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ABSTRACT

Let I' denote the space of all entire sequences. Let A denote the space of all analytic
sequences. This paper is devoted to a study of the general properties of Sectional space T, of I'.
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1. INTRODUCTION

A complex sequence whose k™ term is x, will be denoted by (x,)or x. A
q k [
lll

sequence x = (x,) is said to be analytic if suplx,( * <0, The vector space of all
(k)

analytic sequences will be denoted by A. A sequence x is called entire sequence

}imlx,,l”k = 0. The vector space of all entire sequences will be de denoted by T.

Let [, ={x=(x,):£=(&) eT}

where & =x +x,+...+x, for k=123,...
and A, ={y=(y):n=()en}.

where 7, =y, +y,+..+y, for k=123,...
Then I, and A, are metric spaces with the metric

d(x,y) = s(tg)“fk - 17,‘|”k k= 1,2,3,...}.

Let o(T') denote the vector space of all sequences x = (x,) such that
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{§k /k} is an entire sequence. We recall that cs, denotes the vector space of all
sequences x = (x,) such that

{f,‘,‘} is a null sequence. Let ® = {all finite sequences}.
5" =(0,0,..,1,0,0,...), 1inthe ot place and zero’s elsewhere. An FK-space
X is said to have AK-property if (5 (”)) is a Schauder basis for X.
If X is a sequence space, we define the f -dual X £ of X by

r 0
Xf = {a =(a,): z a,x, is convergent, for every xe€ X}.

k=1

Remark :

x:(_xk)eo-(r‘)a{x_lifz:i{’i}er‘_

1k
[, + 3, +.+ x|

k

—>0as k— oo,

1k
e +x, +.+x, | ~>0as k — o, because k''* —»1lask >
1t X k|

o (x,) el

Hence I', = o(I'), the Cesaro space of order 1.
In this paper we investigate
(i) set-inclusion between I', and T',

(ii) AK-property possessed by T,

(iii) Solidity of T, as a linear space,

(iv) f-dualof T,

(v) Relation between I, and I Necs,,

(vi) the Cesaro space of order o >0 of the entire sequences.
Proposition 1. I', c T

Proof.
Let xeT,.

=>¢&el

=l]" >0 as k>

1.1
But X = é, —&
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Hence ka Il/k Sl‘fkl”k +|§k—l|“k et
< léklllk + |§k_l Il/k—l
—> 0 as k - o by using (1.1)
=>xel.
=T, cl.

Note : The above inclusion is strict.
Take the sequence 5" T". We have

é:l
& =1+0=1
& =1+0+0=1

$=140+0+..+=1
— k ~terms «
and so on.

Now |&|"

5" ¢T,. Thus the inclusion I, T is strict. This completes the proof.
Proposition 2. I', has AK-property.

Proof. ,

Let x=(x,)eT, and take x'"'=(x,,x,,...,x,,0,0,..), for n=123,... Hence

|k
d(x, x[n]) = S“P{ S — & }
(k)

= sup e~

Therefore, x'"1 — x as n — 0 in T,. Thus I, has AK. This completes the proof.

Corollary. The set {5 M5 ‘2),...} is a Schauder basis for T,.

Proposition 3. T, is a linear space over field C of complex numbers.

Proof.

Let x=(x)and y=(y,)  belong to TI. Let a, BeC. Then

§

=1 for all £. Hence {l.f,‘r/k} does not tend to zero as k — . So

' Ly
& — &, g ...}—>Oas n—» oo,

£=()eTl and n=(n,)el. But T is a linear space. Hence aé+ fnel.

Consequently ax+ fiy e T';. Therefore I, is linear. This completes the proof.
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Proposition 4. T, is solid.
Proof.
Let |x,|<|y| with y=(y)eT,. So, |&|<|n| with n=(p)el. But I' is
solid. Hence & =(&,)el. Therefore x=(x,)el,. Hence I, is solid. This
completes the proof.
Proposition 5. In I', weak convergence does not imply strong convergence.
Proof.
Assume that weak convergence implies strong convergence in I',. Then we would
have (T,)# =T,. (see [8]) But

T,)” =a? =T.
By Proposition 1, T, is a proper subspace of I'. Thus (C,)# #T,. Hence weak
convergence does not imply strong convergence in I',. This completes the proof.
Proposition 6. A < (T,)? < A(A).

Proof.
Step 1.
By Proposition 1., we have
I,cT.
Hence
) (l"s)/’
But
r?=An
Therefore
~c (). 6.1)
Step 2.
Let y =(y,) e (I,)”. Consider
fx)= ; X V-
where x =(x,)eT,. Take
x = 5n __5n+1

=(0,0,0,...., -1,0,0,..)

n™ (n+1)™ place
where, for each fixed n=1,2,3,....

5" =(0,0,...,1,0,...), 1 in the n" place and zero’s elsewhere. Then
f(é‘" _5”+i) = yn - yn+l'
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Hence
Vo= Vaal =|£ (87 - 5™)
- <|fldsm -0
<[]}

So, {y,l - yM} is bounded. :
Consequently {y,, - y,,+,}e A. That is { ,,}e A(A). But y=(y,) is originally in
(T,)”. Therefore
(T,)? < A(A). ~ (6.2)
From (5.1) and (5.2) we conclude that '
rc () < AA).
This completes the proof.
Proposition 7. The £ -dual space of T, is A.
Proof.
Step 1.
Let y=(y,) be an arbitrary point in (T,)?. If y is not in A, then for each natural

number n, we can find an index k(#) such that

1/k(n)

|yk(n) >n, (n=12,.).

Define x =(x,) by
x=1/n* for k= k(n);, and
x =0 otherwise.
Then x isin I, but for infinitely many &,
[yex|>1. (7.1)
Consider the sequence z = {zk }, where
zy=x,~s with s=Y x,; and z, =x,(k=23,.).
Then z is a point of I". Also ZZk =0. Hence zis in I',. But, by the equation

(7.1) Zz,, Yy does not converge. Thus the sequence y would not to be in (T,)°.
This contradiction proves that

T ca (7.2)
Step 2.
By (6.1) of Proposition 6 we have

Ac(T)?. (7.2)
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From (6.2) and (6.3) it follows that the S -dual space of (I“S)“’ is A. This
completes the proof.

Proposition 8. (I',)* =A for u=a,B,7,f.

Step 1

I, has AK by Proposition 2. Hence by Theorem 7.3.9 in [1] we get (Fs)” = (Fs)f .

But (T,)” = A. Hence

@) = A )

Step 2

Since AK = AD. Hence by Theorem 7.3.9 in [1] we get (T,)” =(T,) . Therefore
(F: )7 =A (II)

Step 3

I, has normal by Proposition 4. Hence by Theorem in [1] we get
(r: )‘1 = (rs )7 =N (III)

From (I), (II) and (III) we have

T =C)Y =@y =C) =
Proposition 9. Let ¥ be any FK-space > ®. Then Y DT if and only if the
sequence {5‘“} is weakly analytic.

Proof.
The following implications establish the result.

Yorlo, & Y/ < (T,)’, since I, has AD and by using 8.6.1 in [1].

& Yl c A, since (T) =

<> for each f €Y', the topological dual of Y.f (6®) e .

& (™) is analytic.

<> The sequence {5 (")} is weakly analytic.

This completes the proof.

Proposition 10. T, =T"cs,.

Proof.

By Proposition 1, T, c T. Also, since every entire sequence (£,) is a null sequence,

it follows that (&,) is a null sequence. In other words (£,) € ¢s,.

Thus T, < cs,. Consequently, :
T, cTI'es,. (10.1)

On the other hand, if (x,) €I cs,, then
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f@=Y 5z

1s an entire function. But (x,) € cs,. So,

S =x+x,+...=0.
Hence

f(2) < k-1

EACH . z

Y @)
is also an entire function. Hence (£,)€I. So x=(x,)eT,. But (x,) is arbitrary in
I'Necs,. Therefore

I'Nes, cT,. (10.2)
From (10.1) and (10.2) we get

I, =T'es,.
This completes the proof.
Definition. Let a >0 be not an integer. Write S\ =3 4, “"x,, where 4

r=l )
denotes the binomial coefficient
(pra)pu+a-1..(a+1)
! '

(@)
Then (x,) ec*(T") means that { 5, } el.

(a-h)
Proposition 11. Let & > 0 be a number which is not an integer. Then
'Noe*(N=6

where 6 denotes the sequence (0,0,...,0).
Proof,

Since (x,) € 0*(I') we have

This is equivalent to (S{*) € I". This, in turn, is equivalent to the assertion that

fu(2) =3, 802"
n=l
is an integral (entire) function. Now

__J@)
fa(z) - (l-Z)a .
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Since o is not an integer, f(z) and f,(z) cannot both be integral functions, for if
one is an integral function, the other has a branch at z=1. Hence the assertion
holds good. So, the sequence 0=(0,0,...,0) belongs to both I" and o“(I"). But this is
the only sequence common to both these spaces. Hence

I'No*(I) = 6.
This completes the proof.
Definition. Fix k£ =0,1,2,... . Given a sequence (x,), put

X F Xyt t X

gk,p p
for p=1,23,.... Let (& p:p=123,.)el uniformlyin k=0,12,... .

Then we call (x,) an “almost entire sequence”. The set of all almost entire
sequences is denoted by A.

Proposition 12. I'(Jo®(T’) = A. where A is the set of all almost entire sequences.
Proof.

X, Xy H ot X
Put k =0. Then (§,,)eT & | ——— % |eT
P

1/p
<:>|x,+x2+...xp| —0 as p—ow.
0.

<:>.xl+x2 +..= (121)

& (x) ecs,.

< Acecs,.
Put £ =1. Then

X+t Xx
(€,)er = (—2—"} el.
p
1/p

c>|x2+x3+...+xp| —>0 as pox (12.2)
Similarly we get

Xy +x,+..=0. (12.3)

X, + x5 +...=0. (12.4)

and so on.

From (12.1) and (12.2) it follows that

X =0 +x,+.)=(x, +x+..)=0.

Similarly we obtain x, =0, x, =0,... and so on. Hence A =0 where & denotes the
sequence (0,0,...). Thus we have proved that



A SUBSET OF THE SPACE OF THE ENTIRE SEQUENCES 63

I'oe*T)=60 and A=0.
In other words, I'No*(I") = A. This completes the proof.

REFERENCES

[1] Brown, L.H., Entire methods of summation, Comp. Maths., 21 (1969), 35-42.

[2] Rao, K.C., The space of Entire sequences, Sequence Spaces and Applications,
1999, 1-8 Narosa Publishing House, New Dethi, India.

[3] -, Ceséro spaces of analytic sequences, Proceedings of the National Academy
of Sciences, India 57(A) (1981), 95-97.

[4] -, Symmetry and some sequence space, Comm. de la Fac. Sci., Uni. Ank., 33
(1984), 51-53.

[5] -, Srinivasalu, T.G., Operators on Analytic and Entire Sequences, Bull.
Malaysian Mathematical Society 14 (1991), 41-54.

[6] Heller, I., Contributions to the Theory of Divergent Series, Pacific Journal of
Mathematics 2 (1952), 153-177.

[7] Kamthan, P K, Gupta, M., Sequence Spaces and Series, Marcel Dekker, New
York and Basel, 1981.

[8] Wilansky, A., Summability Through Functional Analysis, North-Holland,
Amsterdam, 1984.





