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ABSTRACT

In this paper we find the Solutions ofthe equation

y’ + (^-Q(x)ry- n(n +1)
X€R+ ,v = 0 ,

usingthe Solutions oftlıe Klein-Gordon equation
y'-(Z-Q(x))^y = 0, X e = [0,oo),

where Q is a real valued function, Â is a spectral paramda" and n is a natural number.

1. INTRODUCTION

Let us consider the following boundary value problems

y'-(Z-Q(x)yy = 0 , 

y(0) = 0
xeR4_ (1.1)

and

y" + (X-Q(x)yy- n(n + l) xeR (1.2)
X t

y = o ,

where Q is an absolutely continuous real valued function in each finite subinterval of 

R, and satisfying

£”x5q(x)| + |Q'(x)|}İx (1.3)□O .

Under the condition (1.3) the equation (1.1) has the Solutions
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+£"K\x,t)e
»X

(1.4)“dt,

and

e (xA) = e iZx-ia(x) ACO
J^K”(x,tX
'X dt. (1.5)

for Z in the closed uppcr and lower half-planes, respectively, where
co

a(x) = jQ(t)dt,
X

and the kernels K“(x,t) are expressed in terms of Q and K'‘'(x,t) are tlıe Solutions 

of Volterra type Integra! equations( [ö]).

As it is known, the Solutions of e*(x,Z) and e (x,Z) given (1.4) and (1.5) are 

iınportani in the investigation of spectral analysis and scattering theories of the 

boundary value problems (1.1) ([2]-[5]). But the cquation (1.2) has no solution 

represented as the Solutions (1.4) and (1.5) dne to the factor n(n +1)

İn this study, our purpose is to find tliat tlıe equation (1.2) have the similar 

Solutions to (1.4) and (1.5) using the solution of the equation (1.1).

The similar problem has been studied for Sturm-Lioville equation in [1].

2. The solution of (1.2)

Let us consider the following equation
y’ + (Q"(x)-2ZQ(x))f = 0. I (2.1)

Tlıen we get

Theorenı2.1. For ali Z, equation (2.1) has the solution y(x,Z) which satisfies 

the initial conditions f(0, Z) = 0, f'(0, Z) = 1 and^N, Z) has tlıe representation

f (X, Z) = X - j(x - t)f22 (t) - 2ZQ(t)}f (t,Z)dt. 

o

Moreover the asymptotic equalities

y(x, Z)= x(l+o(l)) , f'(x, Z) = (l+o(l))

(2.2)

(2.3)
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are valid.

Proof. If we integrate equation (2.1) tvvice and use the initial conditions, we get 

equation (2.2). From equation (2.2), we get asynıptotic equalities (2.3) by ıneans of 

Standard tcchnıque ([vjp. 145).

Let A(x, X) be the normalized eigen-fimction of the boundary value

problem (1.1). The solution h(x, A) has the fonowing asymptotic behavior 

lı(x. A.) = x(h'(x. A) + o(l)), (2.4)

for X -> 0 .

If we consider the function

y('i<;Kı =
f (x, A)h'(x, A) A)lı(x, A)

Af(x,A)
(2.5)

We can give follovving

Theorem2.2. If the function /(x. A,) is not vanished in the interval (o,oo), then

the fiuıction><x, ) defined by (2.5) satisfies the equation

y" + V(x,X)y + X^y = 0 (2.6)

where

V(xA) = Q^(x)-2AQ(x) + 2İF'(x,A.)r’(x,A,)]'. (2.7)

and

Proof. Let us write the first and second derivatives ofXx, X):

y'(x,Z) = -X.h(x,Z)-
f'(x,Z) ff(x,X)h'(x,X,)-f'(x,Z)h(x,X,)

f(x,A,) Zf(x,Â,)

y"(x,A)= -■>?
A.f(x,Z)

f'(x,Z) 
f(xA)

y(x,Z) + X
f’(x,X)h(x,Z) f'^(x,/.)

f(xA)
+

f^(xA)

f(x,A.)h'(x,A) - f'(x,A)h(x,A) 
Af(x,A)

f'^(xA) 

f^(x,A,)
f’(x,X,) 
f(xA)

+ ■y(Ti,'>-)
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= ->?y(x,X) +
f'\xA) f'(x,Z)f(x,Z)-f^(x,Z,)

f^(xA) f^(xA)

= -??y(x,X,)- (q^(x) - 2ZQ(x)J^(x,>,) + 12 f'^(x,X) 

f^(x,Z)
.f"(xA) 

f(x,X.)
■y(x?-).

Hence, we find that
y’(x,X) + |3^(x)-2ZQ(x)jy(x,A.)+2jf'(x,Z)r’(x,Z)jy(xA)+X^y(x,X) = 0

Ifweusetheasymptoticequalities(2.3)and(2.4) as x—>0,wehave

lim y(x,X) = lim
x->0 x-»0

f (x, Z)h'(x, X) - f'(x, X)h(x, X.) 
Xf(x,X)

= lim 
x->0

f(x,X)h'(x,X) 
Xf(xA)

- lim 
x->0

f'(x,X)h(x,X) 
Â,f(x,A.)

= limX ^h'(x,X)- HnıZ 4''(x,Z)-
x-^0 x->0

h(x,Z) 
f(x,A,)

= r’h'(0A)- limr'f'(x,X)^''’^’'^'^- 
x->0 f'(x,X)x->0

2|r'(x,x)r’(x,x)] '= 2|(ı+0(1))- 1 
x(l + o(l))

x^0

Hence, by (2.7) it follows that the potential V(x,X.) behaves like -y'ı in the

neighborhood of zero. In this way we use the funclion (2.5) in the non-singular 

boundary value problem (1.1) and find the singular boundary value problem (2.6)

Now we find the inverse transformation of the transformation (2.5). Since

y(xA) =
f(x,Z)h'(x,>.) - r'(x,/.)h(x,/,) 

Xf(x,Â)

then we get

= 0

= 2
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y(x,X,) _ I h(x,A,)
f(x, X)

and hence, we also find

X 
h(x,Z) = Zf(x,Z)J 

o

lö^dt 
f(t.X)

Now in a similar way, we find the differential equation 

h"(x,Z) + {v(x,X)-2|f'(x,X)f-’(x,X)]')ı(x,Z)-ı-X2h(x,X) =0 .

(2.8)

(2.9)

If yve substitute the potential defined in {2.1) m the last statement then we 

find the non-singular equation

y’-(X-Q(x))2y = 0 .

So we get the following theorem.

Theorem 2.3. If the function h(x, A) defined by (2.8) is the solution of

(2.9) then the function y(x,A) definedby (2.5) is the solufion of (2.6).

Remark: Now if the boundary value problem defined by (1.1) and the 

condition y(0)=0 has no negative spectrum then the solution f(x,A) of (1.1) for 

A =0 which satisfies the initial conditions f(O,Z) = 0,f'(0,X) = 1 is not vanished in

the interval O<x<oo. The nomıalized eigen-fimctions of this boundary value 

problem and their derivatives will have the following asymptotic behavior at infinity

h(x,A,) s sin(Kx-l-5(x)) h'(x,X) = X,cos(Xx +5(x)). X —> 00 .
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