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Abstract

This study looks into the bislant submanifolds of almost product semi-Riemannian manifolds that are
Riemannian, semi-Riemannian and lightlike. We also state the theorems that provide the required conditions
for constructing a slant submanifold from a bislant submanifold. Morever, we define the semi-slant
submanifolds of locally product semi-Riemannian manifolds and discuss the integrability conditions of
distributions, which are invariant or slant, that constitute a semi-slant submanifold.

Keywords: Semi-Riemannian; Almost product structure; Nondegenerate metric

Yari-Riemannian Manifoldlarin Bislant ve Yari-Slant Altmanifoldlar icin Bazi Sonuclar
Oz
Bu ¢alisma hemen hemen ¢arpim yari-Riemann manifoldlarin Riemann, yari-Riemann ve isikbenzer olan
bislant altmanifoldlarini incelemektedir. Ayrica, bir bislant altmanifolddan bir slant altmanifold olusturmak igin
gerekli kosullar1 saglayan teoremleri ifade ediyoruz. Dahasi, lokal ¢arpim yari-Riemann manifoldlarinin yari-
slant altmanifoldlarini tanimliyor ve yari-slant bir altmanifold olusturan degismez veya slant dagilimlarin
integrallenebilirlik kosullarmi tartistyoruz.

Anahtar Kelimeler: Yari-Riemann; Hemen hemen ¢arpim yapisi; Dejenere olmayan metric

1. Introduction

Almost product structure F for almost product Riemannian manifolds has been studied for a
long time however Yano and Kon (1984)'s paper was the first definition given in the past. Yano
and Kon's study was followed with a more detailed paper by Chen (1990). The geometry of
slant submanifolds as a generalization of submanifolds for Kaehler manifolds was stated in
Chen (1990) which leads new study fields. On almost Riemannian product manifolds; theory
of slant and semi-slant submanifolds was presented by Sahin (2006). On locally product
manifolds, Li and Liu (2010) studied slant, bislant, semi-slant submanifolds in their paper.
Sahin (2008) also stated the slant submanifold for lightlike submanifolds of indefinite
Hermitian manifolds. Moreover, Aydin and Coken (2013) worked the almost product structure
on semi-Riemannian manifold similarly to Yano and Kon (1984)'s study. According to that, let
M be a n-dimensional manifold. F is called an almost product semi-Riemannian structure on
M if it is a tensor field of type (1,1) such that F2 = I, F # I where I is the identity map and g
provides the condition g(FX,Y) = g(X,FY), for any X,Y € I'(TM) where g is a semi-
Riemannian metric tensor. Therefore, M is an almost product semi-Riemannian manifold with
almost product semi-Riemannian structure. Also, M is a locally product manifold if VF = 0
where ¥ is the Levi-Civita connection on M (Li and Liu, 2010).

The aim of this study depends on the possible three situations related of semi-Riemannian
manifolds which are Riemannian, semi-Riemannian and lightlike submanifolds. It determines
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the slant distributions, bislant submanifolds and semi-slant submanifolds for each mentioned
situation. In preliminaries part of this study, some definitions and formulas for almost product
semi-Riemannian manifolds are given. On the next part, which also includes the results and
discussion, the definitions of slant distributions in these manifolds are introduced. Following
these definitions, we describe bislant submanifolds, which are general statements of slant
submanifolds, for almost product semi-Riemannian manifold. Furthermore, the necessary and
sufficient conditions to do slant submanifold from bislant submanifolds are presented. In
addition to these investigations, we also study to evolve some exercises about the bislant
submanifolds. Moreover, the semi-slant submanifolds of locally product semi-Riemannian
manifolds are defined, and the integrability conditions of invariant or slant distributions that
make up a semi-slant submanifold are reviewed.

2. Preliminaries

The slant submanifolds on almost product semi- Riemannian manifolds are given by the
following three situations since the submanifolds of semi-Riemannian manifold M are
Riemannian, semi- Riemannian or lightlike manifolds. Therefore the slant submanifolds are
investigated for each situation.

Definition 2.1. Let Riemannian manifold M be an immersed submanifold of almost product
semi-Riemannian manifold M and 6(x) be the angle between FX and X for any x € M,X €
T,.M where F is an almost product structure. If 8(x) is constant, then it is called the slant angle.
Hence, M is a slant Riemannian submanifold of M (Aydin and Céken, 2013).

We have TM = TM L TM  since M is a Riemannian manifold. For any X € I'(TM), we have
FX = fX + wX where fX and wX are tangent and normal components of vector field FX,
respectively. ForanyV e I (TML), we have FV = BV + CV where BV and CV are tangent and
normal components of vector field FV, respectively. Then the Gauss-Weingarten formulas are
given by

VxY = VyY + h(X,Y)

VeV = Ay X +V 4V
foranyX,Y e r(TM)andV €T (TML), where V' is a connection in the normal bundle,  is

a second fundamental form of M and Ay is a Weingarten endomorphism associated with V (Li
and Liu, 2010).

Let us give the slant submanifold when the submanifold is a semi-Riemannian manifold.
Assume that the semi-Riemannian manifold M with n-dimension is an immersed submanifold
of manifold M. We show the basis of TM by {u;, u,, ..., u,}. The set of g-timelike vector fields

is given by {ul,uz,...,uq} and the set of p-spacelike vector fields is given by
ui+uq+i

{Ugi1,Ugiz, ..., Uy}, In this situation, for g <p, f; and f; are defined by f; = 5

* Ui—Ug+i . . .
fi= ’Tz"“ which prove conditions as following:

g(fif;) =e(fi.fj) =0,
g(fi'f;) =6;,i,j€{1,2,...,q}
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The basis of TM is described by {f1,..., fq. f1.---» Fip Uzgs1, -+ Upsq). Let D is adistribution
which consists of vector fields {f1, . .,fq}, D™ is a distribution which consists of vector fields
{fi,---, F3}and D" is a distribution which consists of vector fields {usq+1, ..., Up1q}. SO, there

exists TM = (D @ D*) L D". Similarly, for ¢ > p, f; and f; are defined by f; = el

\/E )
" Ui—Ugyi . " i
fi = —== which prove conditions as following

iT Tz
g(fufy) =e(fi.fj) =0,
g(fuf;)=6i,ij€{12,...,p}
Thereby, the basis of TM is described by {fy,..., fp fi,-- fpr Upst,---, Uq). Let D is a
distribution which consists of vector fields {fl, ) ..,fp}, D™ is a distribution which consists of
vector fields {f3,..., f;} and D" is a distribution which consists of vector fields {t,4, ..., u,}.
So, we write again that TM = (D @ D*) L D' (Duggal and Bejancu, 1996).

Definition 2.2. Let semi-Riemannian manifold M be an immersed submanifold of almost

product semi-Riemannian manifold M. For any x € M,X € I'(D'), M is a slant semi-
Riemannian submanifold of M if and only if the angle 6 between X and FX is constant where F
is an almost product structure (Aydin and Coken, 2013).

Now, we can give the slant submanifolds for lightlike submanifolds. Let the lightlike manifold
M be an immersed submanifold of M. We could not write that 75y — 777 1 a7~ Since the

manifold M is not nondegenerate. In this situation, we benefit from transversal bundle. Then,
we have

™ =TM & tr(TM)

where tr(TM) is a transversal bundle. Morever, we have

TM = RadTM L S(TM)
where RadTM is a radical bundle of TM, S(TM) is a screen bundle of TM and is nondegenerate
since M is a lightlike manifold. Thus, we have

TM = RadTM L (FRadTM @ FltrTM L D")
where if RadTM N FRadTM = {0} and FRadTM is on S(TM), then D" is a complementary
distribution to FRadTM @ FltrTM on S(TM). We obtain that
TM = RadTM L S(TM) & tr(TM).

Although TM is a semi-Euclidean space, the metric tensor g on M can be degenerate since
RadTM consists of lightlike vector fields. We benefit from lightlike transversal bundle to

remove this situation and we obtain

TM = RadTM 1 S(TM) @ (itr(TM) L D")

where [tr(TM) is a lightlike transversal bundle, D" is a complementary distribution to Itr(TM)

on tr(TM) and is a semi-Riemannian distribution. Thus, we describe slant lightlike
submanifold as following (Duggal and Bejancu, 1996; Aydin and Coken, 2013).
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Definition 2.3. Let lightlike manifold M be an immersed submanifold of almost product semi-

Riemannian manifold M. M is a slant lightlike submanifold of M if the following conditions
provide that;

(i) FRadTM N RadTM = {0},

(ii) For any x € M,X e I'(D"), the angle 6 between X and FX is constant where D" is a
complementary semi-Riemannian distribution to FRadTM @ FltrTM on S(TM)and FX €
r(TM) (Aydim and Céken, 2013). (see Sahin (2008) for indefinite Hermitian manifolds)

3. Bislant and semi-slant submanifolds

In this section, we study the slant distributions, the bislant submanifolds and semi-slant
submanifolds by using the slant submanifolds.

Let M be a Riemannian submanifold of almost product semi-Riemannian manifold M. We have
—_— —1
TM =TM @ TM and we state the slant distribution as following:

Definition 3.1. Let M be an immersed Riemannian submanifold of M and D be a distribution
on M. D is a slant distribution on M if the angle 6(x) between X and FX is constant for any
x €M, X €D,.

This situation is different when M is semi-Riemannian manifold. Using the decompositions
—_— —1 — ! . . . . .
TM=TM@TM and TM = (D @ D*) L D, we describe the slant distribution as following:

Definition 3.2. Let M be an immersed semi-Riemannian submanifold of almost product semi-
Riemannian manifold M. Assume that the distribution D exists on distribution D'. Then, the
distribution D is slant distribution on M if the angle 6(x) between X and FX is constant for any
x € M,X €D,.

Similarly, we describe the slant distribution from TM = RadTM L (FRadTM @ FltrTM L
D") when M is the lightlike manifold.

Now, we give the definition of bislant submanifolds according to structure of submanifold and
we investigate the necessary conditions to obtain the slant submanifold from bislant
submanifold.

Definition 3.3. Let M be an immersed Riemannian submanifold of almost product semi-
Riemannian manifold M. Then, M is called a bislant Riemannian submanifold if it provides the

following conditions:

(i) There is orthogonal direct decomposition TM = (D, @ D,) where D; and D, are the
distributions on M.
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(i) D, and D, are the distributions with angles 6, and 6,, respectively (see Li and Liu (2010)
for locally Riemannian manifold).

In this case, we have the following theorem.

Theorem 3.4. Let M be an immersed Riemannian submanifold of almost product semi-
Riemannian manifold M and g be the metric tensor on M. Assume that M is a bislant
submanifold with slant angle 8, = 6, = 6. M is a slant submanifold with slant angle 6 if
g(FX,Y) =0forany X € I'(D,), Y € I'(D,).

Proof. Assume that g(FX,Y) = 0 forany X € I'(D,) and Y € I"'(D,). In this case, we get

gfX+wX,Y)=0

where fX is the tangent component of FX and wX is the normal component of FX. For Y €
r(D,), we have Y € I'(TM). So, g(wX,Y) = 0 is from wX € I (TML). Thus, we find that

g(fX,Y) = 0. We obtain fX € I'(D,) from fX € I'(TM) and Y € I'(D,) since fX and Y are

orthogonal. Also, for any X € I'(TM), we get X = P,X + P,X where P, X € I'(D;) and P,X €
I'(D,). Besides, the angle 6, between vector fields fP, X and FP, X is equal to 8 because D, is
the slant distribution with the slant angle 8; = 6. We obtain

IfP.X]|?
c0s?0 = ———
IFP, X]|2
from FP, X = P, X + wP; X. Similarly, we also obtain for the distribution D, that
fP,X||?
05?6 = IPXI2
IFP, X]|

So, we have

g(fX,fX)  g(fPX + fP,X, fP,X + fP,X)
o(FX,FX) g(FPX + FP,X, FP,X + FP,X)
_ 8(PX P X) + g(fPX, P, X)
o(FP,X, FP,X) + g(FP,X, FP,X)
_|IFPX||? cos® 6 + ||FP,X||? cos® 8
- IFPX||? + ||FP, X ||?
= cos? 6.

Thereby, M is the slant submanifold with slant angle 6. m

The definition of bislant submanifold is different when M is the semi-Riemannian submanifold.
The reason for this, semi-Riemannian submanifold M has TM = (D @ D*) L D’ where, for
q < p, D is the distribution which is composed by {fl, . .,fq}, D™ is the distribution which is

composed by {f1,..., fy}, D" is the distribution which is composed by {2441, .., Up44} and,
for ¢ > p, D is the distribution which is composed by {f4,..., f,}, D" is the distribution which
is composed by {f7,..., 3}, D' is the distribution which is composed by {u, 1, ..., ug).
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Definition 3.5. Let M be an immersed semi-Riemannian submanifold of almost product semi-

Riemannian manifold M. In this case, M is a bislant semi-Riemannian submanifold if it provides
the following conditions.

(i) ThereisTM = (D @ D*) L D' for M and D" has an orthogonal direct decomposition such

that D' = D; @ D, where D, and D, are the distributions on M.
(ii) D, and D, are the distributions with slant angle 8, and 6, respectively.

Thus, obtaining the slant submanifold from bislant submanifold on semi-Riemannian manifolds
is different from Riemannian manifolds.

Theorem 3.6. Let M be an immersed semi-Riemannian submanifold of almost product semi-
Riemannian manifold M, g be the metric tensor on M and M be the bislant semi-Riemannian
submanifold with slantangle 6, = 6, = 6. Then, M is the slant semi-Riemannian submanifold
with slant angle 6 if g(FX,Y) = 0 and fX € D' for any X er(p,),Y er(p,).

Proof. We have TM = (D @ D*) L D' since M is the semi-Riemannian manifold. Let P, P,,Q
are projection functions on D,D*,D’, respectively. Qq,Q, are the projection functions on
D,, D,, respectively, since we have the orthogonal direct decomposition D' = D, @ D,.

Assume that fX € D’ and g(FX,Y) =0forany X e I'(D;) and Y € I'(D,). In that case, we get
gfX+wX,Y)=0
where fX is the tangent component of FX and wX is the normal component of FX. For Y €

r(D,), we have Y € I'(TM). So, g(wX,Y) = 0 is from wX € I" (TML). Thus, we find that
g(fX,Y) = 0 and we have X € I'(D,) from fX € r(D").

For any x € M and X € I'(D"), we will investigate whether M is slant submanifold or not.
Then, QX € r'(D") for any X € I'(TM). We obtain that QX = QX + Q,X where Q,X €
r(p,) and Q,X € I'(D,). Let ¢ < p where q is the number of timelike vector fields on TM and
p is the number of spacelike vector fields on TM. We have

fQ.X||?
o526 = X1
IFQ. X]|
since D, is the slant distribution with slant angle 8, = 6. In addition to, we get
fQ, X||?
o526 = QX1
IFQ.XI|

since D, is the slant distribution with slant angle 6, = 6. Then, we obtain that

g(fQX, fQX)  g(fQ:X +fQ.X, fQ: X + fQ,X)

g(FQX,FQX)  g(FQ;X + FQ,X,FQ;X + FQ,X)
_8(fQ1X,fQ;X) + g(fQ, X, fQ,X)
 g(FQ:X,FQ;X) + g(FQ,X,FQ, X
_cos? 0 g(FQ,X,FQX) + cos® 0 g(FQ,X,FQ,X)
B g(FQ, X, FQ,X) + g(FQ,X, FQ,X)
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= cos? 6.
Let g > p. We state that
fQ,X||?
osh? g = IQXII
IFQ. X]|
since D, is the slant distribution with slant angle 8; = 6. In addition to, we have
1fQ2X|I?
cosh?f = ———
IFQ2X]|?

since D, is the slant distribution with slant angle 6, = 6. Then, we obtain that

g(fQX, fQX)  g(fQ:X + fQ, X, fQ,X + fQ,X)
g(FQX,FQX)  g(FQ,X + FQ,X,FQ; X + FQ,X)
_8(fQ1X, Q1 X) + g(fQ, X, fQ,X)
- 8(FQ,X,FQ1X) + g(FQ.X, FQ2X)
_ cosh? 8 g(FQ X, FQ,X) + cosh” 6 g(FQ,X, FQ,X)
- g(FQ1X,FQ1X) + g(FQ2X, FQ,X)
= cosh? 6.

Thereby, M is the slant semi-Riemannian submanifold with slant angle 6. m

Example 3.7. Let M be a submanifold which is immersed of RS = R x R* and the basis of
TM is given by the following vector fields:

X; = (0,1,0,0,0,0,0,0),

X, = (-1,0,1,1,0,0,3,0),

X; =(0,0,1,—1,3v2,0,0,0),
X, =(1,0,1,1,0,2v2,1,0),
X5 = (0,0,0,0,0,0,0,1).

Here, the signature of metric tensor g is given by (—, —, +,+,+,+,+,+) and F (%) =-2

ax,-’

for i=1,2,3,4, F(i> =2 for j=25,6,7,8 where F is an almost product semi-

ax]- ax,-’
Riemannian structure. According to that, p = 4 and q = 1. So, we obtain
f Ktk 1 (0,1,0,0,0,0,0,1)
1 \/E \/E y4+,Y,Y,v,v,yu, )
f; XX (0,1,0,0,0,0,0,—1)
1 ,\/E ,\/E Lt A A e el A ] .

Then, the distribution D is denoted by {f;} and the distribution D* is denoted by {f7}. Also, we
assume that D; = Sp{X,, X3} and D, = Sp{X,}. In this case, we have

g(X2,FX2) = |IX,llIFX]l cos By
8 = 10cos f;
4
cosf; = T

where F is an almost product semi-Riemannian structure. Morever, we obtain
g(X3,FX3) = |IX3|[|IFX3]| cos B,
16 = 20cosf,
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cosfB, = %

So, D, is the slant distribution with slant angle f = cos™! ( ) On the other hand, we obtain

(X4, FXy) = |IX4|[[IFX4]l cos ¢
8 = 10cos ¢

cos¢p = =

Also, D, is the slant distribution with slant angle ¢ = cos™! G) M is a bislant submanifold.

Besides, M is a slant submanifold from g(FX,, X,) = 0 and g(FX5, X,) = 0. Also, if we have
D, = Sp{X,} and X, = (0,1,1,v/2,2v?2,3,1,0), then M is not a slant submanifold from
g(FX,, X,) # 0 and g(FX5, X,,) % 0.

Example 3.8. Let M = (Rg, g) = (R} X R3, g) be a semi-Riemannian manifold. Assume that

the signature of metric tensor g is given by (—, —, —,—, —, —, +,+) and {%, az ™ } is the
1 2 8

basis of TM. Also, the tangent bundle of M, which is the submanifold of RE, is spanned by the
following vector fields.

]
X1=a—x1,
]
X2=a—x8,
] ] ] ] ]
X3=a—xz+cost9a—3+sm6?a—4+26—xS+\/—a—x7
] d ] ] ]
X4—2a 2+51nt9a—3—c059a 4_36x5+26x7'
] ] ] ]
X5=6x2+6x3+6x4+26 a6+‘/— X
]
X6=6_x2_\/—6_x5+\/—6_x6+36_x7

In this situation, p = 1 and g = 5. Then, we obtain

Ih= = 5\ex o
V7 2 T V2 \ax; oxg

where f; and f3 are the lightlike vector fields. So, the distribution D is denoted by {f;} and
the distribution D* is denoted by {fi}. If D, and D, is given by D, = Sp{X3, X,} and
D, = Sp{Xs, X4}, then we have the orthogonal direct decomposition as given below:

TM = (D @ D*) L D, @ D,.
Now, we will investigate whether M is bislant subminifold or not. We define that

a d . 9\ _ a8 . .
F(a_xi) =~ fori=1,2,3,4 and F(ax,-) = o for j =5,6,7,8 where F is an almost

429



Some Results for Bislant and Semi-Slant Submanifolds of Semi-Riemannian Manifolds

product semi-Riemannian structure. Firstly, when we study with distribution D;, we need to
calculate the angle between D, and FX for any X € I'(D,). Therefore, if we obtain that
FX; = (0,—1,—cos6,—sin®,2,0,4/2,0) and FX, = (0,—2,—sin6,cos 8,—3,0,2,0), then
we have g(X3, FX3) = 0 and g(X,, FX,) = 0. According to that, we get

8(X3,FX,) = [IX5]|[FX4ll cosha,

84+ 2v2 = 2v/10cosha,
442
cosha; =
V10
Also, we see that the angle between FX; and X, is equal to «;. So, D; is a slant distribution
with slant angle a; = cosh™! (%) Secondly, we study with distribution D,. We need to

calculate the angle between D, and FX for any X € I'(D,) According to that, if we obtain that
FXs = (0,—1,-1,-1,2,2,v/5,0) and FX,; = (0,—1,0,0,—V/5,+/5, 3,0), then we have
8(Xs, FXe) = IX5|IFXell cosha,

3V5+1 = V6V2cosha,
3v5 + 1
cosha, = ———
2V3
. C . _ —1 (3V5+1
From here, we say that D, is a slant distribution with slant angle a, = cosh ( o7 ) Thus,

M is a bislant submanifold. Also, a; is not equal to a,. In addition to,

g(Xs,FX¢) =g((0,—1,—cos8,—sin6,2,0,/2,0),
(0,1,1,1,2,2,V5,0))
=1+ cos@ +sinf —4+vV10 =0
Accordingly, M is not the slant submanifold.

Now, we investigate the bislant submanifold when M is the lightlike submanifold. It is different
from the others due to the structure of tangent bundle TM. We have TM = RadTM L
(FRadTM @ FltrTM L D") for lightlike manifold M where D" is the complementary
distribution to FRadTM @ FltrTM on S(TM) and it is semi-Riemannian. Thus, the bislant

submanifolds for lightlike submanifold are similar to the bislant semi-Riemannian
submanifolds.

Definition 3.9. Let M is an immersed lightlike submanifold of almost product semi-Riemannian

manifold M. Then, M is called a bislant lightlike submanifold if it provides the following
conditions.

() There exists the decomposition TM = RadTM 1 (FRadTM @ FltrTM 1 D"") where D"
has orthogonal direct decomposition p” = D, ® D, and D" is semi-Riemannian. Here, D,

and D, are the distributions on M.
(ii) D; and D, are the distributions with the slant angle 8, and 6, respectively.
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Remark 3.10. (i) For ind (S(TM)) = nullTM, the distribution D" is extraordinarily
Riemannian. Therefore, we need to investigate the bislant notion as similar on bislant
Riemannian submanifold.

(ii) For ind (S(TM)) > nullTM, D" is semi-Riemannian and we can state previous theorem
as bislant semi-Riemannian submanifold.

Theorem 3.11. Let M be an immersed lightlike submanifold of almost product semi-
Riemannian manifold M, g be the metric tensor on M and M be a bislant lightlike submanifold
with the slant angle 8, = 6, = 6. Then, M is a slant lightlike manifold with slant angle @ if
g(FX,Y) =0andfX € I'(D") forany X € I'(D,) and Y € I'(Dy).

Definition 3.12. Let M be a Riemannian submanifold of almost product semi-Riemannian
manifold M. A semi-slant Riemannian submanifold M of M is a submanifold which admits two
orthogonal complementary distributions D, and D,.

(i) TM = D, & D,.

(ii)The distribution D, is an invariant distribution, that is FD; = D;.

(iii)The distribution D, is a slant distribution with slant angle 8 # 0 (see Li and Liu (2010)
for locally Riemannian manifold).

Theorem 3.13. Let M be a Riemannian submanifold of locally product semi-Riemannian
manifold M. Then, there exist as followings:

(i) The distribution D, is integrable if and only if
h(X,fY) = h(fX,Y)
for any X, Y € I'(D,) where h is the second fundamental form of M.
(ii) The distribution D, is integrable if and only if
P, (VxfP,Y — VyfP,X) = P, (AyyX — AwxY)
for any X, Y € I'(D,) where A is the shape operator.

Remark 3.14. Above theorem, which is given for semi-slant Riemannian submanifolds of
locally product semi-Riemannian manifolds, is demonstrated as in semi slant submanifolds of
locally product Riemannian manifolds (see Li and Liu (2010) for locally Riemannian manifold).

Definition 3.15. Let M be an immersed semi-Riemannian submanifold of almost product semi-

Riemannian manifold M. In that case, M is a semi-slant semi-Riemannian submanifold if it
provides the following conditions.

(i) Thereexists TM = (D @ D*) L D' and D' iis the orthogonal direct decomposition such that

D' = D, @ D, where D, and D, are the distributions on M.
(ii) D, is the invariant distribution that is FD; = D,
(iii) D, is the slant distribution with slant angle 6.
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Then; let P, P,, Q; and Q, be projections on D, D*, D; and D,, respectively. In this situation,
the integrability conditions of distributions could be given by the following theorem.

Theorem 3.16. Let M be a semi-Riemannian submanifold of locally product semi-Riemannian
manifold M. For any X,Y € I'(D,),

h(X,fY) = h(fX,Y)
if the distribution D; is integrable.

Proof. Forany X, Y € I'(D,), in the Gauss formula given by VY = Vy¥ + h(X,Y), let us write
FY instead of Y.
VxFY = V4FY + h(X,FY)
VF = 0 since M is locally product semi-Riemannian manifold, so VxFY = FVyY. From this
equation, we have
VxFY + h(X,FY) = FV4Y + Fh(X,Y)
When we separate this equation to the tangential and normal components, there are
Vx(fY + wY) + h(X,FY) = fUxY + wVxY +Bh(X,Y) + Ch(X,Y)

VxfY + VywY + h(X,FY) =fVy¥Y + wVxY +Bh(X,Y) + Ch(X,Y)
Since the distribution D, is invariantand X,Y € I'(D;), we have wY = 0.
VxfY + h(X,FY) = fVxY + wVyxY + Bh(X,Y) + Ch(X,Y)
So, we can easily see that
wVyxY = h(X,FY) — Ch(X,Y)
By replacing X and Y,
w(VyxY — VyX) = h(X,FY) — h(Y,FX)
If D, is integrable, then [X,Y] € I'(D,) and from here, w[X, Y] = 0. So, the desired equation
is obtained. m

However, the opposite of the above theorem is not always true. It is given by the following
result.

Conclusion 3.17. Let M be a semi-Riemannian submanifold of locally product semi-
Riemannian manifold M. For any X,Y € I'(D,),

h(X,fY) = h(fX,Y)
and [X,¥] € r'(D") if and only if the distribution D; is integrable.

Proof. The proof of this conclusion is done using the following equations:
g(w?[X,Y],Z) =sin?0 g([X,Y],Z) =0forp > q,
g(w?[X,Y],Z) =sinh? 8 g([X,Y],Z) = 0forp < g,

where X,Y € I'(D,),Z € I'(D,) and 8 is a slant angle of the distribution D,. So, the proof is
easily completed. m

Theorem 3.18. Let M be a semi-Riemannian submanifold of locally product semi-Riemannian
manifold M. For any X, Y € I'(D,),
P (VxfQoY — VyfQ,X) = Py (AwyX — AwxY)
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if the distribution D, is integrable.

Proof. This proof is easily done with the help of Gauss and Weingarten equation. m

Definition 3.19. Let M is an immersed lightlike submanifold of almost product semi-

Riemannian manifold M. Then, M is called a semi-slant lightlike submanifold if it provides the
following conditions.

(i) TM = RadTM 1 (FRadTM @ FltrTM 1 D) where D" has orthogonal direct
decomposition p” =D, ®D, and D" is semi-Riemannian. Here, D; and D, are the

distributions on M.
(ii) D, is the invariant distribution that is FD; = D,
(iii) D, is the slant distribution with the slant angle 6.

Because of the expressions and the proofs of the theorems which are given for semi-slant semi-
Riemannian submanifolds are similarly to this case, we omit them.
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