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LORENTZIAN CYLINDER LIE GROUP IN R} AND ITS A
C*-ACTION

HALIT GUNDOGAN AND KADRIYE PEKTAS

ABSTRACT. In this paper, two binary operations on Lorentzian sphere in Rﬁ
and on Lorentzian cylinder in R‘f are defined. Also, it has been shown that
Lorentzian sphere in R‘{ and Lorentzian cylinder in R§ with the corresponding
binary operation form Lie groups. A C®-action on Lorentzian cylinder of
arbitrary radius of Lorentzian cylinder of radius one is defined in R? and its
some properties are given. Finally, the action is expanded to R?.

1. INTRODUCTION

Let G be a group and also be differentiable manifold. G is called a Lie group if
the group function on G as a manifold is differentiable[2].

Let G be a Lie group and M be a differentiable manifold. Then Lie group G is
said to act on differentiable manifold M, if there is 2 mapping 8 : Gx M — M
satisfying the following two conditions:

1) If g1,92 € G, then

0(91,0(g2,%)) =0(g192,z), forallze M.
ii) If e is the identity element of G then
fe,z)==z forallze M.

When M is a C*-manifold and 6 is a C, then we speak of a C®°—action(1].

If p € M the set G, = {0(g,p)|g € G} is called the orbit of p under the C*-
action 6 of G [1].

G is said to act transitively on M 'if, given any two points my, mg € M there is
an element g € G such that my = 6(g,m;). G is said to act effectively on M if e
is the only element of G such that 8 (g,m) = m for all m € M[2].

Let R} be the vector space R™ provided with Lorentzian inner product

n .
(@,9) = —may1 + Y _Ziti, for &= (21,32,..,Tn) ¥ = (U1, ¥2) - Yn) -

. i=2
T is called Lorentz spaces of n-dimension(4].
Let d € RY, |
n+1
Si" = {(ml,:cz, ...,:c,.+1) < RT-Hi - 3321) + Z :::f = 1}
i=2
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n
§™1 = {(21,22,..,72) ER" Y 2 =1}

i=1
81 = {(z1,22) € S| x; 2 1}
ST = {($1,£E2) € Sl‘ml > 0}

n
LCE = {(xl,xz, vy &ng1) € R’f“l - xf + Zx? = dz}.
i=2

The function ® Lorentz spherical product is defined by
®: -S? x 81 5 87, ®((a,b), (21,22, ..., zn)) = (az1,azy, ..., aTn, b) .
The function & Lorentz cylinderical product is defined by
R: ({d} x IR) x 77! — LC} , ®((d,a), (z1, %2, ..., Tn)) = (dx1,dT2, ..., dTs,a).

These functions are one-to-one and onto|[5].

2. LIE GROUP STRUCTURE OF LORENTZIAN SPHERE S}
We consider the Lorentz spherical product in R$ by
®:8T x S - 8%, ®((a,b),(z1, 2, 23)) = (az1,ax2,az3,b).
We define a binary operation on S by
©:88 x5 - 83,

( s e v A B

(VI=aVI=iE o) | e 2

Y = (z192 + Tay1, T1Y1 + T2Y2)

2

(VImRVT= - ) (1= i+ /1 =)

\ 1—adys + /1 - yjos /
for z = (z1, 2, 23,24), ¥ = (Y1, Y2, Y3, ¥a) , where the function © is defined by the
function ®.

The function ¢ is associative. The identity element e of S} according to the
function @ is (0,1,0,0). Also, the inverse element of all z = (z1,z2, z3,Z4) € S is
(=1, T2, —Z3, —4). Consequently, (S3,©®) is a group.

Let

Ll

©|

Tig1 > 0,1

U‘i. = {($1,$2,$3,Z4) € S? Zig < 0.4

<i<3 .
<i<6 },132_<_6.

(.’El, ...,E.,'+1, ...,.’54) if1 << 3
(1:1, ...,ii_g,...,$4) if 4 < i < 6’
then S} is a differentiable manifold together with its C*-structure {(Us, ¥;)}1<i<e-

p, U — R"I’ ) @i (21, 2,23, 24) = {

3 3 . 3
Sl X Sl O] Sl
Lo X p; ek 1<4,4,k<6.
R} x R} ¢ R}
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From the above diagram, the function ¢, which is the coordinate representative of
the function © is differentiable. Consequently, S3 is a Lie group.

3. LIE GROUP STRUCTURE OF LORENTZIAN CYLINDER LC4 AND ITS A
C*°-ACTION

We define a binary operation on Lorentzian cylinder LCj in RS by
O: LCY x LCY — LC4,

7 )
( 1 gy 1Y —7==4-7—’ % \
(Q/dz—xﬁw/f—yf—my,;) \/ a8 ~=g ae-vj d? 22, /a2 -y}
\/I—T“Lgd =3 1——-73—” y_“\/d?—:cﬁw/dz—yﬁ

zly = (z1y2 + 211, T1Y1 + T2Y2)

Ja2—z2\/d?—yl—=z4y, 23 yg ya z2
( d d2—a? 1- d?~-y3 + V-3 1- di-z7 |’

d?—z2ys+/d? —ylzg
d 4 »T5 + Ys )

for z = (x1,%2,3,%4,%s5), ¥ = (¥1,Y2,¥3,Y4,Ys5) , where the function [J is defined
by Lorentz cylinderical product and by Lorentz spherical product in section 2.
The function [ is associative. The identity element e of LC} according to the
function [ is (0,d,0,0,0). Also, the inverse element of all z = (z1, x, x3, %4, Zs) €
LC4 is (—z1, %2, —T3, —x4, —%5). Consequently, (LC4,[) is a group.
The function 7 is defined by

7:{d} xR—-R, 7 (da)=a.
{d} x R is a differentiable manifold together with its C*°-structure {{d} x R,7}.
Let Vi = ({d} x R)®U; , 1 < i < 6, where {(Ui,¥;)}1<i<6 is C*°-structure
of S3. Then, LC; is a differentiable manifold together with its C°°-structure
{(Vi,(m x ;) 0 ‘Zl_l)}15i56'

LC4 x LCY g, LC
L((m x @) o B71) x ((m x ;) oY) Urx @) oB7 1 <45k <6.
R? x R} P Rt

—_——

From the above diagram, the function 1, which is the coordinate representative of
the function 3 is differentiable. Consequently, LC4 is a Lie group.
Let us consider the function

6:LC*x LCY — LC%,

z v T3Y:
J1-Ziy f1- A,
1-zj d -vg 1_13 dz_yg

(VI—BVE =4 - zawa) s =

6 (z,y) = (z1y2 + Z2y1, T191 + T2Yy2),

(T -sa] o )
\ 1_5”4?/4+Vd2—y4§$4,$5 +ys

which is defined by

(
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for every & = (x1,$2,$3,234, $5) € LCil and every y = (ylayZay3’y4’y5) € LC;"
Thus the following theorem can be given.

Theorem 3.1. The function 8 is a C*®-action of the Lie group LC} on the differ-
entiable manifold LC4.

Proof. i) The differentiability of the function § can be shown analogously to the
differentiability of the function .

ii) 6 (2,6 (y,p)) = 6 (x Dy, p) for every z,y € LC} and every p € LC4.

iii) 6 (e,p) = p for e = (0,1,0,0,0) € LC} and every p € LCS. )

Theorem 3.2. The C™-action 8 is transitive.
Proof. For any p,q € LC4, there exists = € LC% such that p = 6 (z, g). o

Corollary 1. Let (LC}) () foranyp e LC4 denotes the orbit of p with respect to
the action 8. Then

(Zey) o) = LCa.

Theorem 3.3. The Lie group LC} acts effectively on the differentiable manifold
LCy.

Proof. For any m € LC} the equality § (g, m) = m is satisfied only for g = e. Let

(R?)B = {(z1,23,23,%4,%5) € RY||z1| < /22 + z3 + 23} LC4 C (R?) p for any
d € R*. Let us define the function ¢ by

g:LCt x (R?)B — (R?)B , 0(z,y) =0(z,y).

The function ¢ is a C*°-action.
Let the orbit under the action & of any point p = (p1,p2, p3, P4, Ps) € (I R?) g 18
denoted by (LCY)(p} and d®> = —p} + p3 + p3 + p3. Then

(ZC1) ) = LC-

OZET: Bu ¢ahgmada R} de Lorentz birim kiiresi ve R} de Lorentz
silindiri iizerinde birer grup iglemi tanimlandi ve bu iglemlerle birlikte
bunlarin birer Lie grubu oldugu gvsterildi. R? de 1-yancaph Lorentz
silindir Lie grubunun, keyfi yanicaph Lorentz silindir manifoldu tizerine
bir C'*-etkisi tanimlanarak bu etkinin baz 6zellikleri incelendi. Ayrica
bu etki R} tizerine genisletildi. ‘
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