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ABSTRACT

The object of the preseni paper is to prove various distortion theorems for the fractional calculus of 
the functions in the class P(n,X,a,r) consisting of analytic functions with negative coeffıcients in the 
unit disk.

1. INTRODUCTION

Let A(n) denote the class of functions of the form
OO

f(z) = z- ^a|(z'‘(a|j > 0;n e N = {1,2,...})
k=n+l

which are analytic in the unit disk U = {z: |z| < 1} A function f(z) e A(n) is said to be 

in the class P(n,X,a,r) if it satisfıes

Re-^ T.
(>vrz'.r-1 + 1-X)f'(z) + Xz‘'f"(z)

Xz''f'(z) + (1-X)f(z)
>a, (r = 1,2,...)

For some a (0 < a < 1), Â. (0 < X < 1) and for ali z e U. Some properties of the 
class P(n,X,a,r) were investigated by Kamali and Kadioglu [3}.

Leınma 1. If a function f(z)eA(n) is in the class P(n,X.,a,r) then
00

E [(k - a)(Xk - Z +1) + Xk(r - l)]fl, < (1 - a) + ?ı(r -1).
k=n+l

(1)

Proof. Let f(z) e P(n,A.,a,r). We can write
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Re.^ z
(A.rz''~' +1-X)f'(z) + Xz''f"(z) 

Xz"f'(z) + (1-A.)f(z)
> a.

Then
[ W‘ + (1 - X)][z - kaı.z'^ ] + Xz^^‘[-Xİ'CO

>k=n+l k(k-l)akz^

- Sk=n+ı kakz""' ] + (1 - k)[z - Sk=n+ı ^k^^ 1

Â,rz" +(1-^)z-X:î
>oo
ık=n+l [X,rk + X,k^ -Xk]a|^z k+r-I -Zi100

(k=n+l (1 - A,)ka,^z

"kT." +(l-A,)z-Xİ100

<k=n+l [Xka|^z k+r-1 -S100

<k=n+l 0->t)a,,z k

k

If we choose t. real and let z 1 , we get
00
2^[(k-a)(Xk-X + l) + Xk(r-l)]ai( < (l-a) + Z(r-l).

k=n+l

2 Fractional Calculus

I begin with the statements of the following definitions of fractional calculus (that is, 
fractional derivatives and fractional integrals) which were defined by Owa ([4],[5]) 
and were used recently by Srivastava and Owa, Altintas, and Cho and Auof 
([ll[2j[6]).

Defınition 2. The fractional integral of order S is defined, for a function f(z), by
f(Ç)D;^f(z) = ^f 

r(5)İ(z-Q ı-s di; (s>o),

where f(z) is an analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z-f^) 
log(z - Ç) to be real when z - Ç > 0.

5-1 İs removed by reguiring

Defınition 3. The fractional derivative of order 8 is defined, for a function f(z), by

D’f(z) = f(0
r(i-8) dzJ(z-0

where f(z) is constrained, and the multiplicity of (z-Ç) 
Definition 2.

-6 İs removed, as in

Theorem 4. Let the function f(z) be in the class P(n,X,a,r). Then have

kİ
r(2+§)

[(1 - g) + ?ı(r - l)]r(n + 2)r(2 + S)
[(n +1 - a)(Xn +1) + ^(n + l)(r - l)Jr(n + 2 + 8)

and

|D;’f(z)|>

z

5

1 d z

J 5 dÇ (0<§<l),
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s
|D;^f(z)| kİ

r(2 + 5) kİ
[(1 - g) + A,(r - l)]r(n + 2)r(2 + 5)

[(n +1 - a)(Â,n +1) + X(n + l)(r - l)]r(n + 2 + 5)
-kİ""'}
\ I I

for 5 > o and z s U. The result is sharp. 
Proof. It is easy to see that

00

r(2+5)z-®D;®f(z) = z- X
k=n+I

r(k + l)r(2 + 5) 
r(k + 5 + l)

«kZ = 1.- ZV/(k)akZ 
k=n + l

where

V(k) =
r(k+i)r(2 + 5) 

r(k + 5 + i)
(k>n + l).

Noting that \iy(k) is a decreasing function of k, we have

O < vp(k) < v|/(n +1) =
r(n + 2)r(2 + 5) 

r(n + 2 + 8)
Using Theorem 1, we have

00 oo

[(n +1 - a)(Xn +1) + A,(n + l)(r -1)] < X [(k - a)(Xk - A. +1) + Xk(r - l)]a|^
k=n+l k=n+l

k k

< (l-a) + Â,(r-l),
or

00

k=n+l

(l-a) + A(r-l)
[(n + 1 - a)(An +1) + A(n + l)(r-)]

We can see that

Z «k

|r(2 + 5)z-®D;^f(z)|>lz|-v(n + l)|zl n+1 oo
S«k

k=n+l

[(l-a) + X,(r-l)]r(n + 2)r(2 + 5) 
[(n + 1 - a)(An +1) + A(n + l)(r - l)Jr(n + 2 + 8)

ın+lW
and

|r(2 + 5)z-®D -5 
z

f(z)|<|z| + v(n + l)lz| n+1 00

k=n+l

^kl+
[(l-a) + A(r-l)]r(n + 2)r(2 + 5) 

[(n + 1 - a)( An +1) + A(n + l)(r - l)]r (n + 2 + 8) kİ’ın+l

k

vvhich prove the inequalities of the theorem. Further, equalities are attained for the 
function f(z) defıned by

D;®f (z) = r(2 + 5)V
[(l-a) + X(r-l)]r(n + 2)r(2 + 8)

1 - a)(X.n +1) + X(n + l)(r - l)]r(n + 2 + S)
z n+1

or

f(z) = z-
[(l-a) + A(r-l)] 

[(n + 1 - a)(Xn +1) + X(n + l)(r -1)]
z"^-'

Theorem 5. Let the function f(z) be in the class P(n,Z,a,r). Then we have
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|DÎf(z)| kİ -ö

r(2-5) ki
[(1 - g) + k(r - l)]r(n + 2)r(2 - 5) 

[(n + l - a)(A,n +1) + A,(n + l)(r - l)]r(n + 2-5) ki n+l

and

|p:f(z)|< kİ -6

r(2-5) kl+
[(1 - g) + ?c(r - l)]r(n + 2)r(2 - 5) 

[(n + l - a)(Zn +1) + k(n + l)(r - l)]r (n + 2 - 5)

for 0 < 5 < 1 and z e U. The result is sharp. 
Proof. It is easy to see that

XI r(k + l)r(2-5) 
r(k-5 + l)

■^kZ‘‘ = Z- Xv(k)kakZ
k=n+lk = n + l

k

where

M/(k) = r(k)r(2-s) 
r(k-5 + l)

(k > n +1).

Noting that M/(k) is a decreasing function of k, we have

0 < M/(k) < v|/(n +1) =
r(n + l)r(2-5) 

r(n + 2-S)
Using Theorem 1, have

(n + l - a)(A.n +1) + k(n + l)(r -1)
^ka,^ <(l-a) + X(r-l) 

k=n+l

or
co

s ka, < 
k=n+l

(n + l)[(l-a) + k(r-l)] 
[(n + l - a)(kn +1) + k(n + l)(r -1]

We can see that

|r(2-5)z^D^J(z)|>)z|-v(n + l)|z| n+l 00 

Zka, 
k=n+l

[(1 - g) + A.(r - l)]r(n + 2)r(2 - 5) 
[(n + l - a)(kn +1) + k(n + l)(r - l)]r(n + 2-5) kİ n+l

and

|r(2 - S)z"D®f(z)| < |z| + v(n + l)|z| n+l QO 
Ska, 

k=n+l

[(1 - g) + Z(r - l)]r(n + 2)r(2 - 5) 
[(n + l - a)(A.n +1) +'X(n + l)(r - l)]r(n +2-5) kİ

n+l

which prove the inegualities of the theorem. Further, egualities are attained for the 
function f(z) defıned by

D«f (z) = z-« 

r(2-5)
z-

[(l-a) + X(r-l)]r(n + 2)r(2-5) 
[(n +1 - a)(^n +1) + A.(n + l)(r - l)]r(n + 2-5)

z'’^*

or

n + l

k

k
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f(z) = z-
[(l-a) + X(r-l)] 

[(n + 1 - a)(Xn +1) H- X(n + l)(r -1)] z.n+1

Remark: If we take r=l in this paper, then we have the result given by Altıntaş [1]
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