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ABSTRACT

The object of the present paper is to derive several interesting properties of the class
Zp, ¢, («, B, 7) consisting of regular and unjvalent meromorphic functions with positive and
fixed finitely many coefficients. These include coefficient estimates, closure theorems, and
radius of convexity for functions belonging to the class Tp, ¢y (2, B, 7)-

1. INTRODUCTION

Let ¥ denote the class of functions of the form

1 % '
f(z) = — + X apz? (1.1)
Z n=1
which are regular in U* = {2: 0 < |z] << 1} with a simple pole at

the origin with residue 1 there. And let %, denote the class of functions
of the form

f(z) = % ‘f‘ni anz®  (ap = 0) (1-2)

that are analytic and univalent in U*. Recently Cho, Lee and Owa {2}
investigated the class %y («, B, v) which is a subclass of Zj, defined as
follows:

A function f(z) in 2, is in the class Xy («, B, ) if it satisfies the
condition

22’ (z) + 1
& =D 2 @ F @ =)

for some o (0 <o <<1), F(0<B<]),and y 3 <y <1).

<B (ze U%) (1.3)
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For the class Xy («, B, v), Cho, Lee and Owa [2] proved the follow-

ing lemma

Lemma 1. A function f(z) defined by (1.2) is in the class
Zp (x, B, v) if and only if

n (1 + 28y - B) an < 28y (1-2) (1.4)

[ 48

n

for some o (0 <L o <C1), B(0 < B 1) and v <<% < 1). The result
is sharp.

In view of Lemma 1 all functions belonging to the class
Zp («, 8, v) satisfy the coefficient inequality

2pv (L-a)
= oy ey =D (1.5)

Making use of (1.5), we now introduce the following class of functions:

Let 2y, ¢ (o, B, v) denote the subeclass of Zp («, 8, v ) consisting
K

of functions of the form
1 k 28yl -ad e &

) I — 2l 4 X a2t 1.6
z +i=1 (14 28y -p) n=k-j " (1-9)

f(z) =
where

K
apn >0, 0 <e; <1, and 0 < % ¢ < 1.
i=1

For k =1, the class X, o (a, B.y) = 2y, ¢ (@ B, y) was introduced
1

by Aouf and Hossen [1].

In this paper we obtain coefficient estimates and closure theorems
for the class X,  (a, B, v). Further the radius of convexity is obta-
k

ined for the class Xy, o («, B, v). Techniques used are similar to
P c1 Y q
{

those of Silverman and Silvia [4], Uralegaddi [5] and Owa and Sri-
vastava [3].
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2. COEFFICIENT ESTIMATES
Theorem 1. Let the fanction f(z) be defined by (1.6). Then f(z)

is in the class Xp, ¢ (0, B, v) if and ounly if
k
k
1- % e¢), (2.1)
i=1

£ n(l+ 26y - ) an < 267 By (1)

where
k
0 <ei<<land 0 << 2 ¢ <1.
i=1
The result (2.1) is sharp.
Proof. Puitting
2 IgY (1—"") Ci Iz a <
a; = =1,2,..., k), 2.2
aj 1(1 'fj*' 257 — B) \ 1’ ) ( )
(2:)

in Lemma 1, we have
Y n(l+ 28y - B) an < 28y (1-a),

K

X 28y (L-w) e +

i=1 n=k+1

which clearly implies (2.1). Further, by taking the function f(z) of

the form
k
28y (1-a) (1- 2 ¢;)
ie=]
:  (2.4)

1 L3 28y (1-a) ¢; ;

(z) = — 4+ % i el 1
U= T Tty -p " R T %9

for n == k + 1, we can see that the result (2.1) is sharp.

Corollary 1. Let the function f(z) defined by (1.6) be in the

class Xy, ¢ (@, 8, v). Then
k

(2.5)

27 (L) (1 = o)
! (n =k 4+ 1).

WS TR 2y o)
The result (2.5) is sharp for the funciion f(z) given by (2.4).
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3. CLOSURE THEOREMS
Theorem 2. Let the funciions

1 k 28y (1—-a) ¢ . X ‘ 0
(2) = — - i (2 (an > 0) (3.1
fJ(Z) 7 1 13'; i (J ’JL 23'}' — B) z Inxlfi«l an, j % (an ) = ) ( )

be in the class X, o («, 8, 7) for every j =1,2,...,m. Then the
k

function ¥(z) defined by

m
F(z) = 2 dihls) (dy = 0) (3.2)
i= :
is also in the same class Xy, ¢ (a, 8, v), where
k
m
X dy =1. : (3.3)

Proof: Combining the definitions (3.1) and (3.2) we bave

k < _ .
F() — — 4y Bvl-oa ¢ (z: dan, ) 20, (3.4)

z e (14 28y -PB) =k+1 =1

where we have also used the relationship (3.3). Since
fi(z) € Zp, ¢ («, B, v) for every j =1, 2,..., m, Theorem 1 vields
Kk

3] k
S on (14 28y - 8) an ;< 28y (1-) (-2 ) (3.5)
n=k-+1

=

-

for every j =1, 2,..., m. Thus we obtain

o m
S on(l+ 28y -B) (X djay ;)
n=k+1 i=1

::.I‘!V_l; d(E n(l + 28y - B) an. )

J=1 n=k-+

< 2y (1) (1- 2 o)

i=1

which (in view of Theorem 1) implies that F(z) € Xy, . («, B, v)-
k
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Theorem 3. Let the functions fj(z) defined by (3.1) be in the class
Zps e (@ 8, y) foreachj =1, 2,..., m, then the function h(z) defined by
k

1 wm-we | E |
= t2 3 (L3 bpa (by > 0) (3.6
W= Ty s e B

is also in the same class Xy, ¢ («; B, v), wherc

<

] m
by == — X ap, j. (3.7
mooio

Proof: Since fj(z) € Zp, ¢ (a, B, v), it {ollows from Theorem 1, that
Kk .

@ k
Z (1 4 28y -B) ap, ; < 2By (1-a) (1- 2 c). (3.8)
n=K+ i=1
Henee
S (1 28y ) b
n=k+1
o 1] m
=5 w2 (o 2 o)
n==k--1 I je=1
1 @ * ) :
= — X (X n(l-+28-p) an )
m j=1  n=k+l
k
< 28v (1-o) (1 - Z ci) (3.9)

and the result follows.

Theorem 4. The class Z), ¢ («, B, v) 1s closed under convex linear
combination. k

Proof: Let the function fj (z) (j =1, 2) defined by (3.1) be in the
class Xy, o (@, 8. v), it is sufficient to prove that the function H (z)
K

defined by
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H(z) =2 fi(z) + (1-2) fa(z) (0 < % < 1) (3.10)

is also in the class X, o (a, B, v).

1S

Since
, 15 2y(l-n)e | = |
H(z) = — + 2 222027 21 L% hag -+ (1-2)ap, zn,
(/) i S (1 T 2.8“(’) —‘3 z H::k+11 dns 1 ( ) n 2}
(3.11)
we observe that
E] v (L + 28y - 8) {Aan, ; + (1-2) an, 2}
k1
X
28y (3 -w) (1 - ‘E ¢i)s (3.12)

-1

with the aid of Theorem 1. Hence H (z) € X, ¢ (., B, v). This comp-
letes the proof of Theorem 4. K

Theorem 5. Let

. 1 ko 28y (- a) e .
(z) == — | X i 3.13
fiz) = — el (3.13)
and X ;
1 = 2! 1-a)ce :
) = — + x rl-wa

= o) T0 2y -B)

2By (1-2) (1- ¥ )

L , n >~ k - 1). 3.14
Y R R 49

Then f(z) is the class X, o (@, B, v) if and only if it can be

expressed in the form of k

o

f(7) : 2—‘ 711 n(’) (315)

where 3y = 0 (n > k) and
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b8
>.’

2= 1 (3.16)

n=k

]

Proof: We suppose that f(z) can be expressed in the form of
(3.15). Then it follows from (3.13), (3.14) and (3.16) that

- 1 k 2@‘{(1-—&)01 i
o)==+ Ta-om-9 °

k
2y (1-a)(1 —1:21 ci)

- OEO A7, 3.17
Itnk+1 n(l+2By-p) ’ (317

Note that

Kk
28y 1-a)(1-2 ¢)
i=1

n (1 26y - B)

S n(l+ 28y - p)
1

n=Kk--

)\]‘l

k <9} K
=2y (1) (1 = 2 o) 2 dy =28y (1a) (1= 2 ) (10)
k
20y (1) (1 - 2 ¢), (3.18)

i=1

A

which implies that f(z) € 2, o («, B, ¥).
k

For the converse, assume that the function f (z) of the form (1.6)
belongs to the class Zp, ¢ (a, B, 7). Since f(z) satisfies (2.5) for n >
k + 1, we may set k

PP X s o 5 ek ) T SO S S W (3.19)

Kk
268y (1~a) (1 - Y ¢)

i=

oy

and

M =1~ T i (3.20)
n=k+1
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Hence {(z) has the representation (3.15). This evidently completes
the proof of Theorem 5.

4. RADIUS OF CONVEXITY

Theorem 6. Let the function f(z) defined by (1.6) be in the class
Zp, ¢ (o, B, v). Then f(z) is meromorphically convex of order p (0 <
k

e <<1) in the disc 0 <|z|<Cr =71 (a B, 7, e, p), where v (ax, §, 7,
¢j, p) is the largest value for which

Yo (i 2-p)By(l-o)e
i=1 (1 - 28y - )

eitl

K
(n+2-9)28y (1-o) (1 *IE; ci)

i+l 1-op, 4.1
T+ 267 8) = b

for n == k 4 1. The result is sharp for the function { (z) given by (2.4).

2"’ (2)
' (z)

< 1) for 0 <! z| < r(«, B, ¥, ¢i, p). Note that

Proof: It suffices to show that

2| < 1 (0 < p

A

A @)
£'(z)

LoD 28y (1-a) e & X
> ! ‘ critl n -+ 1) ap !
i=1 (1 -+ 28y - B) ! N (D v
=
ooy Q-a)e ®
1 -2 ——~ L i+l . 3 pa, 0tl
5 F 2By -B) iy
“ 1o, (4.3)
for 0 < |z| =< ¢ if and only if
. % 28 (1 —ioc) (i+2-p)c ritl % n(n -+ 2—p) ap il 1-p.
i=1 I+ 28y -p n=k+1 '

(4.4)
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Since f(z) is in the class Xy, o (a, B, %), from (2.5) we may take
k

k
28y (1~-0o) (1 —-1321 ci)

ap = o (1 & 2By — B) An (n =k 4 1) (45)
where 3, > 0 (o > k + 1) and
X o< 1. (4.6)
n=k-1 ’

For each fixed r, we choose the positive integer n, = ny(r) for which

__{n+2-9)
(1 + 28y ~B)

1 jg maximal. Then it follows that
k

(no+2-p) 28y (1-a) (1 = X ¢3)
» i=1

2 n(n42-¢) aprtt! > r L (4.7
e an 0T+ 2-8 ot (D)

Hence f(z) is meromorphically convex of order p in
0 <jz|<Ir (o B, 7, ci, p) provided that

(0 2-0) 28y (1) (1 - % ¢
§ 2F3‘Y (1-a) (i+2—p) Ci pitl 1 =1 ¢ho+1
Z T aTm oy ‘ G D
<l-op. (4.8)

We find the value r, =1, (« B, ¥, ¢i, p) and the corresponding integer
1, (ro) so that

| x
] . (no+-2-p) 28y (I-2) (1 ~ = c3)
}i 2By (1-a) (i+2-p) c; NETER i=1
i=1 (L + 28y -8) (1 -+ 2By-p)

= ]_ —_ p, (4‘.9)
Then this value r, is the radius of meromorphically convex of order
¢ for functions f(z) belonging to the eclass 2, o (a, B, ).

Kk

I-On+1
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