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ABSTRACT

Let E denote a compact Jordan region in the complex plane with positive transfinite
diameter and H(E) the Hilbert space of entire functions. This paper is deals with relations
connecting the (p, q)-growth of an entire function f € H(E) with its Fourier coefficients
with respect to an orthonormal sequence of polynomials in H(E). The (p, q)-order and
generalized (p, q)-type have been characterized in terms of Fourier coefficients for f € H(E).

1. INTRODUCTION

Let T denote the class of all entire functions in the complex plane.
The growth of an f € T is studied in terms of its (p, g)-order p(p, qQ)
and lower (p, q)-order A(p, ) and if (b < p(p, @) < o) in terms of its
(p, @-type T(p, q) also, such that

Lo *® log™MG D _ b, a) (L.1)

i log[q]r Mp. @
[p1]
lim sup 08 MED _n 6 < Tip, @) < o, (12)
r—y0 (¢1] plp)
No

where b=1if p=gq,b=0if p>q, M@) = M@, f) = ﬂlgxr=|1(Z’.

Since f(z) is entire, it can be represented by power series which
converges uniformly to f(z) on every compact subset of the complex
plane. Thus
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f) = 20 az |4 < oo. (13)

We shall use the following notations throughout the paper:

My = explexp™'x) = logllog™x), m = +1, +2, ...

’ (i
Agx) = il;Io log'x forr=0,1, ..

exp™x = log"

L, @ if q<p<o
1+Lp.@ ifp=q=2
max (1, Lp, @) if3<p=gq
) if p q=o0

AL, 9) =

IA

The characterisations of above growth constants in terms of
coefficients an’s are known ([2], [3]). Thus

PP, 9 = PL(p, Q) 14
where o1]
L, ¢) = lim sup I‘Eg “Un
ke (log fﬂ) IaJ
[r2]
T. D _ fiy sup 108" D
M ko0 (] | o p-A (1.5)
(log a J )
where
©2 20" e, 2% ? if 0 Q= @ 2),
M= 1/ep (2, 1) if (P, Q) = (2’ 1)7 (16)
1 otherwise.

and A=1if (p,q) =@ 2,A=0if @, # (2 2).

Let A stand for the closed unit disc ie., {z: |z] £ 1}, and let H(A)
denote the Hilbert space of functions holomorphic in A with inner product

. 9 = [, f@g@ds , f, g e HQ (1.7
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It is well known (see [1]) that the sequence A(A) = {1;‘ zm} forms
a complete orthonormal sequence in H(A) and that the Fourier coélf=tL1cients
bn n=1,2,3,.)0of fe I' c HQA), defined (1.3) are given by

b=%a . n=12,. (18)

It is easily seen that the relations (1.4) and (1.5) continue to hold if
in these relations we replace a by bn. Thus (14) and (1.5) may be
interpreted as describing the growth of f € T in terms of its Fourier
coefficients with respect to set A(A).

Let E be a closed and bounded Jordan region in complex plane with
transfinite diameter d > 0 and H(E) the Hilbert space of functions
holomorphic in E with inner product

(€, g) = [Lo@i@)g@)ds, f, g € HE) 19)

where ®(z) is a positive, continuous function on E. If A(E) = {pnil(z)}”n_l,
P (z) being a polynomial of degree not exceeding n, is a complete
orthonormal sequence of H(E), a question that arises naturally is, “Do the
relation (1.4) and (1.5) continue to hold if a is replaced by the Fourier
coefficient of f € ' — H(E) with respect to the set H(E)? Rizvi and
Juneja [7] have answered this question in affirmative except that a factor
d? appears in the right hand side of (1.5) for (p, @) = (2, 1). These
results obviously leave a big class of entire functions, such as entire
functions of slow growth or of fast growth etc. It has been noticed that
these authors fail to compare the above coefficients of those entire
functions which have same positive finite order but their types are
infinity. For the view point of including this important class of entire
functions, we shall utilise the concept of proximate order due to Levin
[5]. Moreover, for including entire function of slow growth and fast
growth their results will also be extended to (p, g)-scale introduced by
Juneja et al. ([2], [3]).

2. DEFINITIONS AND AUXILLIARY RESULTS

Definition 1. A positive function pp (r) defined on {[ro, 00), T, >

cxp[q'ul} is said to be a proximate order of an entire function with index
pair (p, q) if



14 D. KUMAR and H.S. KASANA

@) pp’ q(r) > pP,Q a1t > oo, b < pp, g < oo

(i) A[q](r) pp q(r) —> 0 asr — oo p'p q(r) denotes the derivative of

Py, @

It is known [6, Thm. 4] that (log!®'Ip® <** is a monotonically

increasing function of r for r > e

Hence we can define the function ¢(x) for x > X, to be the unique
solutions of the equation,

x = (log'¥'fr a4 o ¢x) = log'h.

Definition 2. let f(z) be an entire function of (p, qg)-order
PP, @) (b < p(p, @) < o) such that
log[!”] M,

lim sup f)=T*(p,q),0ST*(p,q)S<>o.
r = oo 1] P, q(l‘)
(10g r)

If the quantity T*(p, q) is different from zero and infinite then pp q(r)
is said to be the proximate order of a given entire function f(z) and T*

(p, @) as its generalized (p, q)-type.

Definition 3. An entire function with index-pair (p, q) is said to be
of minimal, normal and maximal (p, q)-type with respect to a proximate
order according as T*(p, q) as zero, positive finite and infinite
respectively.

Let Er be the curve defined by
Er ={z: @) =1}, r>1,

where ® = y(z) is the univalent holomorphic function mapping the

complement of E onto || > 1 such that y(eo) = oo, Y (e0) = 1 and let

D_be the domain interior to E . Also, set MG, f) = sup [f@z) forr > 1 .
zeE,

The following auxilliary results will be utilized in the sequal.

Lemma 1. If f(z) is an entire function of (p, @)-order p(p, q) then
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Pl =

lim sup log M@ 9
oo L]
log 'r

and for p(p, @) (b < p(p, @) < %), T*(p, q) is given by

b1l =
lim sup lg M&D _Tp 9 .
T o 11 Po 4@ B
(10g"")

=p@ 9 -

Proof. This follows easily from Winiarski [8].

Lemma 2. f(z) € H(E) is an entire function if and only if

. 1/n
Jim iIc|” =0,

C, = [, w@f@p,@)3s, p @) € AE),n=0,1,2, .. @1

Lemma 3. Let f € H(E). Given £ > 0, there exists an integer N
depending on € and E such that

I, | <K M_(i._ﬂ o€
r
for all r such that R > r > r (¢) and n > N, where, M@= max If) .C,
€
are defined by (2.1) and K is independent of n and r. '

Proof of Lemmas 2 and 3 follows from [7].

3. MAIN RESULTS

In this section we obtain expressions for the (p, q)-order p(p, q) and
generalized (p, @)-type of an entire function f € H(E) in terms of its
Fourier coefficients Cn. Thus, we have

Theorem 1. If f € H(E) is an entire function of (p, q)-order p(p, q)
(b < p(p, qQ < o) and generalized (p, q)-type T*(p, q), then for every

o0

Cn, there exist an entire function g@z) = ) ICnlzn, such that
n=0

PP, g, ) = p(p, q. g) and T*(p, q, f = BT*(p, q, 8) (3.1)
where

B=d"™Yforq=1andp=1forq> 1.
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Proof. We observe that by ([7], Lemma 3)

Iz} < M, 5: |CJrn(1 - e)n for z in E_,

M0 being : j:((;nstant. So

M) < Myg(r(i+e)) = MM(r(1+€); g) . (32

Using Lemma 1 in (3.2) we obtain

p(p, 4. ) < p(p, q, g) and T*(p, g, f) < PT*(p, q, g). (33)

In view of Lemma 2, g(z) is an entire function. By Lemma 3 we
have for any € > 0,

Cl <k MED (G4)
r
Using (3.4) in the power series expansion of g(z), we get

elrde”) = éo cfriac”)

———Krﬁ(r’ ) i 1/e"
2¢
de n=0

IN

KeM(, £)

dck(ce"l) ’

log g(r/deze) <O() + log M, f) + log r .

IN

or

Thus in view of above inequality and Lemma 1, for p 2 2 and g=1,
p@. 1. @) < p(p, 1, H) and 3.5)
T*(p, 1, g) < 2P® D @ U Txp 1, )

and for p 2 2, and q > 1,

P, 4 &) < p(, q, ) and T*(p, q, ) < T*p, q, D. (3.6)
Since £ < O is arbitrary, both inequalities imply that for all (p, q),

PP, 9, & < p(p, q, f) and BT*(p, q, g) < T*(p, q, f) . 37
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Combining (3.3) and (3.7) we get the required results.

Theorem 2. f € H(E) is an entire function of (p, g)-order
P®. @) (b <p(p, g) < o) if and only if

p(. 9 = p(L(P: 9),

where

fp-1]
log n

am

L{p, ¢ = lim sup ST
log* I}

n— o

Proof. By Lemma 2, we have concluded that f € H(E) is an entire
function if and only if g(z)is an entire function. Moreover by Theorem 1,
f(z) and g(z) have same (p, q)-order. Applying Corollary 1 by Juneja et
al. [2, p.62] to the function

gz = Y [C] Z'  Theorem 2 follows.
n=0

Remark 1. For (p, @) = (2, 1), this theorem includes Theorem 1 by
Rizvi and Juneja [7].

Theorem 3. If f(z) € H(E) is an entire function of (p, gq)-order

PP, @) (b < p(p, g) < *°) and generalized (p, q)-type T*(p, @) (0 < T* (p, ) < 0)
if and only if

P DA
TG 9 _ Jim sup o{i0g" ) _
BM(p, Q n - oo log[‘]-lllcll/ﬂ

Proof. To prove this theorem we apply Theorem 1 by Kasana [4] to
the function g(z) and resulting charaterisation of T*(p, ¢, g) in terms of
Cll and the relation T*(p, q, f) = BT*(p, q, g) taking together prove the
theorem.

Taking p () = p(p, @ V r > 1 and §(x) = x!P@ DA e have
the following corollary which gives a formula for (p, q)-type T(p, @) in
terms of Fourier coefficients of an entire function f(z).
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Corollary 3. f(z) € H(E) is an entire function having (p, g)-order

PP, @ ® < p(p, @ < o) and (p, q)-type T(p, @) (0 < T(p, q) < ) if
and only if
[p-2
M = lim sup log n .
\ n = oo N i pl, P-A
BM(p. @) (log[q I]ICJ 1/)

Remark 2. For (p, 2) = (2, 1) this corollary gives the Theorem 2 of
Rizvi and Juneja [7] as a particular case.
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