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lorentzian cylinder lie GROUP in Rf AND ITS A 
C°°-ACTION

HALIT GÜNDOĞAN AND KADRIYE PEKTAŞ

Abstract. Ih thia paper, two binary operations on Lorentzian sphere in Rj 
and on Lorentzian cylinder in Rj are defined. Also, it has been shown that 
Lorentzian sphere in R| and Lorentzian cylinder in R® with the corresponding 
binary operation form Lie groups. A C°°-action on Lorentzian cylinder of 
arbitrary radius of Lorentzian cylinder of radius one is defined in R® and its 
•soıne properties are given. Finally, the action is expanded to Rj.

1. Introduction

Let G be a group and also be differentiable manifold. G is called a Lie group if 
the group function on G as a manifold is difierentiable[2].

Let G be a Lie group and Af be a differentiable manifold. Then Lie group G is 
said to act on differentiable manifold Af, if there is a mapping 0 : G x M —» M 
satisfying the following two conditions;

t) If Pi,52 € G, then

ö {gı, 6 {g2,X)) = 6 {gıg2, x), 
ii) If e is the identity element of G then

for ali X G M.

6 (e, t) = X for ali X G Af.
When Af is a C'°°-manifold and 0 is a C°°, then we speak of a C°°—action[l].

If p G M the set Gp = {0 (p,p)| p G G} is called the orbit of p ıınder the C°°- 
aotion 6 oiG [1].

G is said to act transitively on Af if, given any two points mı, m2 G M there is 
an element g G G such that m2 = 0 (p,mı). G is said to act effectively on Af if e 
is the only element of G such that 0 {g, m) = m İot ali m e M[2].

Let Rj be the vector space R” provided with Lorentzian inner product
n

(a:, 3/) = -a:ıyı +^XiîZi , forx = (xı,X2,-,a;n),J/ = {yx,y2,--,yn}-
t=2

R? is called Lorentz spaces of n-dimension[4]. 
Let d e R+,

n+1
-S” = {(a:ı,a:2, -.aîn+ı) G x? = 1}

i=2
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n
S"-! = e R”| - 1}

i=l

-S^ı = {(a:ı,X2) e 5?|xı > 1} 

5^ = {(xı, X2) e S^ j xı > 0}
n

LC^ = {{xr,X2, ...,x„+ı) e R?+i| - d^}.
i=2

The function © Lorentz spherical product is defined by

© : X -> S? , © {{a,b'), (xı, X2, ...,x„)) = [axı,ax2, ...,axn, b}.

The function S Lorentz cylinderical product is defined by
IS : ({d} X IK) X 57-^ IS ((d,a), (a;ı,a;2, ...,Xn)) = (dxı,dx2, ...,dxn,a) •
These functions are one-to-one and onto[5].

2. Lie Group Structure of Lorentzian Sphere 5?

We consider the Lorentz spherical product in Rf by

© : 51 X 5? 5? , ® {{a,b), (a:ı,a;2,X3)) = (0x1,00:2,0x3,6).

We define a binary operation on Sf by

Q:Slx Sl

(

5?,

x(3y =

(yi - ^40 ~ 2/4 - =^42/4)

{Xıy2 + X2Î/1, xıyi + X2y2) ,

^31/3
4 V

l-®4

(yi - ^lyı - yi
®4Î/4

vt 
İ-W4

\
ı-«J

/

\ yi - xiyi+yi - 2/1x4 /
for X = (xı,X2,X3,X4), y = {,yı,y2ıy3ıy4) î where the function © is defined by the 
function ©.

The function © is associative. The identity element e of Sf according to the 
function O is (0,1,0,0). Also, the inverse element of ali x = (xı, X2, X3, X4) e Sf is 
{—xı,X2, —X3, —X4). Consequently, (Si,®) is a group.

Let

Ui = (X1,X2,X3,X4) e Sı Xi+ı > o, 1 < i < 3
Xi_2 < 0,4 < i < 6 ) 1 < i < 6.

Vi-Ui R?, (xı, ...,Xi+l, ...,X4) if 1 < i < 3
(xı,...,Xi_2,...,X4) İf4<İ<6’

then 51 is a differentiable manifold together with its C^-structure {(t/,, ^i)}ı<i<6-

5? x5?

X Ç’j 

R? xR?

5?

1 <i,j,k < 6.

Rî

Vi{^-i.y^2,X3,Xi) =

©
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From the above diagram, the function (j), which is the coordinate representative of 
the function © is differentiable. Consequently, Sf is a Lie group.

3. Lie Group Structure of Lorentzian Cylinder LC^ and Îts A 
C'°°-Action

Vie define a binary operation on Lorentzian cylinder LC^ in Rf by

□ : LCj X LCİ LC^d,

i \

xQ?/ =

^d2 j.2 y/d^-y^-X4y4 
d

(F-

1- ^3
-I4

d'' yi
1- d* 'tP-xly/cP-y^

-yl-^4y4
{xıy2 + X2yı, a:ıyı + a;2!/2),

.2

y/d'^-xlyi+y/d'^-ylxi
y/<P-yi

x:12.

, 2:5 + 3/5

for X = (xı,2:2,353)2:4,3:5), y = {y\,y2^yz,yiyy5}, where the function □ is defined 
by Lorentz cylinderical product and by Lorentz spherical product in section 2.

The function □ is associative. The identity element e of LC^ according to the 
function □ is (0, d, 0,0,0). Also, the inverse element of ali x = (a;ı, a:2) ^3,2:412:5) € 
LCj is (—Sı,2:2, —X3, —X4, —^s). Consequently, is a group.

The function tt is defined by
TT: {d} X R —> R , TT (d, a) = a.

{d} X R is a differentiable manifold together with its C°°-structure {{d} x R, tt}.
Let Vj = ({d} X R) 13 t/i , 1 < i < 6, where {{C/i,Ç’i)}ı<i<6 İS C^-structure

of Sj. Then, LC^ is a differentiable manifold together with its C°°-structure
xç’i)oKl 1)}

1<*<6■

LCİ X LCİ

i ((ir X çjJoE!-^) X ({tt

Rf xRf

x<^JolZl 1) 1-1

From the above diagram, the function V', which is the coordinate representative of 
the function □ is differentiable. Consequently, LC^ is a Lie group.

Let us consider the function
e : LCt X LCl LCl,

which is defined by
«â ^va

ö(a;,3/) =

^1/1 -a;| 1/52

1-

^•/l - ı|ycP - yi - Xiyi^
{x-iy2 + X2y\,xxyi, + X2y2},

1- »3 I ~x^ 
l-®4

yi - a:^3/4 + \/<P -ylx4, X5 + ys

/

\

d

d

j^a

1 - + ll’-®4

/

2
- 2/4 ”

□
Kil X Vk) °

T

1 < i, j> k < 6.
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for every x = (a;ı,0:2,2:3,3:4,15) e LC^ and every y = {y\,y2,y3,yi,ys} e LC^. 
Thus the following theorem can be given.

Theorem 3.1. The function 3 is a C°°-action of the Lie group LC^ on the differ­
entiable manifold LC^.

Proof. i) The differentiability of the function ö can be shown analogously to the 
difierentiabiüty of the function □.

ii) 3{x.,3{y,p}} = 0(a: □ y,p) for every Xyy ç. LC^ and every p e LC^.
İÜ) 3 (e,p) = p for e = (0,1,0,0,0) € LC^ and every p e LC^-

Theorem 3.2. The C°°-action 6 is transitive.

□

Proof. For any p, q e i'Cj, there exists x € LC^ such that p = 0 (a;, ç). □
CoroUary 1. Let (LC^) 
the action 3. Then

{p} denotes the orbit of p uıith respect to

(Lcn {p}
= LCİ.

Theorem 3.3. The Lie group LCy acts effectively on the differentiable manifold

Proof. For any m & LC^ the equality 3 m) = m \s satisfied only for g = e. Let
'I + a:!}. LCj C (Rt)g for any(®i)b = {(a:ı,a;2,a;3,a;4,a;5) Ç. Rf| |a;ı| < y/xl + x. 

d £ R+. Let us define the function 0'by

0':LC'îx(Rf)^-.(Rt)^ ,ff{x,y} = 3{x,y).

The function 0" is a C'°°-action.
Let the orbit under the action 3"oi aıry point p = (pı,P2,P3,P4)P5) S is

denoted by (LCı) {pj and cP = —pl +P2 +P3 +P4- Then

(LC'f){p}=LCj.

□
ÖZET: Bu çalışmada /Jj de Lorentz birim küresi ve Rı de Lorentz

silindiri üzerinde birer grup işlemi tanımlandı ve bu işlemlerle birlikte 
bunların birer Lie grubu olduğu gösterildi. Tîj de 1-yarıçaplı Lorentz 
silindir Lie grubunun, keyfi yanç.aplı Lorentz silindir manifoldu üzerine 
bir C'°°-etkisi tanımlanarak bu etkinin bazı özellikleri incelendi. Ayrıca 
bu etki Rf üzerine genişletildi.
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