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ABSTRACT

In this study, some relational formulas between homogeneous differential operators,
Lorentzian metric and ulira-hyperbolic operators defined in p + q dimensional space are
obtained.

1. INTRODUCTION

It is shown by E.G. Gallop [2] that
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where (I> and ‘I‘ are homogeneous polynonnal of dlfferentlal operators
with dcgree m and n, respectively, and r=x + y + z% Here, A, M,
and v are the operators which transform the spherical harmonic P(a, b, ¢),
defined in [2], to the forms P(a-1, b, ¢), P(a, b-1, ¢) and P(a, b, c-1)

respectively.

In this study, we obtain a new form of the formula (1) by extending
it to p + q dimensional space.
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where al,...,ap,bl,...,b are non-negative integers and a1+...+ap+b1+...+bq =n.
It is shown in [5] that the function P is a solution of the equation Lu=0
and satisfies the recurrence relations:

1_Zl(a + 1)(a + 2)P (al,...,ai+2,...,a b q) J_zl(b + IXb + 2)
P(al,...,ap,bl,...,bj+2,...,bq) =0 (6

and

B_ [snp(a Apblw.,bq)] = M {é (a1 + l)P(a1 +1,..4'1i— 2,...ap,b1,...,bq)
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(@ + 1)P(a + 1L.ab.b;~ 2..b) - 2n+p+qv-3~a]{P(alﬁl,..nap,bl,...,bq)}. @)

2. SOME LEMMAS
Lemma 1. Let P be defined as in (5). Then,
PQ©, 0, .., 0) = 1. ®)
Proof. It is clear from the definition of P.

Definition 1. Xi, G=1,2, .., p) and uj, G=1,2, .., q) are such
operators that when applied to P the following relations hold:

)"iP(a‘l A AR o ’a’bl’ ’,1’bb 1 ’q)
=P( WA A1 . ,a,bl, bbb, bq) &)
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WP (20l AR 2Dy bbb )

= P( ey Bl e pbl’ ’bjx’b J+1’ ’bq) (10)

Lemma 2. The following equality holds:
- -8, - -b -b,
PG, b b)) = A M Tt (1n
Proof. In view of (9) and (10), by applying the operators Kl,...,?»P to
the function P(a e b, ,b) respectively 3 times and then by
applying the opcrators M ,u again to thc function P(a > ,a b e ,b)
respectively b o ,b times, we gct
y 2% bl _ _ -
7» 7» 1 ‘!P(a, ,ab, ,b) P@, - RN ap,b1 bl,...,bq bq)
= P(O, 40).

Hence (11) follows from Lemma 1.

Lemma 3. Let ‘I’ be a homogeneous polynomial of degree n, and
sZ be as in (3). Then,
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where x = (x, ..., xp), Yy =@ yq), A= (?»1, v ?»P), =) ].lq)

and
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Proof. By usmg the representation (11) in formula (5), we get
b
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By using (%) }ul = (-1) ‘ai!A.“ on the right hand side of (13), we have
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By replacing al,...,ap,bl,...,bq by ali,...,api,bli,...,bqi respectively, and by
multiplying all sides by the coefficients of the homogeneous differential

operator ¥, (aix’g—y) and taking the sum over i covering all of the
coefficients, we obtain (12).

Lemma 4.\Ii,et f be a homogencous polynomial of degree N. Then,
\ 2
quZ——Z (kl,,xul, )=0. (15)
i=1 ax =1 au
Proof. The recurrence relation given by (6) can be written as
2 (a1+1) }L(apﬂ) -by+) (b +D)

A kpp.luZ———z AT ..uq‘* =0. (16)
1_13;\' rlau

To see this, take the derivatives on the left hand side in (16) and use the
reprcscptat?on (11). Now, in (16), by replacing al,...,ap,bl,...,bq and
al‘,...,ap‘,bl’,...,bq1 respectively, and by multiplying both sides by the
cocfficients of the polynominal fN and then by taking the sum over i
covering all of the coefficients, we obtain (15).

3. MAIN THEOREMS

Theorem 1. Let (I> and ‘I’ be homogeneous polynormals of
diferential operators with degrcc m and n, respectively, and let s’ and s1
be defined as in (3) and (4). Then

m-n 0 0| 2n4peg2 3 0 1
s b b ~ 1 4
4)m ( aX ay \Vn ( ) SpquZ

ox dy
w8 aya, (2 2 1
= A4 oM (sf) 2 o, (J aXslz) v (ax an ))‘1 ..}»P By (17)
where —a—, i, —@— and 9 as defined in Lemma 3.

dx dy dA ou
Proof. To prove the thecorem, we usec (11) in the open form of (7).
Hence, we obtain

0 [ o, 8 b b
P [s A ..}»P ", ‘...p.q “]

1
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- -@+l), @2 . -a b _b (a +1) (@ 2) by,
= 8 1‘(a1 + 1)[7»1 ' )»;2 SV TRNTILE " AP uq]
~(a,+1) n _-a b -
~(a + 1)[7L * }v L (b' le l.l "y X1a1+ ...Xpa"ulbl...uq(b‘lz)]
1} b, b,
~-(2n+p+q-3-a) kla’ ..)»P%ulb‘uz 2...uqb“} . (18)

After making the necessary simplifications on the right hand side of
(18), by using definition (4), we get

ail [, ...uq]

_ n-1 ap
= s {( + 1) —(2n+p+q-2)A }?» .7» “’1 ...uq“ - (19)
Since the right hand side of the above equality can be written as
- 1 a, - b A
M (a, + DAE < @0+ p o+ g - 200 AT g

o (P, e o

=< }" .7\.?].11 axl q (20)

from (19) and (20), we have
a n "9 ‘3p -bl b
L [n A
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Now the derivative with respect to X in (18) gives us
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In view of (21), by making the necessary amrangements and
simplifications, we obtain
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Proceeding in this way, the k -th derivative of (18) yields

SIEEN

- n—kl}\' }"pp'l u(sz){ ) a |:( 2) (a "'1) (a +1) (b1+1) “q("q*'l)} .
oA, .

By taking the derivaties of both sides of the above equality with respect to
R S AR A respectively k2,...,kp,£l,...,£q times (k1+...+kp+£ 1+...+£q=m),
we obtain

kl '81 "eq _a, a ] R
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Replacement of kl,...,kp,,El,...,,Bq by kl", kzv,...,kpv,,Blv,...,,Eq" above and
multiplication of both sides by the coefficients of the homogeneous
 differential operator (I> yields us |

(ai aay (52,

2
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For each i with a it.+a +b iy.4+b' = n, replacing al,...,ap,bl,...,bq by
a e b yoeny q‘ and multlplylng both sides of the above equality by the
cocfﬁcwnts of the function ‘I’ and then taking the sum over i covering

the coefficients of \Pn we obtam
1

A J»
b (ax 3y ) v, -y

2

( ) (S)
oA au A AT

Finally, by multiplying both sides of (22) by (-1)"a1!a2!...ap!bl!...bq!
and by using (12), we obtain (17) which proves the theorem.

=g A ul H (sz) n(lil,...}»;’l,u_ll,...,u:’ .(22)

Theorem 2. Let L, s and P be defined as in (2), (3) and (11),
respectively. Then,
L"P) = 0. 23)
Proof. By using the definitions of L, s and P, we can rewrite (23) as
2
> SIS YR P W N TR I
i=1 aX, ay]

1

Now, to prove the theorem, in (22) let specifically

p .2 q .2
w2255 37

ax dy 1=13X.2 Flay2

and ! j

W0y e A eb) = A A 0 = P

Thus, we have

P2 L . ,2- a-pa?
I YL P W xapul .u“-s A p,(s) 2
i=l 22 =l 4 2
ax, &,
& { . <ap+1> G D
y+ W+ +]
g:;k-z—z & TRRRTAL 24)

1 J
On the other hand, for 1 i< pand 1 <j<q,
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By substituting (25) and (26) in the right hand side of (24), after
neccssary simpliﬁcations, we get

2 q
2 A& b - n a ,a, b b
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Now, since

(a1+l)
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= 8},

-@a+l) | Ha+l) | -@+]) y F
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the equation (27) becomes, on substitution,

2 q .2 a . .
(E 9 _ ) _Q__) s A ‘...k:"u TR

1

2 q .2
=" 9 9 apl) @) o) )
T Kpul : gi J_J'l al ¢ )?» }»P Ho by :

i
The right hand side vanishes by Lemma 4. Hence the proof is complete.
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