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ABSTRACT

In this article using the Schottky uniformisation of the hyperelliptic Riemann surface
new formulae for the characteristic of finite zome solutions to the equations of Toda chain
are obtained. For this characteristic of the solution are expressed through the parameters of
uniformisation with the use of Poincaré series.

1. INTRODUCTION

In [2] the finite zone solutions of Korteweg-de Vries (KdV) equation
and Toda chains were determined by using the theory of hyperelliptic
Riemann surfaces. In this article the characteristics of the solutions were
given by using Abel differentials. However the calculations  of
characteristics by using Abel differentials caused some difficulties in
application. In [1], for the characteristics of KdV equations, an effective
formula by using the Schottky uniformisation of Riemann surfaces was
found. In this article using the similar method given in [1], we obtain a
new formula for the characteristics of finite zone solutions for Toda
chains with respect to Poincaré series.

2. SCHOTTKY UNIFORMISATION AND TODA CHAIN

Let us consider the Riemann surface of hyperelliptic curve I' given

by
2 2N+2

W =l.—!(z-zl),zl<zz<...<z2N+2<oo.
1=

We will denote the points of T of the form P* = (eo, ) by P* and
P°, where * refer to the upper and lower branches of the curve T,
respectively. Let a, bl, ey Ao bN be some canonical basis of cycles of
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T, dun be the normed differentials of first kind (i.e. holomorphic
differentials), Qp*’ QP_ be the normed differentials of second kind with
the dual pole at the points P*, P~ respectively. It is clear that

+ + .

do =f () az j d =2md ,(m=1,.,N),
a

where z* are the local parameters in the neighbourhood of the points Pt

and fl, ey fN are holomorphic functions, [3].

The matrix B = (Bnm)lim_l is called the period matrix of I', where

B =1 du

nm m °
b

Let the g:haracteristics of Abel differentials be
P

U = J du_, ¢))
.

1))
2Vn=f QP++§ Q,
and let b b

n n

0B) = 3 exp % (B_, m) + (z, m)}
meZ

be the Riemann theta function. Then the finite zone solution of Toda
chain_
v, = Cu 4O -CO

: 3
&0 = C0 [v,0 - v,,0] ©

is the following [2],
Dn(t)=ilne[(n+l)U+tV+Z°], @

dt 6 [nU + tV + 7]

Cu(t)=9[(n+1)U+tV+zO]6]:(n-1)U+tV+z0] .
oToU + tV + 7] ©)
where z, is an arbitrary vector, the vectors U = (U, .., UY, V = (V,,

vees VN) are determined by the expressions (1), (2) and are known as the
characteristics of the solutions (4), (5). Let G be a Schottky group
generated by the collections of elements G, Gy o O We show the
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fixed points of transformations o with An and (-An). Then we also show
the subgroup of G generated by c with Gn. Hence

g‘f—tﬁ=u Z+A“,0<|.l <1,A ,pu eR.

oz-A Tz A " oo

It is obvious that G < SL(2, R). Let G/GIl and Gm\G/Gn be factor
group and the two sided factor groups, respectively. In the view of the

results in [1];

1 _ 1 dz
ceéc,, [Z -o(A) z-o (A,.)]
The Poincaré series is the holomorphic differentials of TI'. The
components of the matrix B are defined as follows:
O(An)] %)

In
"™ sed a0, [A - of-A)

du, = ©)

B

A, °(A)}
B =lnp + In 8
" ! ceGn\Gz/Gn, ol [A o(-A) ®
Here
oz=%2*B 4B v5cR o05-Py=1

Yz + 8

Now, using (6) and (8), let us calculate the characteristics defined in
(1) and (2).

+

P
U=J- du
n n

-

wy
= f > [ | S — ] doz
pe  0eGIG, CZ + An oz - An

ay aly
J doz . 2 f doz

0eGIG, Jis OZ + Al ocGio, Jas OZ - A
e 4+ A e A
= In X . mY i
6eGIG, g_ +A % -A

o2 " [(iAA -+aB) / (-i({An')' :
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1
m % (A“)
ceGlG, g (-A)

n
In -G_(A..ﬂl R
oGo, © (-A)
then, we obtain

U= 3 w2

oG, S () .
Since
§ QPt =f (zt) ,
bl‘l
we have
2Vn = QP+ + § QP-
b, b
= £0) + ()
= £0)
= X {dA)- oA},
0eG/G,
or

V=L 3 (o) ofA))

0eG/G,
Thus the following theorem is proved:

®

(10)

Theorem. The finite zone solutions of (3) are (4) and (5). The
characteristics of U and V are (9) and (10) and the clements of B are

obtained by (7) and (8).
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