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QUARTER - SYMMETRIC METRIC CONNECTION
ON A (k,p) - CONTACT METRIC MANIFOLD

A. A  SHAIKH AND SANJIB KUMAR JANA

ABSTRACT. The object of the present paper is to prove the existence of a
quarter-symmetric metric connection on a Riemannian manifold and to study
some properties of a quarter-symmetric metric connection on a non-Sasakian
(k, p)-contact metric manifold.

1. INTRODUCTION AND RESULTS

A. (k,p) - contact metric manifolds

An odd dimensional differentiable manifold M™(m = 2n + 1) is called a contact
manifold if it carries a global differentiable 1- form 1 such that n A (dn)™ # 0 every-
where on M™ . This 1 - form 7 is called the contact form of M?"+!. A Riemannian
metric g is said to be associated with a contact manifold if there exists a (1, 1)
tensor field ¢ and a contravariant global vector field £, called the characteristic
vector field of the manifold such that
(L1) (@) $*X = =X +n(X)¢, (b) n(€) = 1, (¢) 9(X, &) =n(X)

(d) 9($X, 4Y) = g(X, Y) = n(X)(Y), (€) dn(X,Y) = g(X, 4Y)

for all vector fields X,Y on M. Then the structure (¢,&,7, g) is said to be a contact
metric structure and the manifold M™ equipped with such a structure is said to be

a contact metric manifold [1]. In a contact metric manifold the following relations
hold:
(1.2)  (a) ¢ =0, (b) nop =0, (c) dn(§,X) =0, (d) g(X,9Y) + g(¢X,Y) =0.
A contact metric manifold is said to be 5 - Einstein if its Ricci tensor S is of the
form

S=ag+n®7,
where a and b are smooth functions on the manifold.
In a contact metric manifold we define a (1, 1) tensor field h by h = -%.qub where
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£ denotes the Lie differentiation. Then h is self-adjoint and satisfies

(1.3)  (a) h& =0, (b) hé = —dh, (c) Tr.h = Tr.oh = 0.

A contact metric manifold is said to be a (k, 1) - contact metric manifold [2] if it
satisfies the relation

(14)  R(X,Y)=kn(Y)X —n(X)Y]+ pn(Y)hX — n(X)hY]

for all vector fields X and Y on M where k, p are real constants and R is the
Riemann curvature tensor of the manifold of type (1, 3).

The class of (k, ) - contact metric manifolds contains both the class of Sasakian
(k=1 and h = 0) and non-Sasakian (k # 1 and h # 0) manifolds. For example, the
unit tangent sphere bundle of a flat Riemannian manifold with the usual contact
metric structure is a non- Sasakian (k, u) - contact metric manifold. Throughout

the present paper we confined ourselves with the study of non-Sasakian cases and
hence k£ # 1 and h # 0.

B. Quarter - symmetric metric connections.

A linear connection V on an m - dimensional Riemannian manifold (M™, g) is
said to be a quarter-symmetric metric connection [7] if its torsion tensor T satisfies
(1.5) (a) T(X,Y) = n(Y)F(X) — n(X)F(Y) and (b) Vg=0
where 7 is a differentiable 1 - form and F is a (1, 1) tensor field.

Especially, if F(X) = X, then the quarter-symmetric metric connection reduces
to a semi-symmetric metric connection [11].

Quarter-symmetric metric connection studied by many authors in several ways
to a different extent such as [4], [5], [7], [8], [12].

If the contact form 7 and the (1, 1) - tensor field h of the contact metric structure
are respectively taken in lieu of the 1 - form 7 and the (1, 1) - ‘ensor field F of the
quarter - symmetric metric connection, then (1.5) reduces to the following form
(1.6) (a) T(X,Y) =n(Y)hX — n(X)RY and (b) Vg = 0.

C. Results of the Paper.

The present paper deals with a study of non - Sasaklan (k, 1) - contact metric
manifold with a quarter - symmetric metric connection V satisfying (1.6) and ob-
tained the following results:

Theorem 1. On a Riemannian manifold (M, g) there erists a unique quarter -
symmetric metric connection.
Theorem 2. In a non-Sasakian (k,p) - contact metric manifold (M,g), a linear
connection V is a quarter-symmetric metric connection if and only if

VxY = VxY +n(Y)hX — g(hX,Y)¢ for all X, Y € x(M).
Theorem 3. The curvature tensor R of a non-Sasakian (k,p) - contact metric
manifold with respect to the quarter-symmetric metric connection satisfies
() R(X,Y)Z=-R(Y,X)Z
(i)  g(R(X,Y)Z,W)=—g(R(X,Y)W,2),
(i) g(R(X,Y)Z,W) = g(R(Z,W)X,Y),
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(iv) ,
R(X,Y)Z + R(Y,Z2)X + R(Z, XY = 2[dn(X,Z)hY ~dn(Y,Z)hX ~ dy(X,Y)hZ
+(1 = k){dn(Y, Z)n(X)¢ + dn(X,Y)n(Z)¢
+dn(X, Z)n(Y )€}
for all vector fields X, Y, Z € x(M).
Theorem 4. The curvature tensor of a non-Sasakian (k, ) - contact metric man-
ifold with respect to the quarter-symmetric metric connection satisfies the Bianchi
identity if and only if the contact form n is closed.
Theorem 5. The Ricci tensor of a non-Sasakian (k,p) - contact metric manifold
(M™, g) with respect to the quarter-symmetric metric connection is symmetric if
and only if the contact form n is closed.
Theorem 6. If the Ricci tensor of a non-Sasakian (k, 1) - contact metric manifold
with respect to the quarter-symmetric metric connection vanishes, then the mani-
fold is locally isometric to either an 7 - Einstein or a 8-dimensional non-Sasakian
(k, 1) - contact metric manifold.
Theorem 7. If the Ricci tensor of a complete non-Sasakian (k, i) - contact metric
manifold with respect to the quarter-symmetric metric connection vanishes and the
manifold is not n - Einstein, then it is locally isometric to one of the following Lie
groups with a left invariant metric :
SU(2): the group of 2 x 2 unitary matrices of determinant 1,
SO(3): the rotation group of 3 - space,
SL(2, R): the group of 2 X 2 real matrices of determinant 1,
E(2): the group of rigid motions of the Euclidean 2-space,
E(1,1): the group of rigid motions of the Minkowski 2-space,
O(1,2): the Lorentz group consisting of linear transformations preserving the
quadratic form t? — 22 — y2.
Theorem 8. If the Weyl conformal curvature tensor of a non-Sasakian (k,u) -
contact metric manifold with respect to the quarter-symmetric metric connection is
equal to that with respect to the Riemannian connection then the manifold is either
locally isometric to a 3-dimensional non-Sasakian (k, ) - contact metric manifold
or the contact form n is closed provided that k + p? — 2u # 0.
Theorem 9. Let (M, g) be a complete non-Sasakian (k, ) - contact metric mani-
fold whose contact form n is not closed and k + p?® — 2 # 0. If the Weyl conformal
curvature tensor of the manifold with respect to the quarter-symmetric metric con-
nection is equal to that with respect to the Riemannian connection then the manifold
1s locally isometric to one of the following Lie groups with a left invariant metric :
SU(2): the group of 2 x 2 unitary matrices of determinant I,
SO(3): the rotation group of 8 - space,
SL(2, R): the group of 2 X 2 real matrices of determinant 1,
E(2): the group of rigid motions of the Fuclidean 2-space,
E(1,1): the group of rigid motions of the Minkowski 2-space,
0(1,2): the Lorentz group consisting of linear transformations preserving the
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quadratic form t2 — z? — y2.

Theorem 10. If the contact form n of a non-Sasakian (k,p) - contact metric
manifold is closed, then C(X, Y)¢ = C(X,Y)¢ for all X,Y € x(M) where C and
C are respectively the Weyl conformal curvature tensor with respect to the quarter-
symmetric metric connection and the Riemannian connection.

Theorem 11. The contact form n of a non-Sasakian (k, u) - contact metric man-
ifold is closed if and only if the Weyl projective curvature tensor with respect to the
quarter-symmetric metric connection is equal to that with respect to the Riemann-
ian connection.

Theorem 12. If the Weyl projective curvature tensor of a non-Sasakian (k,p) -
contact metric manifold with respect to the quarter-symmetric metric connection
is equal to that with respect to the Riemannian connection then the characteristic
vector field £ is a harmonic vector field.

2. PRELIMINARIES

This section deals with some fundamental results of (k, i) - contact metric man-
ifolds and quarter-symmetric metric connection, which will be frequently used later
on.

Lemma 2.1. In a (k,p) - contact metric manifold (M™, g)(m = 2n + 1) the fol-

lowing relations hold:

(2.1)  Vx&=—¢X — ¢hX,

(2.2) R2X =(k-1)¢*X, k<1

(2.8)  (VxR)Y) = (1 — R)g(X, 6Y)E — n(Y)$X] + g(X, ha¥ )€ + n(Y)heX —

pn(X)hY,

(2.4) S(X)Y)=[2n-2-npjg(X,Y)+[2n -2+ plg(hX,Y) +[2—2n 4+ 2nk +

nuln(X)n(Y),

(2.5) r=2n(2n-2-npu)+2nk

where V denotes the Riemannian connection, S and r denotes respectively the Ricci-

tensor of type (0, 2) and the scalar curvature of the manifold with respect to the

Riemannian connection V.

Proof. The proof of this Lemma follows from the paper [2] and hence we omit it.

Lemma 2.2. The curvature tensor R of a non - Sasakian (k, ) - contact metric

manifold with respect to the Riemannian connection V is given by
_g()f;’ Z)g(h’yv W)+g(h‘Ya Z)Q(X, W)_g(h'X7 Z)g(y, W)
+3=£o(hY, 2)g(hX, W) — g(hX, Z)g(hY, W)]
—£[9(8Y, Z2)g9(¢ X, W) — g(8X, Z)g(¢Y, W)
+52E9(gRY, 2)g(hX, W) —g(¢hX, Z)g(ghY, W)
+ug(¢X,Y)g(6Z, W)+n(X)n(W)[(k—1+5)g(Y, Z)
+(u = Dg(hY, 2)] - n(X)n(Z)[(k -1+ §)g(Y, W)
+(p = Dg(hY, W)} +n(Y)n(2)[(k — 1 + §)g(X, W)
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+(u = Dg(hX, W)] = n(Y)n(W)|[(k — 1+ §)9(X, 2)
+(u = L)g(hX, Z)]

for all vector fields X,Y,Z,W on M.
Proof. The proof of this Lemma is given in the paper of Boeckex (3] and hence we
omit it. :
Lemma 2.3. A 3- dimensional complete non-Sasakian (k,pn) - contact metric
manifold is locally isometric to one of the following Lie groups with a left invariant
metric :

SU(2): the group of 2 x 2 unitary matrices of determinant 1,

SO(3): the rotation group of 8 - space,

SL(2, R): the group of 2 x 2 real matrices of determinant 1,

E(2): the group of rigid motions of the Euclidean 2-space,

E(1,1): the group of rigid motions of the Minkowski 2-space,

0(1,2): the Lorentz group consisting of linear transformations preserving the
quadratic form t? — z2 — y2.
Proof. Since the (k, )-contact metric manifold is non-Sasakian, we must have
k < 1and h # 0. Let X be a unit eigenvector of h orthogonal to ¢ with corre-
sponding eigenvalue A = v/1 — k > 0. Then there exist three mutually orthonormal
vector fields X, ¢X, £ such that [2]
(27) [X’ ¢X] = Cl&, [¢X’2§] = C2X) [5’ X] = CSX )
where ¢1 =2, ¢c2 = 5 + Qo constant, c3 = 5 + i’\"'—zlL =constant.
"The vector field £ is defined globally on M 3. Going to the universal covering space
M3, if necessary, we have global vector fields on M3 satisfying (2.7). By a well
known result [10] we conclude that for each P € M3, M3 has a unique Lie group
structure such that P is the identity and the vector fields are left invariant. In (9]
J. Milnor gave a complete classification of 3 - dimensional Lie groups, which admit
the Lie algebra structure (2.7).
Therefore, the signs of ¢ and ¢3 vary. Since the manifold under consideration is
non - Sasakian (k < 1), we must have ¢y # c¢3. Since ¢ = 2 > 0, the possible
combinations of the signs of ¢z and c3, determines the corresponding Lie groups.
Hence M3 is locally isometric to SU(2) or SO(3), when ¢; > 0 and ¢z > 0, to
SL{2,R) or O(1,2), when ¢z > 0 and ¢z < 0, to E(2) when ¢2 > 0 and ¢3 =0 and
to E(1,1) when ¢z < 0 and ¢c3 = 0.
This proves the Lemma.

3. EXISTENCE OF A QUARTER-SYMMETRIC METRIC
CONNECTION

This section is devoted to the existence of the quarter - symmetric metric con-
nection on a Riemannian manifold.
Proposition. On a Riemannian manifold (M, g), for any skew - symmetric tensor
field T' € x12(M) of bidegree (1,8) there exists a unique connection V with torsion
tensor T and Vg = 0.
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Proof. If such a connection V exists, it must satisfy
X9(Z,Y) = g(VxZ Y)Y+ 9(Z, VXY)
Y9(Z,X)=9(VyZ,X) +9(2,VyX)
Zg(X,Y) = (sz Y)+g(X, VzY)
for any X,Y,Z € x(M). Hence
X9(2,Y)+Y9(2,X) - Z29(X,Y) = 9(2,2VxY — [X,Y]r) + 9(Y, X, Z]r) +
9(X, 1Y, Z]r)
in view of VxY — Vy X = [X,Y] + T(X,Y)
where [X,Y]r = [X,Y] + T(X,Y) and consequently
(3.1)  9(Z,VxY)=3(Xg(Y,2)+Yg(Z,X)-Zg(X,Y)~g(X, Y, Z]r)-9(Y, X, Z]T)
+g(Za [Xa Y]T)] .
Then from (3.1) it can be easily seen that V is a linear connection such that
T(X,Y)=VxY —VyX — [X,Y] and Vg =0.
The uniqueness of V can easily be shown from (3.1). This proves the proposition.
Proof of Theorem 1:
Let (M™, g) be a Riemannian manifold and 7 be a 1-form on it.
Especially, if we take T(X,Y) = 7(Y)hX — n(X)RY for all vector fields X,Y €
x(M), then the mapping (X,Y) — VxV is defined by virtue of (3.1) that
32) 29(VxY,2) = Xg(Y,Z2) +Yg(Z, X) — Zg(X,Y) + 9([X, Y], Z)
—g(]Y, 2], X) + (12, X],Y) + g(n(¥)hX —w(X)hY, 2)
+9(n(Y)hZ — n(Z)RY, X) + g(n(X)hZ — n(Z)hX,Y)
for all vector field Z on M.
Then it can be easily seen that the mapping (X,Y) — VxY satisfies the following
relations : 5 3
) Vx¥+2)=VxY+VxZ,
(ii) Yx.,.yZ =VxZ +VyZ,
(i) VixY =fVxY,
(iv) VxfY=fVxY+(Xf)Y
for all f € C°(M™) and for all vector fields X, Y, Z on M where C*°(M™) denotes
the set of all smooth functions over M™.
Hence V determines a linear connection on (M™, g).
Also from (3.2) it follows that
9(VxY, Z) - o(Vy X, Z) = ¢(X, Y], Z) + g(x(¥ )X — m(X)RY, Z)
which yields
VxY - VyX — [X,Y] = 7(Y)hX — n(X)RY
and hence
(3.4) T(X,Y)=n(Y)hX —m(X)RY
Also we have from (3.2) that
g(VXY, Z)~+ g(VXZ$ Y) = Xg(Y7 Z)
which implies that (Vxg)(Y,Z) =0 i.e,,
(3.3) Vg=0.
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From (3.3) and (3.4), it follows that V determines a quarter-symmetric metric con-
nection on (M™, g).

The uniqueness of the quarter-symmetric metric connection V can easily be ensured
by virtue of (3.2). This proves the Theorem 1.

4. PROOF OF THE RESULTS

Proof of Theorem 2:

We first suppose that in a non-Sasakian (k, p) - contact metric manifold (M, g),
the linear connection Visa quarter-symmetric metric connection. Then we write
(4.1) VxY =VxY +U(X,Y)
where V and V denotes respectively the Riemannian connection and the quarter-
symmetric metric connection of (M™, g). From (3.4) it follows that

Xg(Y,2) - g(Vx(Y),Z) — g(Y,Vx(Z)) =0
which yields by virtue of (4.1) that

(Vx9)(¥, Z) — g(U(X, Y), Z) - o(Y,U(X, Z)) = 0.

Since V is the Riemannian connection, (Vxg¢)(Y, Z) = 0 and hence the above rela-
tion implies that
(4.2) g(U(X,Y),2) +g(Y,U(X, Z)) =0.
Again from (4.1) we have

UX,Y)-U®Y,X)=T(X,Y).
Using (1.6)(a) in the above relation we get
(43) UX)Y)-UY,X)=nY)hX —n(X)hY
Also from (4.3), it follows that
(45) g(U(X,2),Y) - g(U(Z, X),Y) = g(hX,Y)n(2) — g(hZ, Y)n(X),
(46) g(U(Y,Z),X) - g(U(2,Y), X) = g(hY, X)n(Z) — g(hZ, X)n(Y).
Adding (4.4) and (4.5) and then subtracting (4.6) from the result we obtain by
virtue of (4.2) and the symmetry of h that
In view of (4.7), (4.1) can be written as
(4.8) VxY =VxY +79(Y)hX — g(hX,Y)E.
Conversely, we define a linear connection V given by (4.8) in a non-Sasakian (k, )
- contact metric manifold. Then

T(X,Y)=VxY -VyX - [X,Y]

=n(Y)hX —n(X)RY.

This implies that V is a quarter-symmetric metric connection.
Also we have N _

(VXg)(K Z) = Xg(Y’ Z) - Q(VXY, Z) - g(Y1 VXZ)
which implies by virtue of (4.8) and the symmetry of h that

(Vxg)(Y,Z)=0

and hence V is a metric connection. This proves the Theorem.
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Proof of Theorem 3:

If R denotes the curvature tensor of V then
R(X,Y)Z = VxVyZ - VyVxZ - Vixy|2

which yields by virtue of (4.8) and (2.1)

(49)  R(X,Y)Z =R(X,Y)Z — g(Z,$X + ohX)RY + g(Z, Y + ShY)RX
+g(hY, Z)(¢X + ¢hX — hX) — g(hX, Z)($Y + $hY — RY)
~[9(Vxh)(Y), 2) - g(Tyh)(X), Z)Jé
+H(Vxh)(Y) = (VyR)(X)In(Z).

Using (2.6) in (4.9) we obtain

(4.10) R(X, Y)Z = R(X,Y)Z — g(Z,X)RY — g(Z,phX)RY + g(Z,dY }hX
+9(Z, phY )hX + g(hY, Z)¢ X + g(hY, Z)phX
~g(hY, Z)hX —g(hX, Z)¢Y —g(hX, Z)phY +g(hX, Z)hY
+(1 = k)n(X)n(Z)eY — n(Y)In(2)9X + g(¢X, Z)n(Y)E
~9(8Y, Z)n(X)E] - g(ho X, Z)N(Y)E + g(hdY, Z)n(X)E
+n(Y)n(2)hé X —n(X)n(Z)heY + plg(¢hY, Z)n(X)E
—g(ohX, Z)n(Y)¢ — n(X)n(Z)phY +n(Y)n(Z)phX].

Again, using (2.11) in (4.10) we get

_g()g7 Z)g(h'Y’ W) _g(Y1 W)g(h'X7 Z)+g(Xv W)g(h‘Ya Z)
+1=£[9(hY, Z)g(hX, W) - g(hX, Z)g(hY, W)
—g(¢hY, W)g(ohX, Z) + g(¢phX, W)g(#hY, Z)]
£l9(8Y, 2)g(o X, W)—g(¢ X, Z)g(¢Y, W)|+ug(¢X,Y )g(62Z, W)
+n(X mW)[(k -1+ §)g9(Y, Z) + (1 — 1)g(hY, Z)]
—n(X)n(Z){(k -1+ E)Q(Y W) + (u— )g(hY, W)
+n(Y)n(2)[(k -1+ “)g(X W)+ (p—1)g(hX, W)
(Y )n(W)[(k -1+ ‘é)g(X, Z) + (p ~ 1)g(hX, Z))
~9(Z,9X)g(hY,W)~g(Z, $hX)g(hY, W)+g(Z, ¢Y )g(hX, W)
+9(Z, phY)g(hX, W)+g(hY, Z)g(¢X, W)+g(hY, Z)g(¢hX, W)
~9(hX, Z)g(¢Y, W) — g(hX, Z)g(¢hY, W)
+(1 = k)[g(¢Y, Win(X)n(Z) — g(¢ X, W)n(Y)n(Z)
+9(¢X, Z)n(Y (W) — g(¢Y, Z)n(X)n(W))
—g(héX, Zyn(Y)n(W) + g(heY, Z)n(X)n(W)
+9(ho X, W)n(Y)n(Z) — g(heY, W)n(X)n(Z)
+ulg(@hY, Z)n(X)n(W) — g(¢hX, Z)n(Y (W)
~g(QhY, Wn(X)n(Z) + g(¢hX, Wn(Y )n(Z)).

In view of (1.1) - (1.3), it can be easily seen from (4.10) that the curvature tensor

of V satisfies the following :

(412) R(X,Y)Z=-R(Y,X)Z

(413)  g(R(X,Y)Z,W) = —g(R(X,Y)W, 2),

(414) g(R(X,Y)Z,W) = g(R(Z,W)X,Y),
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) R(X,Y)Z + R(Y,2)X + R(Z,X)Y = 2[dn(X, Z)hY — dn(Y, Z)hX .
—dn(X,Y)hZ + (1 - k){dn(Y, Z)n(X)¢
+dn(X, Y )n(Z)¢ + dn(X, Zn(Y)¢}]

(4.15

for all vector fields X, Y, Z, W € x(M).
Hence the Theorem is proved.
Proof of Theorem 4:
The curvature tensor of the quarter-symmetric metric connection satisfies the
properties (4.12) - (4.15).
Again, if 7 is closed, i.e., if dp(X,Y) = 0 for all X,Y then (4.15) implies that
(4.16) R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0.
Conversely, if (4.16) holds, then (4.15) yields by setting Z = ¢ and then using (1.2)
and (1.3) that dn(X,Y) = 0 and hence 7 is closed. This proves the Theorem.
Proof of Theorem 5:
From (4.11) it follows that
(417)  3(Y,Z) = S(Y, Z)+(1-k)g(Y, Z)—g(Y, Z)—n(¥ n(Z)|+(u—1)g($hY, Z).
Now from (4.17), it follows that S is not symmetric and we have
3(Y,2) - §(2,Y) = 21 - k)dn(Y, 2),
where (2.3) has been used. Hence the Theorem follows.
Proof of Theorem 6.
The relation (4.17) yields by virtue of (2.4) that
(418) S(Y,2)= (2n~2—nu)g(Y,Z) + [2n — 2+ plg(hY, Z) + [2 — 2n + 2nk +
nun(Y)n(Z)
+(1 - K)[g(Y, Z) — g(¢Y, Z) —n(Y)n(Z)] + (p - 1)g(#hY, Z),
where § denotes the Ricci tensor of V.
Also from (4.17) we obtain by applying (2.5) that
(419) (a) F=2n(2n—1~ny), (b) 7 =7+ 2n(1 —k)
where 7 is the scalar curvature of the manifold with respect to V.
We now suppose that in a non-Sasakian (k, x) - contact metric manifold admitting
a quarter-symmetric metric connection V , the Ricci tensor S of V vanishes. Then
we have 7 = 0 and hence (4.18) implies that
(4.20) p=224
Again from (4. 13) 1t follows that
(421) [2n—2-nulg(Y,Z)+2n -2+ plg(hY, Z) +[2—2n+ 2nk + nuln(YIn(Z)
+(1-k)[9(Y, 2)-g(#Y, Z)—n(¥ n(2)|+(u—1)g(¢hY, Z) = 0
Setting Z = £ in (4.21) we obtain by virtue of (1.3) and (1.4) that £ = 0. Hence
for k =0, (4.21) takes the form
(422) [2n—2—np+1g(Y,Z)+ [2n—2+plg(hY, Z)+[2 - 2n+np—1n(Y (Z)
Substituting Y by hY in (4.22) and then using (2.2) (for k = 0) we get
(4.23)  [2n -2 -np+1g(hY, Z) + (2n - 2+ p)[g(Y, Z) —n(Y)n(Z)]
_g(¢hYa Z) + (# - 1)g(¢Ya Z) = 0’
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which yields by contraction
(4.24) p=-(2n-2).
Again, replacing Z by ¢Z in (4.23) we get by virtue of (1.1) and (1.2) that
(425) [2n—2—np+1)g(hY,82Z) + (2n — 2+ u)g(Y, ¢Z) — g(hY, Z)

(1 - Dlg(Y, 2) —n(Y)n(2)] = 0.
Let {e; : ¢ = 1,2,...,2n + 1} be an orthonormal basis of the tangent space at any
point of the manifold. Then putting Y = Z = e; in (4.25) and taking summation
over ¢, 1 <4 < 2n+ 1, we obtain by virtue of (1.1) and (1.2) that
(4.26) p=1.
Thus we obtain the three relations, namely, (4.20), (4.24) and (4.26).
Now in view of (4.24), it follows from (2.4) that the manifold is 7 - Einstein. Also
from (4.20) and (4.26) we get n = 1 and hence (for & = 0) the manifold reduces to
a 3-dimensional non-Sasakian (k, i) - contact metric manifold. Since the relations
(4.24), (4.26) taken together and (4.24), (4.20) taken together gives us inadmissible
value of n, we omit these cases. Hence the Theorem is proved.
Proof of Theorem 7:

We now suppose that a non-Sasakian (k, p) - contact metric manifold is com-
plete and is not n - Einstein. Then by Lemma 2.1 and Theorem 6, the Theorem is
proved.

Proof of Theorem 8: B

First we determine the Weyl conformal curvature tensor C(X, Y)Z of the quarter-

symmetric metric connection. We have _ _ .
(4.27) C(X,Y)Z = R(X,Y)Z — s 9(Y, 2)QX — 9(X, 2)QY + S(Y,2)X -
S(X,2)Y]
+omen Y, 2)X — 9(X, 2)Y]
where @ is the Ricci operator with respect to V i.e., g(@X,Y) = 5(X,Y).
Using (4.10), (4.17) and (4.19) (b) in (4.27) we get
(428) g(C(X,Y)Z,W)=g(C(X,Y)Z,W)—g(Z,¢X)g(hY,W)—g(Z,phX)g(hY, W)
+9(Z, 9Y )g(hX, W)+9(Z, phY )g(h X, W)+g(hY, Z)g(¢ X, W)
~g(hX, Z)g(¢hY, W) + g(hX, Z)g(hY, W)
+(1 = k)[g(¢Y, Wn(X)n(Z) — g(¢X, W)n(Y)n(Z)
+9(8X, Z)n(Y)n(W) — g(8Y, Z)n(X)n(W)]
—g(h¢ X, Z)n(Y)n(W) + g(heY, Z)n(X)n(W)
+9(heX, W)n(Y)n(2) — g(heY, W)n(X)n(Z)
+ulg(#hY, Z)n(X)n(W) — g(¢hX, Z)n(Y)n(W)
—g($hY, W)n(X)n(Z) + g(¢hX, W)n(Y)n(2)]
+5.:5[9(Y, W)g(X, 2)~g(Y, Z)9(X, W)+g(¢X, W)g(Y, Z)
~g(8Y, W)g(X, Z)+g(¢Y, Z)g(X, W)—g(¢X, Z)g(Y, W)
+9(Y, Z)n(X)n(W)—g(X, Zn(Y)n(W)+g(X, W)n(¥)n(2)
~g(Y, W)n(X)n(2)] + $=1 lo($hY, W)g(X, Z)
—g(phX, W)g(Y, Z)—g(¢hY, Z)g(X, W)+g(¢hX, Z)g(Y, W)]
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where C(X,Y)Z is the conformal curvature tensor of the Riemannian connection V.
We suppose that C(X,Y)Z = C(X,Y)Z, ie., g(C(X,Y)Z,W) = g(C(X,Y)Z,W).
Then (4.28) yields for Z = ¢
(429)  (1-K)[g(eY, W)n(X)—g(sX, Win(Y)]+g(he X, W)n(Y)—g(heY, W)n(X)
+ulg(@hX, Win(Y) — g(ohY, Wn(X)] + 5% [9(¢X, W)n(Y)
~g(@Y, Wn(X)|+£=5 [g(#hY, W)n(X)—g(ohX, W)n(Y)] =
Again replacing Y by ¢ in (4.29) we obtain
(4.30)  (n—1)[(k — 1)dn(X, W) + (u — 1)dn(hX, W)] =0,
which yields either n =1 or
(431) (k= 1)dn(X, W) + (u — Ddn(hX, W) =
Replacing X by hX in (4.31) and then using (2.2) we get
By virtue of (4.32), (4.31) yields dn(X, W) = 0 for k + p2 — 2 # 0.
Hence the Theorem is proved.
Proof of Theorem 9:
From Theorem 8 and Lemma 2.1 the Theorem 9 immediately follows.
Proof of Theorem 10:
If dn(X,Y) =0 for all X,Y then (4.28) implies that
(4.33) C(X,Y)t=C(X,Y)E forall X, Y.
Hence the Theorem is proved.
Proof of Theorem 11:
The generalized projective curvature tensor [6] with respect to the quarter-
symmetric metric connection V is defined by _
(434) P(X,Y)Z = R(X,Y)Z+555[5(X,Y)Z - S(Y, X) Z] + grgpyr [{(2n +
1)5(X, Z)

+8(Z, X)}Y — {2n+1)8(Y, Z) + 8(Z,Y)} X].
Using (4.17) in (4.34) we obtain
(435)  P(X,Y)Z = P(X,Y)Z + 54555 l9($h X, Z)Y — g(ohY, Z)X]
+2—nm;—25[ 9(X,Z2)Y —g(Y, 2)X - U(X)H(Z)Y+77(Y)T7(Z) ]
— 55 19(¢X, 2)Y + g(8Y, 2)X| + 1559(X, ¢Y)2Z
~9(Z,$X)RY —g(Z, ph X )hY +9(Z, ¢Y)hX+g(Z ShY )R X+

g(hY, Z)¢X
+9(RY, Z)phX —g(RY, Z)hX —g(hX, Z)Y —g(hX, Z)PhY +
g(hX, Z)hY
+(1 = B)[n(X(Z)pY ~ n(Y)N(Z)$X + g(¢X, Z)n(Y)§ ~
9(8Y, Z)n(X)¢]
—~g(h¢ X, Z)n(Y)E+9(hoY, Z)n(X)E—n(XIn(Z)heY +n(Y )(Z)hé X
+ulg(ohY, Zn(X)E — g(dhX, Zn(Y)E — n(XIn(Z)¢hY +
(Y In(Z)phX],

where P(X,Y)Z is the projective curvature tensor of the manifold.
We now suppose that P(X,Y)Z = P(X,Y)Z. Then putting Z = £ in (4.35) we
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get
(4.36)  13%59(X,¢Y)E+ (1 - K)n(X)$Y —n(Y)$X] = 0.
Taking the inner product on both sides of (4.36) by £ we obtain
dn(X,Y)=0as k #1.

Conversely, if dn(X,Y) = 0 for all X,Y then (4.35) implies that P(X,Y)Z =
P(X,Y)}Z. Thus the Theorem follows.
Proof of Theorem 12:

If P(X,Y)Z = P(X,Y)Z then we have dnp = 0 ie., 1 is closed. In a contact
metric manifold, (2.1) implies that én = 0 i.e., 7 is co-closed. This proves the The-
orem.

OZET: Bu cahsmanm amaci, bir Riemann manifoldu tizerinde
quarter-simetrik metrik konneksiyonunun varhgini ispat etmek ve
Sasakian-olmayan bir (k, u:)-kontakt metrik manifold itzerinde bayle
bir konneksiyonun baz tzeliklerini incelemektir.
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