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ABSTRACT

The present paper deals with the characterization of the (p.q)-type of entire functions

f: C*>C in terms of the Chebyshev best approximation to f on compact set E c c? by
polynomials.

1. INTRODUCTION
Let E be a bounded closed set in the space C” of two complex variables z = (2,,2,),
with the norm
A, =suls(a)f:z < £}
for a function f defined and bounded on E.
Let P, denote the set of all polynomials in z of degree < v . Set

E(f,B)y=inf{f~p|, :peP).
Winiarski [5] proved the following theorem for one complex variable:
Theorem A. A function f, defined and bounded on a closed set E with a positive
transfinite diameter d, can be continued to an entire function f of order
P(0<p<w) and of type 6(0 <o <), if and only if

limsup v'?(E, (f, E))"" =d(ecp)"'”. (1.D
In two complex variables, the type o of f{z) can not be characterized by means

of the measure of the Chebyshev best approximation to / on E by polynomials of
degree <v with respect to both variables. So we have to consider the measures

E.(f,E), k=(k, k,) of the Chebyshev best approximation to fin E=EYxE®
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by polynomials of degree <k, with respect to the j-th variable, j=1,2, where E ;is
bounded closed set with a positive transfinite diameter d, = d(E"’) in the complex

z, plane. The main object of this paper is to extend above theorem for two complex

variables. To estimate the slow and fast growth of entire functions this theorem will
also be extended to (p,g)-scale introduced by Juneja et al. ([1], [2]). Our results can
also be easily extended to n variables.

Let D be a complex Banach space with a norm || . " Let f:C* — D be an entire

function. Consider the maximum of f:S(r, f) = sup{|f(z)|}vr € R*. First we
Lel=r

have
Definition 1.1. An entire function defined on C° is said to be (p,q)-order p(p,q)

and if (b <p(p,q) <) (p,q)-type o(p,q) if

. log s
p(p,q) = limsup 251, (12)
re log"

[

rwo (loglq“' r) o(pg) ° o< 0-(p’ q) s ’ (1 3)

where log!" & = exp/™ x <o with log x = exp'” x = x.

Definition 1.2. An entire function f{z) defined on C° is of index-pair
(p,g) p2q=21 if b<p(p,q)<o and p(p—1,g-1) is not a finite nonzero
number such that

log"” S(r, f)

lim sup [q] ) = p(p’ q)’
g r

rove 1
where,
b=1if p=gand b=0if p>gq.

If p(p,p) is never greater than 1 and p(p’, p') =1 for some integer p'=1,
then the index pair of f(z) is defined as (m, m) where m = inf {p' p(p,pH= 1}. If
p(p,q) is never nonzero, finite and p(p”,1)=0 for some integer p" 21, then the
index pair of f(z)is defined as (n,1) where # = inf {p p(p" D= 0} If f (z) is of
index-pair (p, q) then p(p, q) is called its (p, q) -order.

Let P, = P,(C?,D), k =(k,,k,) be the set of all polynomials p:C* - D of
degree <k, with respect to j-th variable, respectively, j=1,2.

Let E be a compact set in C* and let f:E — D be a function defined and
bounded on E. Set

E;(f,B)y=int{f-p|,:peP}
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Let E=E®xE®, when E“ (j=1,2) is a compact set in C containing
infinitely many different points.

Let nf.’ =(nio,...,nm ), j=12, be a system of k, +1extremal points of
E, (see [4]).

Let
(Zj —T]jo)... l (Zjnjkj)
(M =Mad|. (M, =M)

“j

(uy) (uj)
LY (z,)=L"(z,,E,) =

where |u , means that the factor u ;1s omitted.

The polynomial
kyky
Li@= X [N, L (2L (2,)

ug,up =
is the Lagrange interpolation polynomial for f with nodes n{*’ xn%? of degree
<k, with respect to the j-th variable.
The inequality

E,:(f,E)s"f—Lk"E(HQ(kj +1))E,:(f,E) (1.4)

can be proved in a similar manner as Lemma 1.1. of [3].
Now we prove

Lemma 1.1. Let &% =(%k",k{), v=12,.., be an increasing sequence such that
min{kj‘,”’ tj= 1,2}——) e, when v— o and £;” are natural numbers.

Let E=EYxE® where EY(j=1,2)is a compact set with a positive
transfinite  diameter d,=d(E”’) in the complex z,-plane and let
D, € B k k=(k,k,) be polynomials such that

0,(z2)=0 when k¢ {k‘”’ }

If there exist K =(K|,K,)20, u=(u,,u,)>0,v,€ N and A >0 such that

(k=¥)/u
I, <2 (L] hen ] s

where d =(d,,d,), v is a fixed natural number and ¥ = (y,7) € R?, then
f@=2p2), zeC",
{0

is an entire function, and for all & =(g,,&,) > 0 there exists an r® = (", ") € R?
such that
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logM(r, £)<S(K, +8)r for r>r®,
=

where M@, f)=sup{lf@):z<E} r>d, E® ={z,:d 9,z =7, L >d,
j=12, E = EYxE?,0,(z;)=¢(z,, E”) be the extremal function of the compact
set EV, (j =12).
Proof. By property of extremal function ¢(z, E) [4]:
lpG) <Pl G), zeC*

applied to each variable separately we get

le. @) <|lp.), 0" . E®) 92 (2, E®) for zeC. (1.6)
Set v(r)=(2“eKur",2eKu,r?) and take r¥ =r", n” > (1) in such a way
that v(r) > k™ for r > r®. Moreover, we assume that v=0and A =1. Using (1.6),

we get
IA eKu )" 1
M(r,f)< u———“"r"-{- — =+ —
/) ]%sa d* aqk%:v(nl( k j lk|>lzv%r)| 2

kiu
K

<Bri+ Y i Y 2 for r>r®,
i\ k

where B does not depend on r,o =(a,a)€R’. The maximum value of the

eKu, Y
expression ( kj / J rj"f, j=Q,2) for r, fixed is obtained for k, =u K ;v and

j

is equal to exp(K ! ), we obtain

? T+2 .
v(r)+2 _[oc; )exp(ikjrf’)+22
2 =t

M(r,f)SBra+

< pr + + 2 exp(ik.r?’)
exp(ZKjrj"’) 2 e_xp(ZKjrj"’) ZH

for r>r®, where v(r) is the smallest entire number greater than or equal to v(r).
Hence we get
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2
M(r,f)SGXpZ(K,+sj)rj“f for r>r@ .
i=t

Since for any K'>K we have (K'/k)*"* > (K /(k-7)*™"* when k is sufficiently
large, in the case of y#0 or A #1the proof is analogous with the only difference

that before the second and third component of the right hand side of inequality (1.7)
there occur positive constants which have no influence of the reasoning,
Now we prove our main results.

Theorem 1.1. If the transfinite diameter d, =d(EY)>0(j=12) and

(0, 9)=(p(P,9), P.(P,9)) > (b,]), o(p,q)=(0,(P,q),0,(P,q))>(0,0), are
(p.q)-order and (p,q)-type of an entire function f respectively, then

o(p,q) log ™ k

T o (1.8)
m minp‘j}"‘” (lOqu'1| E; (f; E)_l/k )P( ,q)-4
where
(p(2,2)-pr@dn
(p(2,2))*» if (p,9)=(,2),
1 .
"7 ep@na i (pg)=(2D,
1 Otherwise.
and

L o=y, | erea =22

. b . 3 k = (kl b k2)
0 Otherwise. 0 Otherwise.

2
Proof. Let Wk(Z)=H(Zj—ﬂjo)---(Z,—ﬂ,k,), where {’7,-0”7,*,} is a system of
J=1

k, +1 extremal points of the compact set £ (j =1,2).
If r, is sufficiently large, such that r, >, then
E? ={z,:d,4(z,,E®)=r}
is a union of finite number of mutually disjoint analytic Jordan curves in the
complex z, — plane, therefore

F)-L,(2) = — W, (2)f($)

(2”1 )2 £ Wk (:)(;x —Z )(é’z - Zz)

dg,

where d{ =d¢ dg,.

It can be easily seen [5] that for every & >0 there exist 4, r® and K such that
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_ _ e; \*%/
1) “sk. LGN for 1, >r s k> k.
2mi 4ip |6, = 1,006, —M )G -2 L 7 '

Using (1.9) we have
Ir -], <2 20D sy, (1.10)

for r>r®=@E",r"), k> k“) =", k), where A=A4,,4,, £€=(¢,¢,),
e" =(e®,e™).
Let K(p,q)=(K,(p,q9).K,(p,q)) > o(p,q). By the definition of (p,q)-type of f and
in view of ([3], eq. 1.7) there exists an »® > such that
log"™ M(r, f ) <
(loglq-ll r) p(p.q)

(2)

<K(p,q) for r>r

or
M(r, f) < exp” ™ [K(p, g)(log™" r)*»* ] (1.11)

For (p,g)=(2,1), using (1.11) with (1.10) we get

eK(Z.l)rp(Z,l) :]

I, < ey | £

Let £® > & such that

(1.12)

[ k llpj(Zl)
—t >r, for j=12, k>k®..
r,p,(z,l)) ’

& 1 py(21) k U py (20
=[(K2(2,1)p2(2,1)] ’(Kz(z,l)pz(z,l)j }

in (1.12), we get
Ir-Ll, < aey |

K/ peal)
< Mk(ed(z,llzp(%l)] (es—ﬁ/k)k for k >k(2),

where 8 =(8,,5,). Which gives
k("f _ Lk “E )P(Z.l)/k < ep(2,1)0’(2,1)d p(2,1) (ﬂ,p(z,l)/k (es—slk )p(z,l))

Choosing

eK(z,l)p(z,l)]“"”“’
k

or
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k 2,1
TN a1
f - Lk £
For (p,q)=(2,2), from (1.11) we have
M(r, f) < explK (2,2)(10g 1),

and by (1.10), we have

If = L], < A(de)* explK (2,2)(10g )" (i) (1.14)

i 14p, (2.2)-1)
Let k(z) > k(l) such that r =[7(E—2—2)—1(-2—§3] > rj, (j =1,2), k> k(z).
2 pl 3

Choosing
' k

Upr (220 i ey (2,21
r= exp[—-—————‘—} , exp[————l————]
K,(2,2)p,(22) K,(2.2)p,(2,2)

in (1.14), we get

k PA(2,2) I(p(2,2)-1) 1
A(de* Y exp| | —~— e S
(de ){ p{(p(Z,Z)J (K@2,2)" ”

k p(2,2)-1) *
{exp[(K(z,Z)p(z,z)] }}

loglf ~ L], Slogk+[

lr-L.J. <

or

pH2,2)H(p(2,2)-1) .
p(2 2)) W*’klogd

k 1{p2(2,2)-1)
+ ke — k| ~———mro——
K(2,2)p(2,2)
or

U(p(2,2)-1) P(2,2)Kp(2,2)-1) p(2.2)-)
~Lioglr -, 2 -t — 1 k
k £\ K(2,2)p(2,2) p(2,2) K(2,2)

—%logzl—logd—e

k H(p(2.2)-1) 1 1
(m) {1‘(p<z,z>ﬂ7‘°gl“°g("e)
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H({(p(2.2)-1)
(__.k__] (g@__m__lj -0
K(2,2)p(2,2) p(2,2)

-k P21 k 2,2) -1 2,211
Josly 1 2 s {CEDDEE - ol

or

or

k@2 )>11msu k (1.15)

m = fogl LT
Now we consider the case when (p,q)#(2,1) and (2,2) ie, 3<g<p<o, let

k® > k® such that
expw—u[“’g“’_” &, K(p,9)p,(p.q))

1/ p;(p.q)
} >r, for k>k?, j=12.

K(p.q)
Choosing
[p-2) U p(p:9)
_ [q-.]{log /K, (p,9)p,(p, q))} :
r=(exp ,
K. (p.9)
" 1/ p2(p:q)
expzq-u[log‘” "k, 1 K, (P )P (P, q))} ™
K,(p,9)
in (1.10) and (1.11), we get
If =L, < Mde*)" exp(k / K (p, )p(p. )
- ~ e Y ¥
] L8 (k/ K(p,g)p, (2 ) |
exp
K(p,q)
or
log|f — L], <(k/K(p,q)p(p,q))+klogd + ke +log A — kexp"*™
v 1 1p-2] Up(p.@)
X{ og” (k! K(p,q)p(p, q))]
K(p.q)
or

g Uplp.g)
log“f - Lk "'”k > exp[q-21|:10g[p 2 (k / K(P, ‘I)P(P, ‘I))ji P [l _ 0(1)]
¢ K(p,q)

for sufficiently large values of k,’s, or

o e boa | log??(k/ K(p,q)p,(p,9))
R e

:l 0(1)]0(11.:1) ,
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or since p > 2,

log”? k
K(p,q) 27 —
llog[q—ll "f_Lk “:/1‘ ]»( )

Proceeding to limits, we get

[1 - 0(1)] p(pq) .

[p-2}

lim sup log
waly b= Jlogie | - L, "

Since (1.15) and (1.16) are valid for every K(p, q)=(K,(p,9),K,(»,q)) > o(p.q),
follows that

r(p,q) <K(p,9). (1.16)

. log” 'k o(p,
lim sup g K oD (1.17)
minft; Jom boglq-ll"f_Lk"E r m
To prove reverse inequality, let V=(v,v)e R?, v=0,l,... and in view of
Lemma 1.1 expanding to the function fin the series

@ =L@+ (L@~ L, (), zeC

v=0

we obtain
Lm _Lv Sllf_Lm £ +"f_Lv|E
<lr-L,
or
HOE ROy IANC e}

using property (1.6) of extremal function and applied to every variable seperately,
we have

lf@|sa, +23)f- L],/ dy for zeED. (1.18)

Consider the function
g@)=Y |f-L,
v=0

LW =0 in view of Lemma 1.1, it follows that g(z) is entire

Z;.
E

Since 1i_x31"f—LV
function and further (1.18) gives
M@, f)<a,+2g(r/d). (1.19)

which gives
lp-2 =
o) ¢ jiy s g™ v . (1.20)
m min(j o lloglq—l| " f _ LV”E r

Using inequality (1.4) with (1.17) and (1.20) together gives the proof of theorem.
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