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ABSTRACT

The object of this paper is to prove the existence of a quarter-symmetric metric connection on a
Riemannian manifold and to study some properties of a curvature tensor of a quarter-symmetric metric
_connection on a Sasakian manifold.

1. INTRODUCTION

Let (M",g) be a contact Riemannian manifold with a contact form n, the
associated vector field £, (1,1) tensor field ¢ and the associated Riemannian metric
g. If £ is a Killing vector field, then (M",g) is called a K-contact Riemannian
manifold [2][9] A K-contact Riemannian manifold is called Sasakian [2] if

(Vxd)(Y) = g(X, Y)E —n(V)X (L.1)
holds, where V denotes the operator of covariant differentiation with respect to g.
A linear connection V on an n-dimensional Riemannian manifold (M",g) is
called a quarter-symmetric connection [4] if its torsion tensor T satisfies
' T(X,Y) = n(Y)F(X) - (X)F(Y) (1.2)
where n is a differentiable 1-form and F is a (1, 1) tensor field. If, moreover, the
connection V satisfies
(Vxe)Y,2)=0 (13)
for all vector fields X,Y,Z on (M",g)then it is called a quarter-symmetric metric

connection.
Quarter-symmetric metric connection have been studied by K.Yano and T.
Imai [10] In this connection we can also mention the works of S.C. Rastogi [7],[81
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D. Kamilya and U.C. De [5] S.C. Biswas and U.C. De [1} R.S. Mishra and S.N.
Pandey [6] , S. Golab [4] and others.

If F(X)=X, then the connection is called a semi-symmetric metric connection
[1 1]. In the present paper we have studied a Sasakian manifold with a quarter-

symmetric metric connection V satisfying (1.2) and (1.3) in which the 1-form =

and the (1, 1) tensor field F are respectively identical with the contact form n and

the (1, 1) tensor field ¢ of the contact structure ($,£,m,g) so that the relation (1.2)
takes the form

T(X, Y) = n(Y)$(X) - n(X)¢(Y). (1.4)

At first we prove the existence of a quarter-symmetric metric connection in a

Riemannian manifold (M",g) In section 3 we deduce the expressions for the

curvature tensor and the Ricci tensor of (M",g) with respect to the quarter-
symmetric metric connection. In general, the Ricci tensor of the quarter-symmetric
metric connection is not symmetric. Here it is proved that in a Sasakian manifold the
Ricci tensor of a quarter-symmetric metric connection is symmetric. Also, in
general, the conformal curvature tensors of the quarter-symmetric metric connection
and the Riemannian connection are not equal. Here we obtain a necessary and
sufficient condition for the conformal curvature tensor to be equal. Finally, we
obtain an expression of the projective curvature tensor of the quarter-symmetric
metric connection.

2. PRELIMINARIES
Let R and S denote respectively the curvature tensor and Ricci tensor of type (1.2)

of (M",g) It is known that in a Sasakian manifold (M",g) besides the relation (1.1),
the following relations hold [2][9]

$(E)=0. 2.1

n@) =1 (22)

97X = =X +n(X)E 23)
8(6X,9Y) = g(X, Y) -n(X)n(Y) (2.4)
g€, X) =n(X) (2.5)

VyE = —6X , (2.6)

S(X.E) = (n - hn(X) @2.7)
gR(E,X)Y.E) = g(X,Y) - n(X)n(Y) (2.8)
R(£,X)E = -X+n(X)E (2.9)
(Vxd)(Y) =REX)Y (2.10)

for any vector fields X,Y.
We can define a 2 form ‘¢ in a Sasakian manifold (M",g) by
$(X,Y) = g(X,4Y) (2.11)
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such that
¢ = dn. 2.12)
From (2.3),(2.4),(2.11) and (2.12) by using n-¢= 0 we get
g(dX, V) +gX,4Y)=0 (2.13)
dn($X,Y) + dn(X,4Y) =0 2. 14)
dn($X,9Y) = dn(X,Y) (2.15)
and
dn(¢,X) =0 (2.16)

3. EXISTENCE OF A QUARTER-SYMMETRIC METRIC CONNECTION
Let X,Y be two vector fields on (M®,g) We define Vy Y by the following equation
28(VxY,Z) = Xg(Y,Z)+ Yg(Z.X) - Zg(X,Y)
-s({v.x}2)-ex. 2} v +2z. Y1)
+g(R(X)OZ - n(ZWX, Y)
+(r(Y)OZ - n(Z)$Y,Z)
+e(n(Y)oX - n(X)9Y,Z) 3.D

which should hold for all vector fields Z on (M",g).
It can be verified that the mapping (X,Y)— VxY. satisfies the following equalities:
D Vx(Y+2)=VyY +VxZ
(i) Vy,vZ = VxZ+VyZ
(i) Vi Y = iV Y, VE € F(M®)
(iv) Vf(Y) = V4 Y +(XE)Y,Vf € FM™)
where F(M") denotes the set of all differentiable mappings over M". . Therefore v
determines a linear connection on (M",g) Now we have,
28(VxY,2) - 28(Vy Y. 2Z) = 28([X, Y[2) + 28 (Y H(X) - m(XW(Y).Z).  (3.2)

Hence,
VY - TyX - [X, Y] = (¥ )(X) - Y )(Y)
or,
T(X,Y) = n(0DHX) ~ m(X)H(Y). 3.3
Also we have, ’
28(VxY,2)+2g(VxY,Z) = 2Xg(Y,Z)
or,
‘ (Vxe)XY,2)=0
that is,

¥V, =0. (34
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From (3.3) and (3.4) it follows thatV determines a quarter-symmetric metric
cotinection on (M®,g) Tt can be easily shown that V determines a unique quarter-

symmetric metric connection on (M®,g) Thus we have the following theorem:

Theorem 2.1. Let (M",g) be a Riemannian manifold and = be a 1-form on M".
Then there exists a unique linear connection V satisfying (3.3) and (3.4).

Remark. Theorem (2.1) proves the existence of a quarter-symmetric metric
connection on (M",g).

4, CURVATURE TENSOR
Let us write

VxY = Vx Y +H(X,Y) .1
For a quarter-symmetric metric connection V and a Levi-Civita connection V on
M".g).
From (3.4) we get
Xe(Y.Z)~g(VxY,2)-g(Y.VxZ)=0.
By virtue of (4.1) we have,
Xg(Y,2)-g(VxY +H(X.Y),Z) - g(Y.VxZ +H(X,Z)) = 0.
From here
Xe(Y.Z)-g(VxY.2)~ g(Y.VxZ) - g(H(X,Y),Z) - g(H(X,2),Y) = 0
that is,
(Vxe)XY,Z)-g(H(X,Y),Z) - g(H(X.Z),Y) = 0.
Since v is the Levi-Civita connection, (Vg)(Y,Z) =0 and hence we have
g(H(X,Y),Z) - g(H(X,Z), Y} =0. 4.2)
Also, from (4.1) it follows that
H(X,Y)-H(Y,X) = V3 Y =V Y - VX + VX
=V Y-VyX -[X,Y]

=T(X,Y)-
Hence by using (1.4) we obtain,
H(X,Y) - H(Y,X) = n(Y¥)¢X) - n(Y)$(X)- 4.3)
Again from (4.3) we get
g(H(X,Y),Z)-g(H(Y,X),Z) = n(Y)g(d(X).Z) - n(X)g(¢(¥),Z) 44)
g(H(X,2),Y) - g(H(Z,X),Y) = n(Z)g($(X), ) - n(X)g(d(Z),Y) 4.5)
and )

g(H(Y,2),X) - g(H(Z, Y),X) = n(Z)g($(Y). X) - n(Y)g($(Z), X) (4.6)
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Adding (4.4) and (4.5) and then subtracting (4.6) from the result we get by applying
(2.13) and (4.2)

: H(Z,Y) = n(Z)¢(Y)- 4.7
So that from (4.1) we can write
VY = VY —n(X)(Y)- 4.8)

If
ﬁ(X, Y)Z = %Xeyz - §Y§XZ - §[X,Y]Z

denote the curvature tensor of the connection V then from (4.8) by using the
relation (1.1) we obtain,

R(X,Y)Z = R(X,Y)Z - 2dn(X, Y)¥(Z) + n(X)g(Y. 2)%

YM(Z)X -n(X)N(DY - n(Y)e(X, 2)E 4.9

where R(X,Y)Z is the Riemannian curvature tensor of the manifold.
Therefore from (4.9) we obtain,

g(Y,Z) =8(Y,2)-2dn(¢Z,Y) + g(Y, Z) + (n - 2)n(Y)n(Z) “4.10)
where S and S denote the Ricci tensors of V and V respectively.
Further, since dn is skew-symmetric, we get from (4.10)
T=r+2(n-1)- @11
It is seen from (4.10) by using (2.14) that
S(X,Y) = S(Y,X)
that is, the Ricci tensor of the connection V is symmetric.
The conformal curvature tensor C(X,Y)Z of the quarter-symmetric metric

connection V is given by
C(X,Y)Z=R(X,Y)Z~ ———%[g(Y, Z)LX - g(X, Z)LY + S(Y, Z)X - S(X,Z)Y]
n —

r
+ m[g(Y,Z)X - g(X,Z)Y]. (4 12)

From which we get
E(X,Y,Z,W) = R(X,Y,Z W)~ %[g(Y,ZS(x, W) - (X, Z)3(Y, W)
n p—

+S(Y, Z)g(X, W) - S(X, Z)g(Y, W)]

r
PPURTY DY - 4.
+ n-Dn-2) [8(Y,Z)g(X, W) - g(X, Z)g(Y,W)] (4.13)

where
C(X,Y,Z,W) = g(C(X,Y),Z, W)
R(X,Y,Z, W) =g(R(X,Y)Z, W)
S(X,Y) = g(LX,Y),
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L being the symmetric endomorphism of the tangent space at each point

corresponding to the Ricci tensor S.
By using (4.9), (4.10) and (4.11) we get from (4.13)
E(X,Y,Z, W)=C(X,Y,Z,W)-2dn(X,Y)g(¢Z, W)

+ ;‘i_z[g(Y, Z)dn(oW, X) - g(X, Z)dn(¢W,Y)

+8(X, W)dn(9Z, Y) ~ g(Y, W)dn($Z,X)] = 0 (4.14)
where C(X,Y,Z,W)=g(C(X,Y)Z,W)and C(X,Y)Z is the conformal curvature tensor
of the Levi-Civita connection V.

Clearly dn=0 is a sufficient condition for
CXY,Z, W) =C(X,Y,Z,W). (4.15)
If one considers the relation (4.15) to be true one can get from (4.14)

an(X, g2 W) - — [8(Y. Z)n(@W. X) - g(X. 204 W. Y)

+g(X, W)dn(4Z, Y) - g(Y, W)dn(¢Z,X)] = 0. (4.16)
Putting Z=¢ in (4.16) we get
N(Y)dn(dW,X) — n(X)dn(¢W,¥) = 0- 4.17)
Again putting Y= and W =¢W in (4.17) we obtain
dn(X, W) =0-

The following theorem can now be stated:

Theorem 4.1. A necessary and sufficient condition for the conformal curvature
tensor of the quarter-symmetric metric connection V given by (4.1) to be equal to

the conformal curvature tensor of a Sasakian manifold M" is that the contact form
1 is closed.

Next we consider the projective curvatue tensor of V. Let

PX,Y)Z=R(X,Y)Z+ ——L—I[§(X, Y)Z - S(Y, X)z]
n

+

- l[{n§(X,Z)+§(Z,X)}Y 8. 2)+ 3z ] (4.18)
I

be the generalized projective curvature tensor [3] of the quarter-symmetric metric

connection ¥ . But here the Ricci tensor of the quarter-symmetric metric connection
is symmetric. Therefore the expression of the generalized projective curvature tensor

of the connection V reduces to
P(X,Y)Z=R(X,Y)Z- %[§(Y, Z)X - S(X, Z)Y] (4.19)
n p—

From which we get
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P(X,Y,Z,W)=R(X,Y,Z W) - —3-1 S(Y,2)g(X, W) - S(X,Z)g(Y, W)] (4.20)
n —

where

P(X,Y,Z, W) = g(P(X,Y)Z W)
R(X,Y,Z W) = g(R(X,Y)Z,W)-

By virtue of (4.9) and (4.10) we get from (4.20)

P(X,Y,Z, W) = P(X,Y,Z,W)-2dn(X, Y)g($Z, W)
+g(Y, Z)n(X)n(W) - g(X, Zn(Y (W)

# 2 {a(X, W)INGZ, )~ (Y, W)dn(Z,X)]
~—L{e(Y, 2080 W)~ g(X. 2)e(Y. W]

+ ;l_—l[g(X, XM(YM(Z) - (Y, Wn(X)mz)]  @4.21)

where P(X,Y,Z, W) =g(P(X,Y)Z,W) and P(X,Y)Z is the projective curvature tensor
of the Levi-Civita connection. Hence the projective curvature tensor of the quarter-
symmetric metric connection given by (4.1) is not, in general, equal to the projective
curvature tensor of the Levi-Civita connection. .
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