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ABSTRACT

Let X be a connected and locally path connected topological space. Constructing the 
sheaf H of higher homotopy groups on X, its some characterizations are examined. Also, it 

D
is shown that H is a regular covering space as a sheaf of abelian groups. Finally, it is 

B
given “General Lifting Theorem” fc» the sheaf H and constructing the (Juotient Sheaf
fc» any group subsheaf H' of the sheaf H , it is shown that Q is a covering space as S 
..................... " " «’n Dsheaf of abelian groups.

1. INTRODUCnON

Let X be a connected and locally path connected topological space. 
Then, X is a path connected. For an arbitrary fixed point c e X, we will 
consider X as a pointed topological space (X, c) unless otherwise stated, 
Let X be any point of X and n (X, x) be higher homotopy groups of X 
with respect to x and

H = V K (X, X) .
“ xeX ”

Clearly, H is a set över X and the mapping T: —> X defined by T
(ct ) = X for any c e (H ) c H , is an onto projection.

X X n X II

We introduce on Hn
a natural topology as follows: Let an

arbitrary fixed point of X, W = W(x^) be a path connected öpen 
neighborhood of x and a = [a] be a homotopy class of (H) . Since 

0 \) n Xo
X path connected, there exists a path y with initial point and with 
terminal point x, for ev&ty x e W. Therefore, the path y determines an 
isomorphism y* :(H ) (H ) defined by y*([a] ) = [P] for any [a] 

u Xq n X Xq X Xq

G (H) 
n c Hj], Let us now define a mapping s : W —> such that



36 s. BALCI and E. GÜNER

s(x) = 7*([a] ) = [p] for every x e W. If c e W, then we define s(c) = 
7*([a]^) = [a]^, by taking [7] = [1] e i® ®een that, the mapping
s depends on both the homotopy classes [a] and [7]. Suppose that the 

^0
homotopy class [y] is choosen as arbitrary fîxed, for each x e W. So,
the mapping s depends on only the homotopy class [a] . s 

î'o
İs

well-defined and Tos = 1 . ] 
defined över W by r(W, H ). 

n

Let us denote thc totality of the mapping s

Let B a basis of path conneted öpen neighborhoods for each x e X. 
Then,

T = {s(W) ; W e B, s e r(W, H )} 
n n n"

is a topology - base on H [4, 10], In this topology the mapping T and s 
are continuous. Moreover T is a local topological mapping and the 
mapping s is a local invers of T. Because;

1. Let o e Then T(a ) = x e X. If W = W(X(^) is an öpen 
set, then W = W., where each W. e B. So, for each W., there exists
a mapping s. : W. H such that Tos = 1

11 n i Wi
and s.(W) e T . 

11 n

Let us now define a mapping s ; W -> H such that s|W. = s., for 
each W.. Thus

1

s(W) = s.(Wp

is an öpen set in H and Tos = 1„. o,,t, - u.
n W -

then T|U : U W is bijective and (T|U) =
Write s(W) = U. Since Tos = 1

soT = 1^,
w’

s.

2. The topologies on U and W are subspace topologies obtained 
from H and X, respectively. Let W' c W be an öpen set. İt can be 
written that

W' = U, W'
lel 1

such that W' = W' n W' 
1 i

s'. : W'. U 

for any i e I. Now, if we define a mapping

such (hat s'. = s.|W'., for each W'., then we can define a mapping
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s' : W' U

such that s'|W' = s'.. So, 
1 1

s'(W') = U, s'.(W'.) c U

is an öpen set. Hence 'P|U is a continuous mapping. On the other hand, 
if U' c U is an öpen set, then

U' = U s'.(W'.) 
lel 1 1

Hence

»PCU') = U W', c W
İ€ 1 >

is an öpen set. Thus, the mapping s : W -> U is continuous.

Therefore (H , T) is a sheaf över X. It is called “the sheaf of 
n

higher homotopy groups” [6], s is called a section över W and the set of 
totality of sections över W is r(W, H ), The (H ) = x) is called 
the stalk of the sheaf H for any x e X. The group (H ) = rt,(X, x), n > 1, 
is commutative for cvcry x s X. The set r(W, H^) is a group with 
pointwise multiplication operation. Thus, the operation.: -> is
continuous for every stalk of H [1], Hence, is a sheaf of abelian 
groups.

2. CHARACTERISnC FEATURES OF H [3] n

* Every section över an öpen set W can be extended to a section 
över X. In other words, the sections över W are the restrictions of the 
sections över X, i.e., r(W, H ) = r(s|W, H^), s g r(X, Hp. A section 
över X is called a global section.

* Ali of the stalks of the sheaf över X are isomorphic.

* Let W c X be an öpen set and s^, s^ be any two sections in 
r(W, H ). If s (x ) = s (x ) for any x G W, then s (x) = s (x) for each nivxv u 1
X G w.

* Let W , c X be any two öpen sets in X, n 0 and

then Sj(x) = s^(x), for every x e n W2.
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3. THE SHEAF H AS A COVERING SPACEn

Now, we shall prove that, is a regular covcring space of X.

Theorem 3.1. Let be the sheaf of abelian groups över (X, c) and 
W be an öpen set in X. Then

(H ) = r(W, H ). 
n c n

Proof. Let W c X be an öpen set and s e r(W, H ). Then, there 
n

exists a unique element = [a]^ c (Hp^ such that
c

s(x) = 7*([a]p = [p]
X̂

for every x e W. That is, to each element of (H ) , there correspondence
n c

only one element in r(W, H). Let us denote this correspondence by d> :n
(H ) r(W, H ) such that <I>(a) = s for any o e (H ) . Let c ' = 
[a 1 , <5^ = [a ] e (H ) and o \ determine the sections s , s g 

1 c c ■■ 2-'c n^c c c 121 c
*12 * ** *

= [ot„] G (H ) and o , (s determine the sections s , 
2 c ' n c c c 1

r(W, Hp, respectively. Then

8,(x) = 7*([a,]p = [pj^

and

s^(x) = 7*([a^]p = [p^]^

for every x e W. Then s^(x) -t- S2(x), if çs \ So O is one to one. 

As a result of the definition of O, C> is onto. Thus O is a bijeetion.

1 20 is a homomorphism. Because, if ö = [a ] , o = [ot ] e (H ) ,
12then o .o = [ot a ] . So the element o .a 

c 1 c cc
= [ot.ct.] • So the element o '.a

s 6 r(W, H ) such that 
n

c
e (H ) defines a section 

Û c

s(x) = (s s )(x) = 7*([a .a ]) = (P P | 
ıxc x^x

for every x e W. On the other hand for every x e W,

s (x).s (X) = 7*([a ] ).7*([a ]) İZ* 1 C X Ç1 1 C'
= 7*([a,],re
= 7*([a,.a2]p 

= •
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Thus

Therefore, 0 is an isomorphism.

We can state as a results of Theorem 3.1. that, the stalk (H ) n c 
completely determines the group of sections över W. In particular, if we 
take W = X, then the stalk (H completely determines the group of 
global sections över X.

Now we can state the following coroUary [2],

Corollary. Let H be the sheaf of abelian groups över X. be 
the stalk över the point x g X and W = W(x) be an öpen set. Then, 
(H ) = r(W, H ). Particularly, (H ) = r(X, H ). 

n X n n X n

According to this corollary, wc can say that, if o 6 (H ) is any 
element and W = W(x) is an öpen set in X, then there is a unique 
section s g r(W, H ) such that s(x) = o . Since 

n X

'P|s(W) : s(W) W 

is a topological mapping and s = (T|s(W))

T i(W) = V s (W), s. G r(W, H ) 
i e I 1 1 n

and

^s.(W) : s.(W) W

is a topological mapping. So, the öpen set W = W(x) is evenly covered 
by T. Thus ? is a covering projection and (H^^, T) is a covering space 
of X [7,8,9]. Moreover, (H , T) is an abelian covering space of X.

n

Now, let x^ G X be any point and y be an arc with initial point x^, 
Then, the mapping

soy : I ->

is a continuous mapping and T o (soy) = y. If we write (soy)(x ) = p e 
then soy is a lifting of y from thc initial point över X(j in H^.
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Write soy = y*, then y* is unique, because the mapping 'P|s(X) : 
s(X) —> X is a homeomorphism.

We can then State the following theorem.

Theorem İ2. Let (H^, T) be the sheaf of abelian groups över X, 
e X be any point and y be a path with initial point in X. Then, y 

n
has a unique lifting y* with initial point p in H , for p e (H ) .

Xq n Xq n \)

Now, we give the following theorem.

Theorem 3J. (Monodromy). Let (H^, T) be the sheaf of abelian
groups över X and suppose that y^* and y^* are paths with common
initial point p and terminal point p in H . Then, y * and y * n 1
homotopic path in if and only if Voy * and T'oy;,* are homotopic
paths in X.

and terminal point p
and 'Poy^*

are

Proof. If y^* is homotopic to y* by a homotopy G, then 'PoG is a
homotopy between 'Poy^* and Toy^*. For a proof of the other half of the 
theorem, let and denote the common initial point and common 
terminal point 'Poy^* and 'Poy^*, respectively. Let H:IxJ-^Xbea 
homotopy between ‘Poy^* and ^072*. On the other hand, if p e (H^), 
then there is a unique section s e r(X, H^ ) such that s(Xp) = p^. So,

sof'Poy^*) = y^* 

and

soC'Poy^*) = y*

Furthermore, soH is a homotopy between y^* and y*.

Theorem 3.4. Let (H^, T) be the sheaf of abelian groups över X, x^ 
e X be an arbitrary fıxed point and p e (H ) be any point. Then the 
fundamental group of H with respect to p is isomorphic to (H ) .

i' n Xo

From theorems 3.3. and 3.4, (H^, *?) is a regular covering space of
X.

Now, we give “General Lifting Theorem” for the sheaf

Theorem 3.5. Let X = (X, Xp), Y = (Y, be two connected and 
locally path connected topological space (or two Riemann spaces), (H^, T) 
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be the sheaf of abelian groups över the pointed topological space (X, x^).
1p E 'P (x ) be any point. IfXo o

f : (X, y^) (X, x^)

be any continuous mapping, then f can be lifted to a unique continuous

= (Y, y^) -> (H , p^) 

such that Tof = f*.

Proof. Let f : (Y, -> (X, xp be a continuous mapping. Then
flyg) = Xq- If P e any point, then there exists a unique section 
s e r(X, Hp suc^ that s(Xp) = p^^. Thus

sof : (Y, y ) (H p ) u n

is a continuous mapping and

'Po(sof) = f

So, sof is a lifting of f to H . Let us denote sof by f*. f* is 
n 

unique, because the section s is unique.

We can now state the following theorem.

Theorem 3.6. Let X = (X, Y = (Y, y^^) be two connected and 
locally path connected topological space (or two Riemann Surfaces), (H^, 
T) be the sheaf of abelian groups över the pointed topological space (X, 
X()), p^ e ’P ’(x^) be any point and

f*. g* : (Y, Yo) (H^. P^) 

be any two continuous mappings such that "Pof* = ‘Fog*, then

f* = g*

Proof. This is a result of Theorem 3.5.

4. SUBSHEAVES AND QUOTIENT SHEAVES OF H .

In this section, Constructing the Quotient sheaf Q , for any subsheaf H.n
of the groups H'^ of the sheaf it is shown that is covering space
as a sheaf of abelian groups.

n
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We begin by giving the following definition [5].

Definition 4.1. Let be the sheaf of abelian groups över X and
H' <z H be an öpen set. Then H' is called a subsheaf of the sheaf H 

n n * n n
of abelian groups, if

i) T'CH') = X 
n

ii) For each point x e X, the stalk is a subgroup of (Hp^.

We now give the following theorem.

Theorem 4.1. (Existence Theorem). Let X = (X, c) be a conneeted, 
locally path conneeted topological space and (H) be higher homotopy 

n e
group with respect to c e X. Then each subset (H') of (H ) determines ne ne
a sheaf över X.

As a result of Theorem 4,1.,

1. If (H') = (H ) , it is obtained that H' = H . So, the sheaves H' 
nene n n n

are subsheaves of H . Also, T' = TIH' . 
n n

2. If (H' ) , (H ) are any two subset of (H' ) and (H' ) c 
nf e nj e n c nj c

(H' ) then
n2 e

H' <z H' .
«1 "2

Furthermore, if W c X is an öpen set, then

r(W, H' ) c r(W, H' ) c r(w, h ).
112'1

3. Let H' be a subsheaf of the sheaf H of abelian groups and W 
c X be an öpen set. Then r(W, H') is a subgroup of r(W, H ). If we 
take W = X, then r(X, H'^) is a subgroup of r(X, H^).

Now, we give the following definition.

Definition 4J. Let be the sheaf of abelian groups över X and
H' cH

n 1n
be a subsheaf of abelian groups. Let us associate the set 

= r(w, H )/r(w, H') w nn'
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with the öpen set W, for each W c X öpen. Then, the system {X, M^.,
} is a pre-sheaf [4]. The sheaf defined by the pre-sheaf {X, M^, 
,} is called Quotient sheaf and it is denoted by Q .

Theorem 41. Let be the sheaf of abelian groups över X and
d H be a subsheaf of abelian groups. Then, the Quotient sheaf Q is a 

n H.
sheaf of abelian groups över X.

D

Proof. Let be the sheaf of abelian groups över X and H'^ c 
be a subsheaf of abelian groups. Also, H' is a normal subsheaf of the 
sheaf So, r(X, H'^) c r(X, H ) is a normal subgroup and r(X, H^)/(X, H'p 
is a group. Let 

= K<Qh'\

and

(QuJ = {(W, [s]) : WcX is an öpen set, [s] e r(X, H )/r(X, H')}. n - X X n nD

So, the operation defined in each stalk (Q ) in the form of (W, [s ]) .
H n X 1 Xn

(W,[s^])^ = (W, is well defined. İt is easily seen that each stalk
(Q,«) is an abelian group with this operation for every x e X. Since H„ X
(Q„,) = r(X, Q ), r(X, Q ) is an abelian group. Thus, Q is a sheaf of 

X H„ H
abelian groups.

ila n

Moreover, Q is a covering space as a sheaf of abelian groups. 
H R

Also, it is a regular covering space.

Theorem 43. Let be the sheaf of abelian groups över X, H'^
Hjj be a subsheaf of abelian groups and Q^, be quotient sheaf. Ihen the 

D
group r(X, Q ) is isomorphic to the quotient group r(X, H )/r(X, H').

H. non

Proof. To prove this theorem let us define the mapping

7 : r(x, H )/r(x, H' ) r(x, q )

in the form of '/([s]) = 7[s], where 7 representes inductive limit [4]. İf 7([s]) 
= 1, then 7[s] = 1 and so, 7[s](x) = (X, [eD^^, for any x e X. That is

(W, [s])^ = (W, [e])^ .
X
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Thus,

[s] = [e] .

Hence, 7 is one to one. Clearly 7 is onto. Now, if [sj, [s^] e r(X, H^)
/r(X, H'^) are any two elements, then

1

TCESjKSj]) = TCESi-sJ)1
= tESj-s^]

1

Thus, 7 is a homomorphism.

Therefore, 7 : r(X, H )/r(X, H') -^ r(X, Q ) is an isomorphism.
n n H„
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