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ABSTRACT

The taxicab metric, of course, was known before the taxicab geometry was introduced
in 1975. Since then, the studies have shown that the taxicab geometry is better model in
urban world. The definition of inner-product and norm in taxicab geometry are given in [1].
In this paper, we will discuss some properties of taxicab norm and the isometries of taxicab

geometry.

1. INTRODUCTION

Although we can define various metrics on the plane R?, we can
state the most common three of them as follows: Given A = (xl, y
B =(x,y,) in R,

dA, B) = v - %)+, - %)
A, B) = max{x, - x|, ly; - ¥}
A B) =[x - x) +y, - yj)

The first one is known universally and named by Euclidean metric,
second one is known as the maximum metric. The third metric arises in
the problem of travel within a city which has a set of parallel roads
which intersects a set of parallel avenues at right angles.

By using this metric, named by taxicab metric,- E.F. Krause {3] has
defined a new geometry, taxicab geometry. He mentioned in his book,
Taxicab Geometry, that the taxicab geometry is a non-Euclidean geometry.
It has the same coordinate plane as far as the points andlines are
concerned. Only the distance function is different. Intuitively the taxicab
distance from a point (al, a2) to a point (bl, b2) is suggested by the
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route a taxicab might use. It satisfies all thirteen axioms of Euclid, except
one, the side-angle-side axioms [5].

There are, of course, some differences between the taxicab and
Euclid geometry which is studied in {2]. Basically, the graphs are
different, and while T, = 3,14 in Euclid geometry, T = 4 in taxicab
geometry. The inner-product and the norm in taxicab geometry is defined
in [1]. We will recall these definitions here and then we will discuss
some properties of norm and finally we will describe the isometrics of
taxicab geometry.

2. SOME PROPERTIES OF TAXICAB NORM.
Let us denote the taxicab-plane by RZT = (R2, dT).

Definition 1. Given o = (a,a) and B = o, b2) in RZT, we define
the taxicab inner-product by

<q, B>T = sl|a1b1| + 82|a2b2|
1, ab. >0 .
whcrcsi- 'l’éil;i<0 ,i=1, 2.

Definition 2. Given o = (al, a2) in RZT, we define the taxicab norm
of o by

lall, = ¥Y<o, 0> + 2 [aa).

It is clear that II()LIIT = dT(O, o).

As it is well known, every inner-product induces a metric, but the
inverse is not true. Namely, every metric may not be induced by an
inner-product [4]. We shall prove that the taxicab metric can not be
induced by any inner-product.

Theorem 1. The taxicab metric, dT, can not be induced by any
inner-product.

Proof. We know that if the norm were induced by an inner-product,
<, >, it would hold the polarization identity,

<o, p> = % (o + B - o - ﬁllz)-
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So, for the taxicab norm, it should be true that

<o, B> = i (ua + Blﬁ -l - Bui).

It is straightforward computation that for standard vectors, e = (1,0)
and e, = ©, 1),

<, e> = L {i2, 0N - 0, oW} =

1
4
<ep e = 1 (10, 20 - o, 0)||2]
1
4

KL, O - I, -DIE) = 0

<eper=1 (|(1 1)|| -1, 1)ur) 0.
For o = (0, 1) = e,, and B=01,2) = e, +2c¢, while

<C C>=

<0, §> = <e, ¢ + 2c2> = 2,
it is true, on the other hand, that

<o po=1 (e, 3" - -r, -n) =

which implies that it does not hold the polarization identity.

3. ISOMETRIES OF TAXICAB GEOMETRY

Once we have a metric, we may ask the question about the
isometries which preserves the distance. We shall prove that the isometries
of taxicab metric are all translations, T(2), and the orthogonal group OT(2),
consisting of four reflections and four rotations defined below.

3.1. Translations

Let T R - R such that T (P) a + P be translation function
as in Euchdean plane R For P = @ p,) Q= (4. q) € RZT, we have

dT P, TQ)=d@+P a+Q
= dT(P’ Q .

So, Ta is an isometry. Thus, we proved the following theorem:
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Theorem 2. All translations are isometrics in taxicab geometry.

3.2. REFLECTIONS
We have only four reflections, S, that preserves the distance. Namely,
S={xylx=0,y =0,y=x,and y = -x} .

To see this we give the following theorems.

Theorem 3. Let P = (a, b). A point on a
line y = mx, m # 1, with minimum taxicab

distance from P, is either B = (b/m, b) or /C(
C = (a, ma). For m = 1, any point on the // '
line segment [BC] has the minimum taxicab /B<i _____ JP_(&‘,)
distance from P (Figure 1). ]
ya x
- d
Let us define the reflection by a line in ‘ —

R’ - In Euclidean geometry, we found the
reflection of a point A by a line I/, by drawing an orthogonal line [AH],
H € [, from A to I/ and then in other side of the line I, with the same
Euclidean distance on the line [AH], we get A’, the reflection of A. We

define the reflection of a point in R2T as follows:

Definition 3. Consider the point C with minimum taxicab distance
from P to the line I/, and draw the line [PC). Then choose the point P’
in the opposite side of the line ! with respect to P such that dT(P, O =
dT(P' , C). The point P’ is called the reflection of P.

It is easy to show that all reflections in taxicab plane don’t preserve
the taxicab distance. In fact, we shall prove that the only reflections,
preserving the taxicab distance are the reflections S.

Theorem 4. Let y = mx, m # *1. Then, a reflection by the line y
= mX is an isometry iff m = 0 or m — oo,

Proof. Since f : R°. — R’_ is a reflection by the line y = mx, f
can be defined by

(X,me- ’ 0<m«<1
y

\(%’—;n—m—x,y) , m>1

fx, y) =
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Suppose, now, f is an isometry. Then,

d(®, Y, (a b))

For 0 <m«< 1,

dT(f(x, y), f(a, b)).

Ix - al + |y - bl
which implies m = 0.

For m > 1,

x - a] + |2ma - b - 2mx + y|

oo+ -bj=phoma Zyomx

m

which implies m — oo,

77

Corollary 5. The isometries of reflection by a line with the slope m

# *1, are the reflections by the lines x = 0 and

= 0.

Now, we claim that the other isometric reflections are the reflections

by the lines y = x and y = -x.

Given a point P, there are more than one
points with minimum taxicab distance from P
to the line y = x. Thus, the reflection by the
line y = x is well defined for each of such
points. A horizontal line y = b, passing
through the point P = (a, b) intersects the line
y = x at the point C = (b, b), and the
vertical line intersects, it at B = (a, a) (Figure 2).

Any point on [BC] has the minimum
taxicab distance to the point P, with a distance

yl

/]

ST |
/:=<b,b) P=(ab)

0

p;
\

|

Y

Hy

/

Fiure2

i}
A

A

/
B=(a2)

1
I
|
|
I
|
I

>
X

[b - al. Consider, now, a point H = (u, u) € [BC]. For 0 < A < 1, we
can writt u = b + Ada - b). On the line [PH], for a point P such that

dT(P, H) = dT(P' , H), we can also write

f(P) = P = (-a + 2b + 2A(a - b), b + 2A(a - b)).

It is clear that
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d (P, H) = dT((-a + 2b + 2Aa - b), b + 2A(a - b)), (u, W)
= |-a+2b+2Aa-b)-(b+Aa-b))|+
[b+2A(a-b)- (b + Aa- b))
=|}b+a-AMa-b)+|Aa - b)
=]l -Mla-bl+ MA@ - b)
=(1-AMfja-b+Aa-b ;0<A<1
=la - b

Thus, P’ is the reflection of P with respect to H.
Notation: We will denote such a reflection by H,.
Theorem 6. H, - reflection by the line y = x is an isometry iff }, = % .

Proof. Suppose an HA - reflection f : R2T - R2T is an isometry.

Since
f(x, y) = (x + 2y + 2Mx - y), y + 2A(x - y)),
we have

d (fx, y), f(a, b)) = -a + 2b + 2L (@ - b) - (x + 2y + 2AM(x - ¥
+ b+ 2Ma - b) - (y + 2Ax - ).

On the other hand,
d. ((x,y) @ b)) =[x -al +[y- bl
Thus, solving the equation
d (f(x, y), f(a, b)) = d ((x, y), (a, b))
we geth = %, as claimed. Clearly, the converse is also true.

Corollary 7. An isometric reflection of a line y = x is Hx -
reflection with A = % .

The same argument is true for the line y = -x.
As a result, we have the set of reflections

S={x,y)1x=0,y=0,y=x,and y = -x} .
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In matrix form, we can write the reflections as
s={o 0 Lo 3110 a1 1530
o1l’loal’t1o0l’lao
3.3. ROTATIONS

Let us, now, search for the rotations. We claim that there are only
four rotations that preserves the taxicab distance in taxicab geomefry.

Theorem 8. The isometric rotations in R2T are consists of
Ry={Ag 10 =k k=0 123)

Proof. Let P = (1, 0) and Q = (0, 1).

Rotating P with an angle 0, we get Ae(-P)

¥y
= (cosTe, sinTe) on the unit circle. If we also 9}\
rotate Q with the angle 0, we get Ae(Q) = o g 4' *Ao®
ALQ) i
(-sinTQ, cosTG) (Figure 3). Since we want to )y )_'7 o _,_\'_\.J‘
rotation that preserves the distance and since ! S
d (P, Q = 2, we need to have d. (A®), \ s
AJQ) =2. N
Thus — T2
IcosTG + sinTel + IsinTe + cosTel =1+ |sinT6 - cosTGI =2

which implies

IsinTe - cosTel = 1.
It follows that

sinTO - cosTe =1 or sinTG - cosTe = -1.
Thus,

cosTG =0 or sinTe =0.

i 3n

That means @ = {0, _2T_ , T, _2.1}, as claimed.

Not that this argument is true for arbitrary P and Q.
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We can also write the isometric rotations in matrix form as
JHRKIRRHRH
Ro <[01 L1 0J’Lo i Lao0ldl”
Thus, we have the orthogonal group, consisting of four reflections
and four rotations,

OT(2) = R9 v S

Now, we would like to prove that all isometries of taxicab plane are
T(2), OT(2), and no others.

Theorem 9 (Main Theorem). Let F : R2T - R2T be an isometry.
Then, there exists a unique Tae T(2) and Ce OT(2) such that F=Ta0C.

To prove this theorem which is, in fact, the aim of this paper, we
give the following definitions and theorems:

Definition 4. Let A = (a, a), B = (b, b) be two points in RzT .
The line segment from A to B, denoted by [AB], is defined by

[AB] = {P|P=(a,a)+tb -a,b -a),0st< 1}

2
Definition 5. Let A = (al, az), B = (bl, b2) the tvgo points in R2T.
The standard rectangle with diagonal [AB], denoted by AB, is defined by

o

AB = {P | d (AP) + d (P, B) = d (AB)}.

Corollary 10. Let A = (a, a), B = (b, b) € RZT. Then,
u]

AB = [al, bl] X [a2, b2].

Note: If the line segment [AB] is horizontal or vertical, then we
define

2]
AB = [AB] .

O
Theorem 11. Let F : R”. — R’_ be an isometry and let AB be the
standard rectangle. Then,

F(AB) = F(A)R(B) .
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Proof. Let P € F(AB). Then,
Pe FdB) o3 ce AB3P=FO

def 4

& d(A, O + 4(C, B) =4(A, B)

F iso.

& ), FO) + 4,FC), FB) = dFA), FB)

def 4
& P =FC) e FAE®) .

Corollary 12. Let F : R — R’_ be an isometry and let AB be the
standard rectangle. Then, F preserves to be a corner point and preserves

the circumference of Kb

Theorem 13. Let f : RzT - R2T be an isometry such that f(0) = O.
Then, f € Reorfe S.

Proof. Let A = (1, 0), B = (0, 1) and consider the standard
rectangle db.

It is clear form the Figure 4 that
f(A) € [AB] or f(A) € [BE] or f(A) € [EF] or f(A) € [AF] .
CASE 1. Suppose f(A) € [AB] and suppose f(A)#A and f(A)#B.
Since
d(A,B)=2 and d(0,B)=1,
it follows that

d (f(A), f(B) =2 and d(KO), f(B)) = 1.
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Therefore f(B) € [EF]. Also,
1= dT(O, , f(B)) = dT(f(B), K) + dT(K, 0)
which implies that dT(K, 0) <1.

On the other hand, since D is a corner of Acb, by Theorem 6 and
Corollary 7, f(D) is a corner of f(A)E%(B). Also, since dT(K, 0O) < 1 and
dT(O,D) = 2, it follows that f(D) # H and thus f(D) = L. (The other
corner is in ABEF. Why?). Finally, since dT(K, 0O) <1 and

dT(L, K) = d (K, 0) = 4.0, L) = d (O, D)=2
it follows that dT(L, K) > 1. Notice also that

12 d M, f(A)) = d L, K)
which is a contradiction. This implies that

f(A)= A or f(A) =B.

If f(A) = A, then f is an identity function which is a rotation with 6 =0
or a reflection by x-axes. Thus, f € Re or f e S.

Suppose, now, f(A) = B. Then,
fB)=A or fB)y=E or f(By=F .

Subcase 1. If f(B) = A, then f is a reflection by the line y = x.
Thus, f € S.

Subcase 2. If f(B)=E, then f is a rotation of 6 = %l Thus, f € Re'
Subcase 3. We shall prove that f(B) # F .
Proof. Suppose f(B) = F. Since
f(AB) = f(A)i(B) = [BF]

it follows that f(D) € [BF] which implies dT(O, f(D)) £ 1. But, we have
2= dT(O, D) = dT(O, f(D))

which is a contradiction. Therefore, f(B) # F.
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Finally, we note that there are three more cases:
f(A) € [BE] or f(A) € [EF] or f(A) € [AF]
which will give us the rest of the cases of Re’ and S.

We again note that this is true for arbitrary A and B. Finally, let us
prove the main theorem, Theorem 5.

Proof of Theorem 5.

Let F(0) = a. Define C = T, o F. Obviously, C is an isometry and
C(@) = 0. Then, it follows from Theorem 8 that C € OT(2) and thus,

F=T oC.
a

Uniqueness is trivial.

REFERENCES

[1] EKICl, C., KOCAYUSUFOGLU, i, AKCA, Z., The Norm in Taxicab Geometry,
OGU Math, Preprint 97.13..

12] KOCAYUSUFOGLU, I., EKICI, C., AKGA, Z., The Inner-Product in Taxicab
Geometri, Mathematics, Mechanics and Informatics (Kazakh State National
University), (1998).

[3] KRAUSE, EF., Taxicab Geometry, Addison-Wesley, Menlo Park, NI, (1975).

[4] RUDIN, W., Functional Analysis, Tata Mc Graw-Hill Pub. Comp. Ltd., New Delhi
(1989).

5] SOWELL, K.O., Taxicab Geometry-A New Slant, Mathematics Magazine, 62 (1989)
238-248.





