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Abstract

In this paper, we prove the existence, unbounded continuity of positive set for a multivalued equation
containing a parameter of the form x € A o F(A,z) and give applications in the control problem with
multi-point boundary conditions and second order derivative operator

u”(t) + g(A 1) f(u(t)) = 0, £ € (0,1),
g(()\ t) € F(\u(t)) ae. on J (1)

u(0) = 0,u(1) = 27, au(i)

Keywords: multivalued operator, multivalued equation, fixed point index, control problem.

1. Introduction

The single-valued equation of the form 2 = F(A,x) in ordered spaces has been studied for a long time
by many mathematician researchers and has found many successful results (see 2] 3], 4, 11, 13| 17]). It was

naturally generalized to multivalued form
z € F(\x). (2)

There are many good methods approaches available, among them are principal eigenvalue - eigenvector
method (see impressive results of J. R. L. Webb and K. Q. Lan in [I7], Guy Degla in [2]), monotone
minorant method [7, 8], the method of using the definition of topological degree (the fixed point index) for
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single-valued /multivalued mappings [1I, 5, Bl 12} 14 15 [16] and the method of combining two latter methods

I8).

The solution set of is well-known in two following forms
§={(\a2):z e P\ )}, (3)

or

S={x:3I\z e F(\uz)} (4)

In this paper, we prove the existence, unbounded continuity of the solution set S of the form , with
the equation z € Ao F(A,x), where F' is a multivalued function containing a parameter A and A is a linear
mapping. We establish sufficient conditions for the set S to be unbounded continuous branch and emanating
from zero, i.e., it contains the elements of S on the boundary of any set (2, which is open, bounded, and
contains zero.

Our method is to combine the method of using the definition of topological degree for multivalued mapping
and the method of evaluating solutions. The others authors using only one. This is the fundamental difference
between our work and the authors mentioned above.

By the abstract result obtained, we apply for the control problem with second order derivative and multi-
point boundary conditions. The such problem has attracted the increasing attention of many researchers.
We will solve this problem to illustrate the method.

The paper is organized as follows. In we recall some notations and useful lemma. In
Bl the main results are stated. In we present the existence of solutions to the control problem.

2. Preliminaries

Let (E, K, ||.||) be a real Banach space ordering by the cone K, i.e., K is a closed convex subset of E
such that AK C K for A\ >0, KN (—K)={0}, and z <y iff y —x € K for x,y € X. For nonempty subsets
A, B of E we write A =9 B (or, B <2 A) iff for every x € A, there exists y € B satisfying z > y (or, y < z)
and we also write A <1 B iff for every x € A, there exists y € B such that x <y. The cone K is said to be
normal if there exists a constant N > 0 such that 0 < x < y implies ||z|| < N||y||. Throughout this article
we always assume that K is normal cone with N = 1. For A C FE, the all nonempty closed convex (resp.,
closed) subsets of A is denoted by cc(A) (resp., ¢(A)). Let  be an open subset of E, denote Qx = K NQ,

Ok =KNoNand K = K\{0}, where 99 is the boundary of Q in E. A mapping T : KNQ — cc(K) is said
to be compact iff T(B) is relatively compact for any bounded subset B of K NQ, where T'(B) = UzepT ().
T is called upper semicontinuous (in short, u.s.c.) if {x € KN Q: T(z) C W} is open in K NQ for every
open subset W of K. Further, if x ¢ T'(z) for all x € 0k, the fixed point index of T in Q with respect to K
is defined which is an integer denoted by ix (T,2) (see e.g. [5]). The following lemma on the computation
of the index were taken in [5, proof of Theorem 3.2].

Lemma 2.1. [8 5 proof of Theorem 3.2] Let T : KNQ — cc(K) be an u.s.c. compact multivalued operator.
Then

1. ig(T,Q) = 0 if there exists u € K such that x ¢ T(x) + ku for all x € Ox§ and k > 0.
2. ig(T,Q) =1 if kx ¢ T(x) for all k > 1.

We review the results using to prove our abstract results.

Lemma 2.2. [0, Proposition 2.22| Assume that T : D C E — ¢(E) is an u.s.c. multivalued operator and a
net (xe,ye) — (x,y) with y. € T(xze). Then y € T(x).

Lemma 2.3. [5, Theorem 2.1] Assume that multivalued operator H : [0,1] x KNQ — cc(K) is u.s.c. compact
satisfying x ¢ H(t,x) for all (t,x) € [0,1] x OxQ. Then, ix(H(0,.),Q) =ix(H(1,.),Q).
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3. Abstract results

Lemma 3.1. Let T : [0,00) X K — cc(K) be an u.s.c compact operator and Q 3 0 be an open bounded subset
of E. Assume that the following conditions are satisfied

1. tx € T(0,x) for some x € K implies t < 1,
2. there exists Ao > 0 such that i, (T(A,.), ) =0 for all X > Xo.
Then the set {x € OgQ:IN > 0,2 € T(\,x)} is nonempty.

Proof. We define
a=sup{ > 0:ig(T().),Q) #0}

It is clear that o > 0. Indeed, assume that the following assertion holds
Ve > 0,3(te, ze) € [0,1] X OgQ:xe € (1 —t)T (e, xc) + tT(0, (). (5)

Since T' is compact, without loss of generality we may assume that te — ¢, xc — « when € — 0. From by
it follows that
x € (1—-t)T(0,z)+tT(0,2) C T(0,x).
This contradicts the first condition. Thus, there exists € > 0 such that (¢,z) ¢ H(¢,x) for all (t,x) €
[0,1] x Ok €2, where
H(t,x) =(1—t)T(e,x) +tT(0,z).
Using we have
ZK(T(()’ )7 Q) = ZK(T(Ev )7 Q)

By from the first condition it follows ix (7(0,.),Q) = 1. Thus ix(T(e,.),Q?) = 1, we deduce
A >a>e>0.
Next, for any € € (0, ), there exists A\e € (o — €, with ix(T'(A,.), Q) # 0. Consider multivalued operator
H. defined by

H(t,z) = (1 —=t)T(\e,x) +tT (v + €, ).

Now, we prove

{x €0k :3IN> 0,2 € T(\,z)} # 0.

Assume on the contrary, that
{x € 0xkQ:3IXN> 0,2 € T(\,z)} = 0. (6)

Then, the fixed point index of T'(« + ¢, .) is well defined and it is equal 0 from the definition of «. If
x ¢ He(t,x) for all (t,z) € [0,1] x 02, (7)

by [Lemma 2.3 we obtain
ik(T(Ae,.), Q) =ix(T(a+e,.),Q). (8)

This is a contradiction. Therefore (7)) is impossible, i.e., there is (¢, x.) € [0, 1] x I satisfying
Te € (1 —t)T(Ne, we) + t T (a + €, xc). (9)

By an argument analogous to the previous one we can find = € 0 with x € T'(«, z). This contradicts @
The proof is complete. [

Let (Y, Ky, ||.|ly) be a Banach space, ordered by normal cone Ky . Suppose that E C Y, K C Ky N E,
embedding (E, ||.||) <= (Y, ||.|ly) is continuous, and F : [0,00) x K — cc(Ky) is u.s.c. compact multivalued
operator. Let A:Y — X be a compact linear operator satisfying A(Ky) C K.

Theorem 3.1. Assume that the following conditions are satisfied
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1. kx € Ao F(0,x) for some x € K implies k < 1;
2. there are positive numbers a,b, c and a linear function L : Y — R4 with L(y) # 0 for some y € K such
that
(a) LAz =9 {aLz} and LAz =3 {a.|Az||y'} for all z € Ky,
(b) L(F(\ x)) =2 {bALx — ¢} for all x € K, and
(¢) there exists a function h: Ry x Ry — R increasing on the second variable with

Cc

lim A(A, ——) =0 (10)
such that (k,\,x) € [0, 1] x [0, 00) x K with
x € kAo F(\z)+ (1 — k)bAAz (11)
implies
[zl < A(A, [y )- (12)

Then, S = {x € K:3A>0,z€ Ao F(X\ x)} is unbounded continuous branch emanating from 0.

Proof. Let © 3 0 be an open bounded subset of E. We will apply with T(\,z) = Ao F(\,x) to
prove SNk # (). Clearly, the condition 1. of the lemma holds. Assume that (k, A\, z) € [0,1] x [0,00) x K
satisfied (L1), it is obvious that z € AkF(\,z) + (1 — k)bAz], hence z = A[kyx + (1 — k)bAz] for some
yx € F(\, ). From 2(a) and 2(b) applying the operator L we have

Lz > aL(kyx + (1 — k)bAz) > a(bALz — ¢), (13)

Lz > a||Alkyy + (1 — k)bAx]|ly = a||z||y- (14)
We always assume \ is sufficiently large, from (13} and if follows that

lally < -
Y= abA -1
which together with gives
c
< . 1
Py a—— (15)
If © € Ok, bl|z|| > € > 0 for some e. From (15), and it follows that
x ¢ H(k,z) for all (k,z) € [0, 1] x 0, (16)

where H(k,z) = kAo F(\, z) + (1 — k)bAAx, partially, z # bAAz.
Applying [Lemma 2.3| we obtain ix (T(),.Q)) = ix (AbA, Q). Choose u € K with Lu > 0. We now prove that

x # bAAx + su for all (s,z) € [0,00) x xS (17)
Assume on the contrary, that exists (s,z) € [0,00) x Ox{2 satisfying
T = bAAzx + su. (18)

This implies s > 0. Acting the operator L to both sides of (18) from the condition 2(b) we obtain (1 —
ab\)Lx > su, this is impossible. Therefore, from [Lemma 2.1 it follows ix(bAA, Q) = 0. We deduce
ik (T(A,.),2) = 0. The proof is complete. [J
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4. Applications

Let F : [0,00) x Ry — cc(R4) be an u.s.c. compact multivalued operator and f : Ry — R4 be a
continuous function. Denote J = [0, 1]. We consider control problem which contains a parameter of the form

u”(t) + g\ 8) f(u(t)) =0, t € (0,1),
t) € F(A\u(t)) ae. on J (19)
0,u(l) = Z?llaz‘U(m)

where, 0 <7; <1, o >0, Y7 aym
Denote A = lel a;n;. for every (t,s

"’/\

1.
€ [0,1] x [0, 1], we define

h(t, S) = {8511 B t),s < ti

G(t }: (0, 8) + hi(t, s);

Let C(J) and C*(J), resp., be the Banach spaces of all continuous and continuous differentiable function
on J. Denote E = {z € C'(J) : 2(0) =0}, and Y = {z € C(J) : z(0) = 0}. Let A:Y — E be a compact
linear operator defined by

/ G(t,s)u(s)ds,t € J (20)
Instead of solving problem we shall consider its equivalent form
x € AoT(\ x), (21)
where the multivalued operator T is defined by

T\ 2)(t) = FI\ z(t)]flz(t)], t € J.

~1
Theorem 4.1. Let p = {suptej fol G(t, s)ds} . Assume that there exist numbers o > 0,8 > 0, € (0, p)
and r € (0,2) such that

1. F(0,2)f(x) <1 yx Yz > 0,
2. a/\ﬂs—5<2F()\x)f()
3. F(\x) <1 14 Az|z|" for all (A, z) € (0,+00) x R

Then, the set S of positive solutions for (ﬂ) is unbounded continuous in C1(J), emanating from 0.
Proof. We shall apply [Theorem 3.1 with the cone

K={ze€E:z(t)>0Vte J},

the cone
Ky ={zeY :z(t)>0Vte J}.

Then, Y and FE, resp., are Banach spaces with the norms

[l]ly = sup [ (t)]
teJ

and
]| = |2 ||y
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Suppose € K and k satisfies kz € A o T(0,z), we can find u(s) € F(0,x(s)) such that

[ka(t)] =

)

1
Aamwmﬁmww

/0 1 G(t, s)ds

< |lz|ly Vt e J.

<llzlly

This implies & < 1. From the well-known results in [I7], the compact linear operator A has an eigen-
value po > 0 with respect to a positive eigen-function ug. We define the linear operator L on Y, by
Lz = fol z(s)up(s)ds. From the condition 2, we have

1
LT\ 2)) = /0 (0o (s) — B)uo(s)ds

> alLz —c,

where ¢ = 8 fol uo(s)ds. If y is non-negative continuous concave function on J satisfying y(0) = 0 and
y(1) > 0, there exists number £ > 0 such that y(t) > £||y|lyuo(t) on J. For z € Ky, Ax is concave function
with Az(0) = 0 and Az(1) > 0, we have Ax(t) > £||Az||yuo(t). From Fubini’s Theorem it follows that

L(Az) = /0 1 ( /O e s)x(s)ds) o ()t

= / G(t,s)x(s)uo(t)dsdt
IxJ

_ /0 1 < /O e s)uo(t)dt> 2(s)ds

1
= / Aug(s)x(s)ds
0
1
= [ wla(s)as

= poLz.
Consequently, there is constant a > 0 satisfying
L(Az) > aLz and L(Az) > al|Az|y. (22)
Now, assume (k, A\, z) € [0,1] x [0,00) x K with
x€kAoT(\x)+ (1 —k)arAz. (23)

This implies
— 2" e kT(\, z) + (1 — k)a)z. (24)

In the following the numbers m;,j = 0,1,2,..,6 and m are constant numbers, not depending on A,z and
t € J. By a similar argument as the proof of we obtain

c
aah —1°

llly < (25)

Therefore we can choose my such that
Allzlly < ma (26)
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From , the well-known inequality

'3 < mall(ly. =" ||y (27)

and we obtain
=" ly < ma(1+A2|z]}) + am (28)
< ma(l+ A2 ]|z]l}). (29)

Further, for « € K, we have ||z||y < mg||2/||y. Combining this inequality, 26, (27), and we have

12" ly < ms(1+ [[2"]13) < me. (30)
1
From 1D we can choose m such that ||2'||y < mljz|y. Since ||z| = ||2||y, the condition (2c¢) of [Theorem

are satisfied with function h(\,t) = mtz. O

5. Conclusion

In this paper, the unbounded continuity of positive solution set for a multivalued equation containing
a parameter has established and given the application in the control problem with multi-point boundary
conditions.
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