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ORE EXTENSIONS OF ZIP AND REVERSIBLE RINGS

MUHITTIN BASER

ABSTRACT. We investigate Ore extensions zip and reversible rings. Let o be
an endomorphism and 6 an a-derivation of a ring R. Assume that R is an
a-rigid ring. Then (1) R is a right zip ring if and only if the Ore extension
R[z;, 4] is a right zip ring. (2) R is a reversible ring if and only if the Ore
extension R{x;a, 8] is a reversible ring.

Throughout this work all rings R are associative with identity and modules are
unital right R-modules. Given a ring R, the polynomial ring over R is denoted by
R[z] with z its indeterminate and rg(—) (Igr(~)) is used for the right (left) annihi-
lator over R. Faith [6] called a ring R right zip provided that if the right annihilator
rr(X) of a subset X of R is zero, rg(Y) = 0 for a finite subset Y C X; equivalently,
for a left ideal L of R with 7g(L) = 0, there exists a finitely generated left ideal
Ly C L such that rg(L;) = 0. R is zip if it is right and left zip. The concept of zip
rings initiated by Zelmanowitz [11] appeared in [2],[3],[5],[6], and references there in.

Extensions of zip rings were studied by several authors. Beachy and Blair [2]
showed that if R is a commutative zip ring, then the polynomial ring R[z] over R
is zip. Hong et al. [7] showed that if R is an Armendariz ring, then R is a right zip
ring if and only if R[] is a right zip ring.

According to Chon [4], a ring R is called reversible if ab = 0 implies ba = 0 for
a,b € R. Kim and Lee [9] showed that if R is an Armendariz ring, then R is a
reversible ring if and only if R[z] is a reversible ring.

In this paper, we study Ore extensions of zip rings and reversible rings. In par-

ticular, we show: Let o be an endomorphism and § an a-derivation of a ring R.
Assume that R is an a-rigid ring. Then (1) R is a right zip ring if and only if the
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Ore extension R{z; o, d] is a right zip ring. (2) R is a reversible ring if and only if
the Ore extension R[z;a,d] is a reversible ring.

A ring R is called a reduced ring if a® = 0 in R always implies a = 0. Recall that
for a ring R with a ring endomorphism o : R — R and an a-derivation § : R — R,
the Ore extension R[z; o, 8] of R is the ring obtained by giving the polynomial ring
over R with the new multiplication

zr = ofr)z + &(r)
for all r € R. If § = 0, we write R[z; o] for R[z;c, 0] and is called an Ore extension
of endomorphism type (also called a skew polynomial ring), while R[[z; a]] is called
a skew power series ring.

Definition 1 (Krempa [10]) Let a be an endomorphism of R. « is called a rigid
endomorphism if ac(a) = 0 implies a = 0 for a € R. A ring R is called to be a-rigid
if there exists a rigid endomorphism a of R.

Note that o-rigid rings are reduced rings. If R is an c-rigid ring and 2 = 0
for r € R, then ra(r)a(ra(r)) = ra(r?)a?(r) = 0. Thus ra(r) = 0 and so r = 0.
Therefore, R is reduced.

In this paper, we let @ be an endomorphism of R and § an a-derivation of R,
unless especially noted. We need the following lemmas:

Lemma 2 ([8, Lemma 4]) Let R be an a-rigid ring and a,b € R. Then we have
the following:

(i) If ab = 0 then aa™(b) = a™(a)b =0 for any positive integer n.

(ii) If ab =0 then ad™(b) = 6™(a)b = 0 for any positive integer m.

(iii) If aa®(b) = 0 = a*(a)b for some positive integer k, then ab = 0.

Lemma 3 ([8, Proposition 6]) Suppose that R is an a-rigid ring. Letp =Y 1 a;z’
and q = E;.z:o bjz? in Rlz;a,8). Then pg = 0 if and only if a;b; = O for all
0<i<m,0<j<n.

The following theorem extends (7, Theorem 11}.

Theorem 4. Let R be an a-rigid ring. Then R is a right zip ring if and only if
R[z; @, 8] is a right zip ring.

Proof. Suppose that R{z,c,d] is right zip. Let Y C R with rp(Y) = 0. If
f(z) = ag+a1z+. . .+anx™ € TR[z;a,5(Y), then bf(z) = bag+baiz+...+banz™ =0
for all b € Y. Thus ba; = 0, and so a; € Tg(Y) = 0 for all i. Therefore, f(z) =0
and hence 7g(z;q,5)(Y) = 0. Since R[z; v, ] is right zip, there exists a finite subset
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Yo C Y such that rgiz;q,5(Y0) = 0. Thus rr(Yo) = Triga,s(Yo) NR=0NR =0.
Consequently, R is a right zip ring.

Conversely, assume that R is a right zip ring. Let X C R[z; a, §] with 7g[z;0,5(X) =
0. Now let Y be the set of all coefficients of elements in X. Then Y C R. If
a€rgp(Y),thenba=0forallbe Y. By Lemma 2, f(z)a =0 for all f(z) € X, and
soa € TR[z;a,gl(X) = 0. That is rg(Y) = 0. Since R is a right zip, there exists a
finite subset Yy C Y such that rg(Yy) = 0. For each a € Yy, there exists ho(z) € X
such that at least one of the coefficients of h,(z) is a. Let X be a minimal subset
of X such that h,(z) € X, for each a € Y¥y. Then Xj is a nonempty finite subset
of X. Let Y' be the set of all coefficients of elements in Xo. Then Yy C Y' and
so rp(Y’) C rr(Ye) = 0. If f(z) = ag + a1z + ... + axz* € TR{ga,6(X0), then
g(z)f(z) = 0 for all g(z) = bg + b1z + ... + byx* € Xo. Since R is a-rigid, then
b;a; = 0 for all ¢ and j, by Lemma 3. Thus a; € rr(Y’) = 0 for all §, and so
f(z) = 0. Hence Tgg;q,5)(X0) = 0 and therefore R[z; o, §] is a right zip ring. O

Corollary 5. Let R be an a-rigid ring. Then R is a right zip ring if and only if
R[z; o] is a right zip ring.

Corollary 6. Let R be a reduced ring. Then R is a right zip ring if and only if
R[z] is a right zip ring.

Theorem 7. Let R be an a-rigid ring. Then R is a right zip ring if and only if
R[{z; a]] is a right 2ip ring.

Proof. Similar to the proof of Theorem 4 by using Lemma 2 and [8, Proposition
17).

Corollary 8. Let R be a reduced ring. Then R is a right zip ring if and only if
R|[z]] is a right zip ring.

Example 9. Let R = Z[y]/(y?), where (y?) is a principal ideal generated by y2
of the polynomial ring Zs[y]. Since R is finite and commutative, R is a zip ring.
Now, let o be the identity map on R and we define an a-derivation § on R by
3y + (¥*)) = 1 + (v?). Then R is not o-rigid since R is not reduced. However, by
(1, Example 11] we get

R|z; @, 8] = R[z; §] & Maty(Z2[y?)) & Mata(Z,[t)).

Since Z; is Armendariz and zip rings, Z,[t] is a zip ring by [7, Theorem 11] and so
Maty(Z,[t]) is a zip ring by [3, Proposition 1]. Therefore R[z; , 8] is a zip ring.
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In the following we obtain more examples of zip rings. Let R be an algebra over
a commutative ring S. Recall that the Dorroh extension of R by S is the ring
R x § = D(R, S) with operations

(r1,81) + (r2, 82) = (r1 + T2, 51 + 52)
(r1,81)(r2,82) = (r1r9 + 5172 + 597y, 5152)

where 71,72 € R and s1,52 € S. Let R be a commutative ring, M be an R-module
and o be an endomorphism of R. Give R@® M = N(R, M) a (possibly noncommu-
tative) ring structure with multiplication

(r1,m1)(ra, mg) = (r1r2, 0(r1)ms + ramy)

where 71,79 € R and mq, my € M. We shall call this extension the Nagata exten-
sion of R by M and o.

Proposition 10. Let R be a commutative 2ip ring. Then the Nagata extension of
R by R is a left zip ring.

Proof. Assume that Ris a zip ring and X C N(R, R) with ly(g,r)(X) =0. LetY =
{zeR|(z,y) € X} C R If b€ rg(Y) then (0,b)(z,y) = (0z,c(0)y + xb) = (0,0)
for any (z,y) € X. Thus (0,b) € Iy(g,gr)(X) =0 and so b = 0. Therefore r(Y) =
0. Since R is a right zip, there exists a finite subset Yy = {x1,23,...,2m} C Y
such that rg(Yp) = 0. Let Xo = {(z1,v1), (Z2,¥2)s - - (Trm, ¥m) | (ziy ) € X, 1 <
i <m} C X. If (a,b) € In(r,r)(Xo) then (a,b)(z;,y:) = (0,0) for all (x;,y;) € Xo.
Thus (0,0) = (a, b)(zi, i) = (az;, 0(a)y; + z:b). So az; = 0 and o(a)y; + z;b = 0.
Then a € lg(Ys) = rr(Ys) = 0 since R is commutative. Hence o{a)y; + z:b = z;b =
0 and so b € Tr(Yo) = 0. Consequently Iy (g r)(Xo) = 0 and therefore N(R, R) is a
left zip ring. 0

Proposition 11. Let R be a commutative ring with 2= € R. If the Dorroh exten-
sion of R by R is a right zip ring then R is also right zip ring.

Proof. Assume D(R, R) is a right zip ring and X C R with rg(X) = 0. Let
Y = {(z,z) | x € X} € D(R,R). If (a,b) € rp(r,g)(Y), then (z,z)(a,b) = (0,0)
for all z € X. Thus (za + za + bz, zb) = (0,0). So 2za + bz = 0 and zb = 0. Thus
b€ rr(X) =0 and hence b = 0. Therefore 2za = 0. By hypothesis za = 0 and so
a € rr(X) = 0 and hence a = 0. Consequently, rp(g,g)(Y) = 0. Since D(R,R) is a
right zip ring, there exists a finite subset Yy = {(z1, 1), (2, 22), ..., (Tm,Zm)} C Y
such that rpg r)(Yo) = 0. Let Xo = {z1,%2,...,2m} € X. If ¢ € rr(Xo),
then (z;, z;)(c,0) = (zic + zic + 0z;,2;,0) = (0,0) for 1 < ¢ < m. Thus (¢,0) €
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rp(r,r)(Yo) = 0 and so ¢ = 0. Therefore rg(Xo) = 0 and so R is a right zip
ring. O

Lemma 12. Let R be a reversible ring. Then R is a right zip ring if and only if R
s a left zip ring.

Proof. Clear. W]

Lemma 13. If R is reduced and R[z; o) is reversible then R is an a-rigid ring.

Proof. If aa(a) = 0 for a € R, then (az)(a + az) = aa(a)r + aa(a)z? = 0. Since
Rlz; o] is reversible 0 = (a + az)(az) = o’z + ac(a)z? and so a® = 0. Thus a = 0
since R is reduced. Consequently R is an a-rigid ring. O

For any ring R, if R[z; e, d] is a reversible ring then R is also reversible. One may
conjecture that if a ring R is reversible then R|z;c, d] is also reversible. However
there may be a counterexample for this as follows.

Example 14. Let R = Z3 & Z3 and define a : R — R by o((a,b)) = (b,a) for
a,b € Z3, where Zg3 is the ring of integers modulo 3. Then « is an automorphism
of R. Thus R is reversible and R is not a-rigid. Take f(z) = (1,0) + (0,1)z and
g9(z) = (0,1) + (0,1)z in R[z;c|. Then

f(x)g(.'):) = (1’ 0)(0v 1) + ((la 0)(01 1) + (07 1)(170))1' + (0’ 1)(170)$2 = (07 0)

but

g(z) f(z) = (0,1)(1,0) +((0,1)(0,1) + (0, 1)(0,1))z + (0, 1)(1, O)xz =(0,1)z#0
Hence R|[z;a] is not reversible.

Moreover, this example shows that the condition "R is a-rigid" in the following
theorem is not superflous.

Theorem 15. Let R be an a-rigid ring. Then R is a reversible ring if and only if
Riz; o, 8] is a reversible ring.

Proof. Assume R|z; o, d) is a reversible ring. Since class of reversible rings is closed
under subrings, R is a reversible ring.

Conversely, assume that R is a reversible ring. Since R is o-rigid, R[z;a,d] is a
reduced ring by [8, Proposition 5]. Therefore R[z; o, d] is a reversible ring. 0
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Theorem 16. Let R be an a-rigid ring. Then R is a reversible ring if and only if
R{[z; a]] is a reversible ring.

Proof. Proof is clear by [8, Corollary 18]. |

OZET: Bu makalede zip ve reversible halkalarin Ore geniglemeleri
gahsilmigtir. R bir halka, a; R nin bir endomorfizmas1 ve § bir a-
tiirev olmak tizere; agagidakiler ispatlanmigtir. (1) R nin bir sag zip
halka olmas: i¢in gerek ve yeter kosul R[z; @, §] nin bir sag zip halka
olmasidir. (2) R nin bir reversible halka olmas: i¢in gerek ve yeter kogul
R[z; &, 8] min bir reversible halka olmasidir.
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