P*(aı,...,a+2,...3p,bp...bq) - (bi+l)(b.+2)P*(aı,...^p,bp...,b.+2,...bq)=0.
i=l j=ı

(9)

p

Proof. By the equality (6), we have 
q

J (a+l)(a+2)P*(aı,...A+2,...3p,bı,...bq) - (b.+l)(b.+2)P*(aı,...^p,bı,...,b.+2,..h )
i=l j=ı
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b 
, q

G
p

= I
i=l

(a+l)(a+2) 

aj!...(a+2)!...ap!bJ...bq!

a.+2 a.

(b,+l)(b.+2) '1

^a’..a!b’...(b.+2)!...b ! ax
1 p 1 j q

3
3x 

, p

b. 
I J

—3y î
. •^q/

i”»

a,‘1
3

3x 
, p

a,

— !
,b.

i=ı 3Xi '

1
a,!...a !b,!...b !

1 p 1 q

q

UG).

q-z
1

J J

3

3 —

I
— 3 G

q 1
a

aj!...ap!bJ..h ! j=‘ 3yj

3
. ■'q

Since L(G) = 0, the result follows.
*

Corollary 1. The function P^^ defined by

*
Po (ap...3pl)ı,...,bq) =

.b.

a,!...a !b,!...b !
İpi q

(10)
‘1

1 q
1

p q

satisfies the recurrence formula (9). Here s is the Lorentzian distance 
defined by (5).

Proof. Since L(s^‘^‘*) = Lİ^—1 = 0 (see [1]), by letting G = —1— in 
1 P+q-2 eP^-2I s I sıFam 1 «•Amil*-’ 'Theorem 1, we get the result?

Theorem 2. Let DdRP^'i, FgC(D) and GgC"(D). For L(G) = 0 the 
function P** defined by

a. b,F(x^,...,X',,y^,...,y b j g Az g j g ı 
aı!-ap!bj...b^! (3xı ) |3xJ İ3yJ |3yJ

q
G(Xj,...,Xp,y,,...,y^

(11)

P**(a,,...^p,b^,...,b>
b

p q

satisfies the recurrence relation 
p q

(a+l)(a+2)P**(aj,...3j+2,...^p,bj,..b ) - (b.+l)(b.+2)P**(aj,...3p,bp...,b.+2,..b )=0
i=l j=ı

(12)

Proof. Multiplying both side of the equality (9) by F(Xp...Ap,yj,...,yq) 
and by observing the relation FP* = P** İrom (6) and (11), we get (12).

Remark. We note that the function P** defined by (11) need not be 
a solution of the equation Lu = 0. But, if we choose, in (11),
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F = (-1)V"P"^-" and G = —İ—, 
sP+q-2

then the resulted function
b

l “1
P(a,,...3 ) =1’ ’p’ 1* ’

(-1)%'n+p+q'2

a,!...a !b,!...b !
D p 1 q

' 1 
sP+q-2 (13)

p q

is a zero-degree homogeneous solution of the ultra-hyperbolic eguation 
Lu=0. By taking P instead of P** in (12), the function P as a special 
case of P** satisfies the recurrence relation
p q
E (a+l)(a+2)P(aj,...,a+2,...3pbı,...bq) - X (bj+l)(K-p2)P(aj,...,ap,bj,...,'u.-
i=l j=ı

,.,b.+2,...b )=0. j q'^

(14)

The formula (14) is the extension of the recurrence relation (2), 
which is satisfıed by the surface spherical harmonics as zero degree 
homogeneous Solutions of Laplace eguation to the similar type Solutions of 
the eguation Lu = 0.

3. EXTENSION OF (3)

In this section, some extensions of the recuncnce formula (3) are 
obtained. Let us first give the following lemma.

Lemma 2. Let us define the function Q as

Q(a,,...3 l),,...,b) =
1

a,‘1 ' a

öx
p

a 
ay

1'1
(15)

' d
s

where s is the Lorentzian distance and (|) is a real constant. Then we have

p
2 

sQ(aı,...,ap,bj,.....,bq) = -£ ^a/a-l)Q(ap...^,-2,...4pj3ı,...bq)+2ax.Q(a^,...^Yİ,...^p,bı,...bq)J

q

+(-<|H-2){ (aı-l)Q(aj-2,...3p,bj ,...bq>+-XıQ(aı-1 ,...3p İ»; ....b^) 

(16)

whcre a., K (i=l,...,pd=l,...q) are non-negative integers.

Proof. By the definition of s, we have
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Applying the Operatör

âX] S

p q

o,
q

to the both sides of the above equa!ity we get
a bq . 

s
-ıt>+2

= (-<1h-2)
p q iö’'öW'ö8,

p
s

' (17)

On the other hand, rewriting the term s'^’*" of the first side of the 
equality as s 4- and taking the first derivative with respect to x, we 

obtain
-y and taking the first derivative with respect to x 
s*

1

2 S ±1 = 2x, 4- + ~
1 0s 3x

1

and hence the second derivative gives

öf .-I2

= 2 J- + 4x, —
s 9x^

'±1
,s.l’

+ s
2 

_L 

âx"

By repeating derivation a^ times, we obtain, by induction.
a, a,-2 A’ a,1

1
s.f

Similarly, in the last expression, taking the derivatives 
respect to gives us

times with

a. »1

3
.^2

I 28 1

= (aı-l)aJ

a,l

+ (vi)i'İAİIÖVIa,

+ 232X2
a,Jöfertı-'öfei'V

a, a. »1

Proceeding in this manner, taking the derivatives with rc3}x:ct to x 
respectively aj,.,.,ap times, finally we obtain

1 
s^’

,x p
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= (aı-l)a, I
.a

+ 2ajXj («ta
p

'’± 
s*

p
s <'(«(a

p

3

a,

+ 2ajXj
,"3-'

P'

»1

p
p

+ 2a X
p p

p p

vb

p

Now, by applying the operators 
sides of the last expression, we get q

q

successively to both

p q

= (afDa^ I
b.

a,-l
p
a b,

q
s*

+ 2ajXj
b.

.‘I’
+...

a,
p

a„-2 b,
q

b

p t)
S

)

b,

+ 2a X
p p (^r<w<ıPl

b,-2
q

- (b^-Db

■ 2b.y,

ıS
q

p q(^r<(rK(p q

b.

s*

s*

fj
... - (bq-l)b

p q

1
s*
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- 2b y q-'q

p
2 

+ S
q

1

1 
s*

q I ?

By using the definition of Q, we can rewrite the right hand side of 
the last cquality in terms of Q as follows:

p q
p

= X{^/^ı’l)Q(“ı’-’V2’-’»p’*’ı’-’*’q>2ax.Q(a^,...3;-l,...^pl)p...,b^|

q

- £ jb.(b.4)Q(a^,..,3p^p...,K-2,...,b^>F2b.y.Q(aj,...^p,b^
j q /

2
+ sQ(ap...^p)iı,...,bp

Similarly, applying the operatoı

. a,-l . .b, .M « S Kİ' H ‘ P'
hand side of the eguality (17) takes the form

q

b.
q

to

(18)

-T’ the nght 
s

(-<ı>+2:

p
a,-2

q

b
'ÎL = 
s*

a. b,

(-(tH-2) (aı- M
. , ,<1—/ V u, , .1t! <ııa <1p q

b^

s*

«)W(Again by using the, definition of Q, we get

(-<H2:
p q

b
“İK.

1

s*

= (^H.2)[(aj4)Q(a,.2^p^,^^x,(Xvl-.»p4>ı-^^

Hence in view of (17) (18) and (19) we obtain (16).

Theorem 3. Q as being in Lemma 2, we have

(19)

1

a-2, 
S ’j (-<|M-l-2n-aı)a,Q(aj-1 ,...^p,bp...,bq) j

p
+ (-2n-<)Ha)XjQ(ap...^p,b[,...,bq)+^^ a/a-l)Q(aj+l,...^j-2,...3p,bı,...,bq)
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q

(20)
>1

p q
where a and (|) are real constants, “ = ZvZb. and s is Lorentzian 

. „ - . ... i=l * j=l J

distance defined in (5).
j=ı

Proof. Using (15) in (20) and vvriting the derivative with respect to 
Xj explicitly we have

d [s“Q(a^,...^p3j,...,bq)] = d S

S0.-2
a,+l a. b,

-

b
p q

î;.
S

a. b, b

p/ q p q
s^

(21)

On the other hand in (16) replacing a^ by a^+l and using this value 
in (21), after simplifications wet get

3
9xj

S Q(aj,...3p^5p...,bq;

= s“'^(-()>-aı+l)a^Q(a^-l,...,ap,bj,...,bqX-2aj-<)>Fa)XjQ(aı,...3pl>ı,...,bq) 

p
’ Z {a/a-l)Q(aı+lv..3;-2,...3p,bj,...,bq)+2ax.Q(aj+l,...^ı.-l,...,a^,bj,...,bq)J 

q
- Z jbj(bj-l)Q(aı+l,...^pA’---’V2’---WyiQ(a,+l,...^ (22)

Next, for i = l,2,...,p since 
sides the operatör

X
d

‘ dx.
1

d
X. — ‘ dxı

-L = 0, applying both

(«r-ww'<)a-1 a. b, b
q

p q

we get, for i=2,...,p,

p q

- (aj-ı;
i ^Hı+l , ,a-2 i ,a , ,b, , ,le <i'-ö&ı <,ıp q

p q
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X,

p q
l'L"

By using the definition of Q in the above equality we obtain

aıQ(aı-l,...,ap,bı,...,bp+XıQ(aj,...,ap,bj,...,bq)-(a-l)Q(a^+l,...,a-2,...,ap,bı,...,bq)

-x.Q(aj+l,...,a-l,...,ap,bı,...,bq) = 0, i = 2,...,p 

Similarly, applying the operatör

(23)

a. b.b, b
q

p j q

to both sides of (x — + y. —j 4- = 0 (j=l,2,...,q), and again using the 
I ‘ ;iv ■' 9x J s

definition of Q, we get

a,Q(a-l,...,a ,b,,...,b )+x,Q(a,,...,a ,b,,...,b )1^^ 1 p 1 1^^ 1 p 1

+(b.-l)Q(a,+l,...,a ,b,,...,b.-2,...,b )+y.Q(a,+l,...,a ,b.,...,b.-l,...,b ) = 0.
j 1 ’ ’ p’ 1’ ’ j ’ ’ q^ 1 P J J r

(24)

Multiplying (23) and (24) respectively with -2ap (i=2,...,p) and -2b., 
(j=l,2,...,q) and adding them side by side, and then comparing the result 
with the right side of (22), we obtain

9Xj
d s

qp

s“-^jI (-(tH-l-2n-aj)ajQ(aj-1 ,...,6^)

P

+(-2n-(|>Fa)XjQ(ap..,^p,bj,...,bq) + a(a-l)Q(aı+l,...^^-2,...3p,bp...,bq)
i=2

q

-£b.(b.-l)Q(a^+l,...4p,b^,...,b.-2,...,bU 
j=ı '

Corollary 2. Let s and P be as defined in (5) and (13). Then

d

q

p
[s"P(a,,...4pbp...,bq)] n-1-S

i=2

(aı+l)P(a,+l,...4i-2,...3pbp...,bq)

-X (aı+l)P(aj+l,...,ap,bj,...,b.-2,...,bq) - (2n+p+q-3-a,)P(a^-l,...3p,bj,...,bq) 
j=ı

(25)
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Proof. Let us take a = 2n+p+q-2, and <)) = p+q-2 in (20). Then

3 
3X1 

= s'
2n+p-«j-4j

(-p-q+3-2n-aj)ajQ(aj-1...b^)

+ (-2n-(pKj+2)+2n+pFq-2)XıQ(aı,...,ap,bj,...,bq)+ a/a-l)(Xaj+l,...Aj-2,...3pj5p...,bq)
i=2

- 2 a(bj-l)Q(a,+1....3|,,b,,...,b^).
j=ı

We obtain (25), by multiplying the last equality by 
taking the equality

n
(-1)

a,!...a !b,!...b !
1 p 1 q

and

P(a^,...3pbp....bq) = (-1)
^n+p+q-2

a,!...a !b,!...b !
1 p 1 q

Q(ap...^pbp...,bq)

q

n

p

into account.

3 3Remark. Using -— instead of replaces Theorem 2 and Corollary 1 
with followings:

Theorem 4.

3Xj

d [s“Q(aı,...^ip,bj,...bq)] = s““^(((>-l+2n-b^)bıQ(aj,...3p,bj-l,...,b^)

p

+ ((|)-a+2n)yjQ(aj,.,.,ap,bj,...,bq>ı- a(a-l)Q(aı,....a.-2,...3pj5ı+L...,bq)
i=l

q

-Xbj(b.l)Q(aı,...,ap,bı+l,...,b.-2,...,b)].
j=2

Corollary 3.

3 
öVı 

q

p
[s”P(a,,...3p^>p...,bj = n-1

-S X(bı+l)P(ap....a-2,...,ap,bı+l,...,bq)
Li=ı

■ (bj+l)P(aj,....ap,bı+l,...,b.-2,...,bq) + (2n+p«ı-3-bj)P(aj,....ap,bj-l,...,bq) ,
j=2

qp

where n b. and s and P(aı,...,ap,bı,...,b|^) are defined as in (5)

and (13) respectively.
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