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Abstract. Let R be a commutative ring with identity. In this paper, for a

given monotone decreasing positive sequence and an increasing sequence of
subsets of R, we will define a metric on R using them. Then, we will use this

kind of metric to obtain a variant of the proof of Van der Waerden’s theorem

by Furstenberg [3].

1. Introduction

In 1927, Van der Waerden published a famous theorem [5], which states that if
the set of positive integers is divided into finitely many classes, then at least one of
these classes contains arbitrarily long arithmetic progressions. This theorem was
proved by several different methods. The ergodic theoretic method was established
by Furstenberg [3] to prove Van der Waerden’s theorem. Notion of a dynamical sys-
tem plays a fundamental role in the proof. A dynamical system is defined as a pair
(X,T ), where X being a compact metric space and T is a continuous map (homeo-
morphism) from X into itself. To obtain number theoretic results, a particular kind
of a dynamical system, a symbolic system, is preferable. Let Λ = {a1, a2, ..., an} be
a finite set and form the space Ω = ΛZ the set of all sequences with entries from Λ:

x ∈ Ω ⇔ x = {..., x−1, x0, x1, ...}.
Observe that Ω can be made a compact metric space, with the following metric:

d (x, y) = inf

{
1

k + 1
: xi = yi for |i| < k

}
for x, y ∈ Ω.

When T is the shift homeomorphism, that is to say Txn = xn+1, from Ω to itself,
the pair (Ω, T ) is called a symbolic dynamical system.
We shall be interested in defining a new symbolic dynamical system in order to
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prove Van der Waerden’s Theorem. For this purpose, we will consider Λ not only
as a finite set but also as a ring like Zn, and define a metric using the notion of
filtration.
For a comprehensive treatment of the topological results and the ergodic theoretic
method described here, the reader is refered to [2] and [4], respectively.

2. Main Results

Let R be a commutative ring with identity and

F : F1 = {0} ⊆ F2 ⊆ · · · ⊆ Fn ⊆ · · ·

be a chain of subsets of R such that R =
∞⋃
i=1

Fi. The chain F is also called a

filtration for convenience. For a given monotone decreasing sequence x := (xn) on
(0,∞), let’s start by defining the function dx,F : R×R −→ [0,∞) as follows:

dx,F (s, t) =

{
xm if As,t has an upper bound and m = maxAs,t

0 otherwise

where As,t = {n ∈ N : ∀z ∈ Fn sz = tz} and s, t ∈ R.

Proposition 1. dx,F is a metric on R.

Proof. (i) It is clear that dx,F (s, t) ≥ 0 for all s, t ∈ R.

(ii) If dx,F (s, t) = 0, then As,t has no upper bound and 1R ∈
∞⋃
i=1

Fi implies

1R ∈ Fj for some j. It follows from s1R = t1R that s = t.
(iii) It is easy to see that dx,F is a symmetric function by the definition.
(iv) Let dx,F (s, t) = xm. Then sz = tz holds for all z ∈ Fm and there exists

an element yn ∈ Fn such that syn ̸= tyn for n > m. For a given arbitrary
r ∈ R, suppose dx,F (s, r) = xl < xm and dx,F (r, t) = xk < xm. Then for
each w ∈ Fn, where n = min {l, k} > m, we have sw = rw = tw which in turn
implies that s and t are equal on Fn. This contradicts with dx,F (s, t) = xm.
Therefore, dx,F (s, t) ≤ dx,F (s, r) + dx,F (r, t) holds for all s, r, t ∈ R.

□

Remark 1. Suppose that R is an integral domain. For s, t ∈ R, s ̸= t, when sz = tz
holds, then z must be 0R due to the fact that (s− t) z = 0R and R has no nonzero
zero divisors. In this case, for an arbitrary filtration F :

F1 = {0} ⊆ F2 ⊆ · · · ⊆ Fn ⊆ · · · such that R =

∞⋃
i=1

Fi,

dx,F (s, t) =

{
x1 if s ̸= t

0 if s = t .

In other words, dx,F must be the discrete metric on integral domains.
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Remark 2. (i) If xn ≤ yn for all n ∈ N, then dx,F ≤ dy,F .
(ii) If F and G are two filtration such that Fn ⊆ Gn for all n ∈ N, then dx,F ≤

dx,G holds.

Example 1. For the commutative ring Z6 and the given filtration

F : F1 = {0} ⊆ {0, 2} ⊆ {0, 2, 4} ⊆ Z6,

the distance table for a given arbitrary monotone decreasing and positive sequence
x := (xn) as follows;

dx,F 0 1 2 3 4 5
0 0 x1 x1 x3 x1 x1

1 x1 0 x1 x1 x3 x1

2 x1 x1 0 x1 x1 x3

3 x3 x1 x1 0 x1 x1

4 x1 x3 x1 x1 0 x1

5 x1 x1 x3 x1 x1 0

Theorem 1. Suppose that R is a commutative ring with identity and τ is a topology
on R. Then τ is the discrete topology if and only if there exist a monotone decreasing
and positive sequence x := (xn) and a filtration F such that τ = τdx,F

where τdx,F

is the metric topology induced by dx,F .

Proof. Let τ be the discrete topology on R. If we choose F to be F1 = {0} ⊆ F2 = R
and x to be an arbitrary monotone decreasing sequence on (0,∞), then we get the
following metric

dx,F (s, t) =

{
x1 if s ̸= t

0 if s = t

on R. As dx,F is a discrete metric, we obtain that τ = τdx,F
.

Conversely, for a given topology τdx,F
on R, we will show that τdx,F

is the discrete

topology. Since 1R ∈ R =
∞⋃
i=1

Fi, there is some k ≥ 1 such that 1R ∈ Fk. It follows

from 1R ∈ Fk that m = maxAs,t < k for all s, t ∈ R, s ̸= t. Therefore, if we choose
ε from the interval (0, xk), we get that the open ball of radius ε centred at s is a
singleton, it means that

B (s, ε) = {r ∈ R : dx,F (s, r) < ε} = {s} .

Hence, τdx,F
is the discrete topology on R. □

It was shown that using the metric dx,F on a commutative ring with identity,
we cannot go beyond discrete topology. Therefore, it is necessary to change the
definition to get effective results.

Let R be a commutative ring with identity and

F : F1 = {0} ⊆ F2 ⊆ · · · ⊆ Fn ⊆ · · ·
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be a chain of subsets of R which do not contain any units. For a given monotone
decreasing sequence x := (xn) on (0,∞) that converges to zero, let us define dx,F :
R×R −→ [0,∞) as follows:

dx,F (s, t) =

{
xm if As,t has an upper bound and m = maxAs,t

0 otherwise

where As,t = {n ∈ N : ∀z ∈ Fn sz = tz} and s, t ∈ R.

This time dx,F is a pseudometric on R. For this reason, define the space R∗ = R/∼
of equivalence classes by setting

s ∼ t ⇔ dx,F (s, t) = 0

to obtain a metric.

Proposition 2. d∗x,F ([s] , [t]) = dx,F (s, t) is a metric on R∗.

Example 2. (i) Since Z2 has no zero divisors, it is easy to see d∗x,F = dx,F for

ZN
2 and the filtration

F : F0 = {θ} ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · ·
where Fn = Z2 × · · · × Z2︸ ︷︷ ︸

n−times

×{0} × · · · for each n ∈ N and θ = (0, 0, . . . ).

(ii) For the commutative ring ZN
6 and the filtration

F : F0 = {θ} ⊆ F1 ⊆ · · · ⊆ Fn ⊆ · · ·
where Fn = {0, 2} × · · · × {0, 2}︸ ︷︷ ︸

n−times

×{0} × · · · for each n ∈ N,

we have [(1, 1, ...)] = [(4, 4, ...)] since dx,F ((1, 1, ...) , (4, 4, ...)) = 0 holds.

Proposition 3. The operations induced by + and · are continuous on the metric

space
((

ZN
n

)∗
, d∗x,F

)
.

Proof. (i) + :
(
ZN
n

)∗ × (
ZN
n

)∗ →
(
ZN
n

)∗
, ([a] , [b]) 7→

[
(an + bn)n∈N

]
Suppose that (an, bn) converges to (a, b). Since dx,F (an, a) + dx,F (bn, b) → 0,
for each ε > 0 there exists a natural number m such that for every natural
number n > m, we have dx,F (an, a) + dx,F (bn, b) ≤ xk < ε where xk is
the greatest term of the sequence satisfying the inequality. Therefore, we get
anz = az and bnz = bz for all z ∈ Fk which imply (an + bn) z = (a+ b) z and
dx,F (an + bn, a+ b) ≤ xk < ε. Hence, d∗x,F ([an] + [bn] , [a] + [b]) → 0 and +
is continuous.

(ii) · :
(
ZN
n

)∗ × (
ZN
n

)∗ →
(
ZN
n

)∗
, ([a] , [b]) 7→

[
(an.bn)n∈N

]
First, we show the compatibility of multiplication; for any s, s1, t, t1 ∈

(
ZN
n

)∗
,

s ∼ s1, t ∼ t1 ⇒ st ∼ s1t1.
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Suppose that s ∼ s1, t ∼ t1. For any z ∈
∞⋃

n=1
Fn, we have

tz = t1z ⇔ (t− t1)z = 0

since t ∼ t1. Combining the commutative property of multiplication and
s ∼ s1 that we obtain

s((t− t1)z) = 0 ⇔ (st)z = s(t1z) = t1(sz) = (t1s1)z = (s1t1)z.

Hence, st ∼ s1t1.
Now, we prove the continuity of multiplication. Assume that (an, bn) con-
verges to (a, b). Since dx,F (an, a) + dx,F (bn, b) → 0, for each ε > 0 there
exists a natural number m such that for every natural number n > m, we
have dx,F (an, a) + dx,F (bn, b) ≤ xk < ε where xk is the greatest term of the
sequence satisfying the inequality. Therefore, we get anz = az and bnz = bz
for all z ∈ Fk. It follows that we have

(anbn)z = an(bnz) = an(bz) = (anz)b = (az)b = (ab)z

for all z ∈ Fk by the commutative property of multiplication. Thus,

dx,F (anbn, ab) ≤ xk < ε.

Hence, d∗x,F ([an] [bn] , [a] [b]) → 0 and · is continuous.
□

We have to work with ZZ
n instead of ZN

n if we want to say that the shift map T on
the compact metric space is a homeomorphism. Therefore, let us define a compact
metric space on the commutative ring ZZ

n using the notion of filtration.

(i) Let n be a prime number.
The metric space

(
ZZ
n, dx,F

)
is generated by the filtration

F : F0 = {θ} ⊆ F1 ⊆ · · · ⊆ Fm ⊆ · · ·
where

Fm = · · · × {0}−m × (Zn)−m+1 × · · · × (Zn)m−1 × {0}m × · · ·
for each m ∈ N and θ = (. . . , 0, 0, . . . ).
Since

B (s, ε) =
{
y ∈ ZZ

2 : dx,F (s, y) < ε
}
=

· · · × (Z2)−m × {s−m+1} × · · · × {sm−1} × (Z2)m × · · ·
for s ∈ ZZ

2 and ε > 0, where m ∈ N minimum such that xm < ε, the metric

space
(
ZZ
2 , dx,F

)
has the same topology as

(
{0, 1}Z , d

)
does,

where d (x, y) = inf

{
1

k + 1
: xi = yi for |i| < k

}
x, y ∈ {0, 1}Z defined by Furstenberg [3].
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(ii) Let n be a composite number.

The metric space
((

ZZ
n

)∗
, d∗x,F

)
is generated by the filtration

F : F0 = {θ} ⊆ F1 ⊆ · · · ⊆ Fm ⊆ · · ·
where

Fm = · · · × {0}−m × {0, a}−m+1 × · · · × {0, a}m−1 × {0}m × · · ·
for each m ∈ N, θ = (. . . , 0, 0, . . . ) and a is the smallest prime divisor of n.

Proposition 4. The metric space
((

ZZ
n

)∗
, d∗x,F

)
defined above is compact.

Proof. It is easy to prove that
((

ZZ
n

)∗
, d∗x,F

)
is a sequentially compact space since

Zn is finite set. It is sufficient to show that any sequence (an)n∈N of members of(
ZZ
n

)∗
has a subsequence converging to an element of

(
ZZ
n

)∗
.

Let an := [(cn,m)m∈Z] be a sequence in
(
ZZ
n

)∗
. Take α0 ∈ Zn such that I(0) =

{n ∈ N : cn,0 = α0} is infinite. Let s(0) be the minimum element (or any) of I(0).
Now, take α1 ∈ Zn such that I(1) = {n ∈ I(0) : cn,1 = α1} is infinite. Let s(1)
be any element of I(1) such that s(1) > s(0). Then, take α−1 ∈ Zn such that
I(−1) = {n ∈ I(1) : cn,−1 = α−1} is infinite and choose s(−1) to be any element
of I(−1) such that s(−1) > s(1). Continuing in this way, we obtain an element

a := [(αm)m∈Z] of
(
ZZ
n

)∗
. Besides, (as(n))n∈Z is a subsequence of (an)n∈N that

converges to a. Consequently, the metric space
((

ZZ
n

)∗
, d∗x,F

)
is compact since it

is known that a sequentially compact metric space is also compact. □

Definition 1. [3] Let (X,T ) be a dynamical system. A point x ∈ X is a recurrent
point of (X,T ) if for some sequence nk → ∞, Tnkx → x.

Let us recall the Birkhoff Multiple Recurrence Theorem. G. D. Birkhoff showed
that if X is a compact topological space and T is a continuous map from X to itself,
then X has a recurrent point [1] which is called the Birkhoff Recurence Theorem.
The following theorem, due to Furstenberg [3], generalizes the Birkhoff Recurrence
Theorem since it guarantees the existence of a point which is simultaneously recur-
rent for T, T 2, ..., Tn n ≥ 1.

Theorem 2 (Birkhoff Multiple Recurrence). [3] Let X be a compact metric space,
and let T : X → X be a continuous map. Then for any integer r ≥ 1, there exists
a point x ∈ X and a sequence nk → ∞ with Tnkx → x, T 2nkx → x, ..., T rnkx → x.

Definition 2. An arithmetic progression of length l is a sequence of integers of the
form

a, a+ d, a+ 2d, ..., a+ (l − 1)d

where d ̸= 0.
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Now, we give a variant of the proof of Van der Waerden’s theorem by Furstenberg
[3].

Theorem 3 (Van der Waerden). Let Z =
r−1⋃
i=0

Ci be a partition of the integers into

r subsets. Then one of the sets Cj contains an arithmetic progression of length l.

Proof. Let Z =
r−1⋃
i=0

Ci be a partition of the integers.

Case 1 Suppose r is a composite number. Let us define ξ ∈ ZZ
r which corresponds

to a partition of Z with r sets. In other words,

Z = ∪Ci where Ci = {n : ξn = i}

represents an equivanlance class partition of Z in Ω :=
((

ZZ
r

)∗
, d∗x,F

)
. Let X ⊆ Ω,

X = {Tn [ξ] , n ∈ Z}

be the closure of the set of all translates of [ξ]. According to the Birkhoff Mul-
tiple Recurrence theorem, there exists [β] ∈ X and an n > 0 with the points
[β] , Tn [β] , ..., T ln [β] within distance less than x1 of one another. We know that
for two elements [α] and [γ] in Ω, d∗x,F ([α] , [γ]) < x1 implies that one of

α0 = γ0, α0 = γ0 + q, ... ,α0 = γ0 + (a− 1) q

is satisfied in Zr by virtue of the definition of d∗x,F where r = aq and a is the
smallest prime divisor of r. It follows that

β0 = βk11·n = βk12·n = · · · = βk1S1
·n

β0 + q = βk21·n = βk22·n = · · · = βk2S2
·n

...
β0 + (a− 1) q = βka1·n = βka2·n = · · · = βkaSa ·n

such that {1, 2, ..., l} =
a⋃

i=1

{ki1, ..., kiSi
}.

Since [β] ∈ X = {T j [ξ] , j ∈ Z}, we can find m so that

ξm = ξm+k11·n = ξm+k12·n = · · · = ξm+k1S1
·n

ξm + q = ξm+k21·n = ξm+k22·n = · · · = ξm+k2S2
·n

...
ξm + (a− 1) q = ξm+ka1·n = ξm+ka2·n = · · · = ξm+kaSa ·n.

Then one of Ci ∪ Ci+q ∪ ... ∪ Ci+(a−1)q, where i ∈ {0, 1, ..., q − 1}, contains an
arithmetic progression of length l.
Now, let us consider the partition
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Z =
ar−1⋃
i=0

Di where Ci = Di ∪Di+r ∪ ... ∪Di+(a−1)r and i ∈ {0, 1, ..., r − 1}.

If we apply the above method for the partition

Z =
ar−1⋃
i=0

Di and Ω :=
((

ZZ
ar

)∗
, d∗x,F

)
,

we obtain that one of Ci = Di ∪Di+r ∪ ... ∪Di+(a−1)r, where i ∈ {0, 1, ..., r − 1},
contains an arithmetic progression of length l.

Case 2 Let r be a prime number. Now, let us arrange the partition Z =
r−1⋃
i=0

Ci in

order to turn into the first case. If we take r′ = 2r and

Z =
r′−1⋃
i=0

Ei where Ci = Ei ∪ Ei+r for i ∈ {0, 1, ..., r − 1},

it follows from Case 1 that one of Ei contains an arithmetic progression of length
l. □
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