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Abstract

The purpose of this paper is to introduce the notion of noncommutative BiHom-pre-
Poisson algebra. Also, we establish the bimodules and matched pairs of noncommutative
BiHom-(pre)-Poisson algebras. Their related relevant properties are also given. Finally, we
exploit the notion of O-operator to illustrate the relations existing between noncommuta-
tive BiHom-Poisson and noncommutative BiHom pre-Poisson algebras.
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1. Introduction

Algebraic structure appeared in the Physics literature related to string theory, vertex
models in conformal field theory, quantum mechanics and quantum field theory, such as
the g-deformed Heisenberg algebras, g-deformed oscillator algebras, q-deformed Witt, -
deformed Virasoro algebras and related g-deformations of infinite-dimensional algebras
[4,14-20,24,25,33-35].

Hom-type algebras satisfy a modified version of the Jacobi identity involving a homo-
morphism, and were called Hom-Lie algebras by Hartwig, Larsson and Silvestrov in [22],
[29]. Afterwards, Hom-analogues of various classical algebraic structures have been in-
troduced in the literature, such as Hom-associative algebras, Hom-dendriform algebras,
Hom-pre-Lie algebras Hom-(pre)-Poisson algebras etc [1,5-8,10,37-40,43-48].

The notion of a noncommutative Poisson algebra was first given by Xu in [42]. A
noncommutative Poisson algebra consists of an associative algebra together with a Lie
algebra structure, satisfying the Leibniz identity. Noncommutative Poisson algebras are
used in many fields in mathematics and physics. Aguiar introduced the notion of a pre-
Poisson algebra in [3] and constructed many examples. A noncommutative pre-Poisson
algebra contains a dendriform algebra and a pre-Lie algebra such that some compatibility
conditions are satisfied. More applications of Poisson algebras, pre-Poisson algebra can be
found in [11,12,26-28,41].
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A generalization of this approach led the authors of [21] to introduce BiHom-associative
and BiHom-Lie algebras. In these algebras, the associativity of the multiplication is twisted
by two commuting homomorphisms. When these two homomorphisms are equal, one re-
covers Hom-associative and Hom-Lie algebras.

Noncommutative BiHom-Poisson algebras was first introduced in [36] and studied in
[2,9]. Let (A,-,{-,-},a1,a2) be a noncommutative BiHom-Poisson algebra. A noncom-
mutative BiHom-Poisson A-module V is simultaneously a BiHom-associative A-module
(X, B1, B2, V) and a BiHom-Lie A-module (p, 51, 52, V') satisfying the BiHom-Leibniz con-
ditions:

plenas(x), Ay, v)) = A({az(2), y}, B2(v)) + Maz(y), plen (2), v)),
plp(az(2),y), B2(v)) = Manaa(x), p(y, v)) + Aaz(y), plar(z),v)),

for x,y € A, v € V, (for more details see Definition 5.3 in[9]). A noncommutative BiHom-
pre-Poisson algebra gives rise to a noncommutative BiHom-Poisson algebra naturally
through the sub-adjacent BiHom-associative algebra of the BiHom-dendriform algebra
[31] and the sub-adjacent BiHom-Lie algebra of the BiHom-pre-Lie algebra [32]. We also
introduce the notion of O-operators of noncommutative BiHom-Poisson algebra and we will
prove that given a noncommutative BiHom-Poisson algebra and an O-operator give rise
to a noncommutative BiHom-pre-Poisson algebra. All that is illustrated by the following
diagram

BiHom-dendrif. alg + BiHom-pre-Lie alg ——— noncomm BiHom-pre-Pois. alg

| |

BiHom-associative alg + BiHom-Lie alg noncomm BiHom-Pois. alg

The paper is organized as follows. In section 2, we introduce the notions of represen-
tation and matched pair of noncommutative BiHom-Poisson algebra with a connection to
a representations and matched pairs of BiHom-Lie algebra and BiHom-associative alge-
bra. In section 3, we establish definition of noncommutative BiHom-pre-Poisson algebra
and we give some key of constructions. Their bimodule and matched pair are defined and
their related relevant properties are also given. In section 4, we study the notion of O-
operator and we illustrate the relations existing between noncommutative BiHom-Poisson
and noncommutative BiHom pre-Poisson algebras.

Throughout this paper, all vector spaces are assumed to be over a field K of characteristic
different from 2.

2. Representation and matched pair of noncommutative BiHom-Poisson
algebras

In this section we recall the definition of noncommutative BiHom-Poisson algebra [36]
and we study the representation and the matched pair of noncommutative BiHom-Poisson
algebras with a connection to a representations and matched pairs of BiHom-associative
algebra and BiHom-Lie algebra. Moreover we provide some key constructions.

Definition 2.1. A BiHom-module is a triple (V, ay, fy) consisting of a K-vector space
V and two linear maps ay,By : V — V such that ay Sy = fyay. A morphism f :
(V,ay, Bv) — (W, aw, Bw) of BiHom-modules is a linear map f : V. — W such that

fay =awf and fBy = pw f.

Definition 2.2. A BiHom-algebra is a quadruple (A, i, a1, a2) in which (4, a1, a2) is a

BiHom-module and p : A®2 — A is a bilinear map. The BiHom-algebra (A, p1, a1, o) is

said to be multiplicative if ay o = po a‘?z and agop = o agi’Q (BiHom-multiplicativity).
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Let us recall now the definition and the notion of bimodule of a BiHom-associative given
in [21].

Definition 2.3. A BiHom-associative algebra is a quadruple (A, i, a1, a2) consisting of a
vector space A on which the operation yp: A® A - A and a1,as : A — A are linear maps
satisfying

Q0 ig = (2 © (q,

a1 o p(z,y) = ploa(z), ar(y)),

ag o p(z,y) = plaz(z), az(y)),

/L(O&l(ﬂj’), u(y, Z)) = M(M(:Ea y)a OQ(Z))’

~ ~ —~

B~ W o
~— — — —

for any z,y, z € A.

Remark 2.4. Clearly, a Hom-associative algebra (A, i, ) can be regarded as a BiHom-
associative algebra (A, u, o, @).

Definition 2.5 ([21]). Let (A, u, a1, a2) be a BiHom-associative algebra. A left A-module
is a triple (M, (31, (B2), where M is a linear space, 81 , B2 : M — M are linear maps,
with, in addition, another linear map: A ® M — M,a ® m — a - m, such that, for all
a,a’ € A,me M :

Brofa = P20 P, Bi(a-m)=ai(a)- Bi(m),

Ba(a-m) = az(a) - B2(m), ai(a) - (a'-m) = (ad’) - f2(m).
Definition 2.6. Let (A, -, a1, a2) be a BiHom-associative algebra, and let (V, 1, f2) be a

BiHom-module. Let 1,7 : A — gl(V'), be two linear maps. The quintuple (I,r, 51, 52, V) is
called a bimodule of A if

l(z-y)fa(v) = Uea(@))l(y)v, (2.5)
r(z-y)bi(v) = r(aa(y))r(z)v, (2.6)
Har(x))r(y)v = r(az(y))i(z)v, (2.7)
Aill(z)v) = laa(x))Br(v), (2.8)
Pi(r(z)o) = r(aa(z))pr(v), (2.9)
Pa(l(z)v) = l(az(x))B2(v), (2.10)
Pa(r(z)v) = r(aa(z))Ba(v), (2.11)

for all x,y € A,v € V.

Proposition 2.7. Let (I,r, (1, 52,V) be a bimodule of a BiHom-associative algebra (A, -,
a1, a9). Then, the direct sum A @V of vector spaces is turned into a BiHom-associative
algebra by defining multiplication in A®V by

(.’L‘l + ’Ul) g (xg + 'UQ) =21 x2 + (l 1‘1)1)2 + 7”(332)7)1),
(1 @ B1)(x1 + v1) = au(z1) + P (v1),
(a2 @ B2)(z1 + 1) := az(x1) + PB2(v1),

for all x1,x0 € A,jv1,v9 € V.
We denote such a BiHom-associative algebra by A X, o, as,81,8, V-

Theorem 2.8 ([23]). Let (A,-a,01,2) and (B, g, [1,P2) be two BiHom-associative al-
gebras. Suppose that there are linear maps la,r4 : A — gl(B) andlg,rp : B — gl(A) such
that (Ia,7ra, P1, B2, B) is a bimodule of A and (Ig,rp,a1,as, A) is a bimodule of B satisfy

la(ar(z))(a-g b) =la(rp(a)x)B2(b) + (la(x)a) - g f2(b) (2.12)

ra(as(z))(a-pb) =ra(lp(b)x)fi(a) + fi(a) - (ra(z)b) (2.13)
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La(lp(a)z)Ba(b) + (ra(x)a) - B2(b) — ra(rp(b)z)Bi(a) — fi(a) -5 (la(x)b) =0 (2.14)
Ia(Br(a))(x-ay) = lp(ra(@)a)az(y) + (Ip(a)z) -4 az(y) (2.15)
rB(B2(a))(z -ay) = rp(la(y)a)ar(z) + ar(z) -4 (ra(a)y) (2.16)

Ig(la(z)a)as(y) + (re(a)r) -a az(y) — re(ra(y)a)ai(z) — ai(z) -4 (Is(a)y) =0, (2.17)

for any, x,y € A, a,b € B. Then (A, B,la,74, 51, 52,lB,7B,01,Q2) is called a matched
pair of BiHom-associative algebras. In this case, there is a BiHom-associative algebra
structure on the direct sum A ® B of the underlying vector spaces of A and B given by

(z+a) (y+0) -4y + (a(@)b+ra(y)a) +a-pb+ (Ip(a)y +rp(b)z),
(1@ pr)(xz+a) = ai(z)+ Bi(a),
(a2 @ B2)(x + a) az(x) + B2(a).

Proof. We prove the axiom (2.4) in A@ B as the others relations are proved analogously.
For any x,y,z € A and a,b,c € B we have

(a1 + )z +a)-((y+0)- (240))

(a1 (2) + Br(a)ly -a z +1p(b)z +rB(c)y +b-c+la(y)c+ra(2)b)
ar(z) -4 (y-a2) +ai(x) -alp(b)z + ar(z) arp(c)y +1p(Fi(a))(y -4 2)
I5(B1(a))lp(b)z + 1p(B1(a))r(c)y + rp(b B c)on(x) + ra(la(y)c)on ()
rp(ra(z)b)ai(z) + fi(a) g (b-p c) + Bi(a) B la(y)c + Balen(z))laly)e
La(ea(2))ra(2)b +71a(y -a 2)Pi(a) + ra(la(0)z)b1(a) + ra(rp(c)y)bi(a).

In the other hand, we have

(x+a)-(y+0)) - (a2 + 5)(Z+C)

(- ay+ipla)y+rpd)r+a-pb+la(®)b+ra(y)a) - (aa(2) + B2(c))

(96 ‘AY)aaz(z) +ipla)y-a 2( ) +7(b)z -4 a2(2) + Ip(a g b)as(z)
IB(la(z)b)as(z )+ZB(7“A(y) Jaz(z) +rp(B2(c))(z-ay) +ra(B2(c))lis(a)y
r(Ba2(c))rp(b)x + (a-p b) - B2(c) + (la(x)d) - f2(c) + (ra(y)a) -B f2(c)
ra(az(2))(a g b) +ra(az(2))(la(z)b) +ra(az(z))(ra(y)a) +la(z -ay)p2(c)

ZA(lB(a) )B2(c) + (rp(b)z)Ba(c).

Then by (2.4) and (2.12)-(2.17), we deduce that

(a1 +B)(x+a)-(y+b)- (z+¢) =((z+a) (y+b) (a2 + F2)(z+ ).
This finishes the proof. ([l

+++ 0l

++++ 1

lA,mA,81,02 B.

lB,rB,01,02

We denote this BiHom-associative algebra by A <

Let us recall now the definition and the notion of bimodule of a BiHom-Lie algebra
given in [21].

Definition 2.9. A BiHom-Lie algebra is a quadruple (A, [, -], a1, a2) consisting of a linear
space A, a bilinear map [,-] : A2A — A and two linear maps ay,as : A — A satisfying
a1 0 ag = ag o a1 and the following conditions, Va,y,z € A,

(1) aa([z,y]) = [a1(2), e (y)] and ao([z, y]) = [az(z), a2(y)];

(2) [az(z), n(y)] = —|oa(y), (@),

(3) [a3(2), [a2(y), a1 (2)]] + [a3(2), [aa(z), a1 (¥)]] + [a3(y), [2(2), a1 (2)]] = 0.
Definition 2.10. Let (A4, [, ], a1, a2) be a BiHom-Lie algebra and (V, 81, f2) be a BiHom-
module. Let p : A — gl(V) be a linear map. The quadruple (p, 51, 52,V) is called a
representation of A if for all z,y € A, v € V, we have

pllaa(z), y)Ba(v) = plaraz(x)) o p(y)v — plaz(y)) o plea(x))v, (2.18)
Pilp(x)v) = plaa(x))Bi(v), (2.19)
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Pa(p(x)v) = plaz(x))Ba(v). (2.20)

Proposition 2.11. Let (p, 81, 52,V) be a representation of a BiHom-Lie algebra (A, [, ],
a1, az) such that ay, [a are bijectives. Then, the direct sum A @&V of vector spaces is
turned into a BiHom-Lie algebra by defining the multiplication in A®V by

(21 + 01,22 +v2], = [w1,22] + p(21)v2 — plag ' aa(z2)) 1By (v1),
(1 @ B1)(z1+v1) = ai(zr)+ Pi(vr),
(g @ Bo)(z1+v1) = aa(z1)+ Pa(v1),

for all x1,x9 € A,v1,15 € V.

We denote such a BiHom-Lie algebra by (A®V, [, -],, a1+ 1, a2+ 52), or AX ) 01 00,81,
V.

Now, we introduce the notion of matched pair of BiHom-Lie algebra.

Theorem 2.12. Let (A, {-,-}a,01,2) and (B,{-, }B, 1, B2) be two BiHom-Lie algebras.
Suppose that there are linear maps pa : A — gl(B) and pp : B — gl(A) such that
(pa, b1, B2, B) is a bimodule of A and (pp, a1, a9, A) is a bimodule of B satisfies
pp(BiBa(a){ar(@),afW)}a = {pp(B2(a))ai (), aiaz(y)}a + {araz(z), pp(Bi(a))ai(y)}a
+ pp(pa(a3(y)Bi(a))ai(@) — pr(palas(a))bi(a))asai(y),
(2.21)

palaraz(@){Bi(a), B (0)} s = {palaz(x))Bi(a), B12(b)} 5 + {B1B2(a), palan (@) 57 (b)}
+ palpp(B3(b)ar(x))5i (a) — palpp(Bz(a))ai (x)) 5251 (b),
(2.22)
foranyx,y € A, a,b € B. Then (A, B, pa, b1, B2, pB, 1, a2) is called a matched pair of BiHom-Lie
algebras. Moreover, assume that (A,{-,-}a,a1,a3) and (B,{-,-}B, b1, B2) be two regular BiHom-

Lie algebras, then there exists a BiHom-Lie algebra structure on the vector space A ® B of the
underlying vector spaces of A and B given by

[z +a,y +b] = {z,y}a+ pal@)b— paler az(y)Bibs ' (a)
+ A{a, b} +ppla)y — pp(By ' Ba(b)aray (),

(a1 ®B1)(z+a) = ai(z)+ pia),

(2 ® B2)(x +a) = az(z)+ B2(a).

Proof. First, we prove the BiHom-multiplicativity in A & B. For all x,y € A, a,b € B,
we have

(a1 + B1)[x +a,y + b
=(a1 + B1){z, y}a + pa(@)b — pala; ' as(y)) 185 (a)
+{a,b}p + pp(a)y — p(Br " Ba(b))aray ' (x))
=o1({z,y}a) + a1pp(a)y — a1pp(By ' B2(b)aray ' (z)
+ Brpa()b — Pipaler as(y) 1By (@) + Bi{a, b} 5
={a1(2), a1(y)}a + pB(Bi(a))en (y) — pB(By ' Ba(Br(b))ras  (ar(x))
+palen(x))B1(b) — palay az(ai(y))Bi6y " (Bi(a)) + {bi(a), 1 (D)} 5
=lea(z) + Bi(a), a1(y) + B1(b)]
=[(a1 + B1)(x + a), (1 + B1)(y + b)].

In the same way, we have (o + f2)[x + a,y + b] = [(a2 + B2)(x + a), (az + B2)(y + b)].
Now, we prove the Bihom-skewsymmetry in A @ B. For all z,y € A, a,b € B, we have

(a2 + B2)(z + a), (a1 + B1)(y + b)]
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=[oz(2) + B2(a), a1 (y) + B1(b)]
={az(x),a1(y)}a + palas(2))B1(b) — pala; as(ai(y)) 165 ' (Ba(a)
+{B2(a), BL(B)} B + pB(B2(a))ar(y) — pr(By ' Ba(Br(b)))nay * (as
= —{as(y), a1 (2)}a — palaz(y))Bi(a) + pala; as(en (2))5185  (B2(b)) — {B2(b), Br(a)}
— pa(B2(0)ar (@) + pp(By ' B2(B1(a)))aray  (as(y))
— [(a2 + B2)(y + ), (a1 + B1)(z + a)].
Finally, we prove the Bihom-Jacobi identity in A @ B. For any z,y,z € A, a,b,c € B, we have
[(a2 + B2)*(z + a), [(az + B2)(y + b), (a1 + B1) (2 + ¢)]]
=laj(z) + B3(a), [aa(y) + B2(b), a1 (2) + B1(0)]]
=[a3(z) + B3(a), {aa(y), a1 (2)}1 + palaz(y)Bi(ec) — palai taz(ai(2))))B1Bs  (B2(b))
+{B2(0), B1(e)} B + p(B2(b)) 1 (2) — pr (B Ba2(B1(€)))ray H(az(y))]
=[a3(x) + 43 (a), {a2(y), cu (2 )}1+PA(042( ))B1(c) — palaz(z))B1(b)
+{B2(b), B1(c)} B + p(B2(b))a1(z) — p(B2(c))as(y)]
={a3 (@), {a2(y), 1 (2)}a}a + {a3(2), p ( 2 (b)) (2)}a — {ad(x), pp(Ba(c))en(y)}a
+pala3(z ))PA(OQ( )Bi(c) — pala3(x))palaz(2))Bi(b) + palai(@){B2(b), fi(c)} 5
— pal{aia3(y), aa(2)}a)B162(a) — palpr (8755 (b))az(2))B182(a)
+palps (B B3 (c)aa(y))BiBa(a) + {43 (a), pa(aa(y))Bi(c)} B — {53 (a), palaz(2))B1(b)}
+{3(a), {B2(0), B1(c)} B} B + pB(B3(a { 2(y), 1 (2)}a + pp(B3(a)) pp(B2(b)an (2)
— pB(B3(a))pB(B2(c)ar(y) — pr(palar ai(y))Ba(c))aras(x)
+pp(palartal(2)Bi(b ))Oélaz( ) = pe({B1 ' B2 (b), B2 ()} Bz (),

by a direct computation we verify that Oy, » [(a2+82)2(z+a), [(a2+B2)(y+b), (a1+61)(z+¢)]] =
0. This ends the proof. O

We denote this BiHom-Lie algebra by A ?a.81.82 B,

PB,O1,02

)
(z))

)

Definition 2.13. A noncommutative BiHom-Poisson algebra is a 5-tuple (A, -, {-, -}, a1,
ag), where (A, -, a1, a2) is a BiHom-associative algebra and (A, {-,-}, a1, a2) is a BiHom-
Lie algebra, such that the BiHom-Leibniz identity:

{anas(z),y - 2} = {az(2),y} - a2(2) + a2(y) - {a1(x), 2} (2.23)
Proposition 2.14 ([2]). Let (A, -, a1,a3) be a reqular BiHom-associative algebra. Then
A™ = (A, {},-,a,B) is a reqular noncommutative BiHom-Poisson algebra, where for all

rye A {x,yt=x-y— al_lozg(y) . alagl(a:).

In the following we introduce the notions of representation and matched pair of non-
commutative BiHom-Poisson algebras.

Definition 2.15. Let (A4, -, {-,}, a1, a2) be a noncommutative BiHom-Poisson algebra. A
representation of A is a 6-tuple (I,r, p, 51, 82, V) such that (I,r, 51, B2,V) is a bimodule
of the BiHom-associative algebra (A, -, a1, as) and (p, f1, B2, V') is a representation of the
BiHom-Lie algebra (A4, {-, -}, a1, a2) satisfying, for all z,y € A, v € V.

I({az(z),y})B2(v) = plaraa(z))l(y)v —laz(y))plar(z))v, (2.24)
r(fai(z),y})fa(v) = plaras(z))r(y)v —r(ez(y))plaz(z))v, (2.25)
pz-y)prfa(v) = U (x))p(y)Bi(v) + r(aa(y))p(x)Ba(v). (2.26)

Proposition 2.16. Let (1,7, p, p1,52,V) be a representation of noncommutative BiHom-
Poisson algebra (A, -, {-,-}, a1, a2) such that oy, Po are bijectives. Then (A®V,- {-,-}, a1+
b1, ao+32) is a noncommutative BiHom-Poisson algebra, where (A®V, ', a1+51, as+P2) is
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the semi-direct product BiHom-associative algebra AX |, a1 a0.8.,8,V and (ASV, {-,-}, a1+
B,z + B2) is the semi-direct product BiHom-Lie algebra A X, o, 008,58, V

Proof. We prove only the BiHom-Leibniz identity in A ® V. For all z1, 22,23 € A,
v1,v2,v3 € V.

{(ar102 + B1B2) (1 + v1), (z2 + v2) ' (w3 + v3)}

— {(a2 + Bo) (x2 + v2) ' {(c1 + B1) (21 + v1), 23 + v3}

— (a2 + Bo) (w2 + v2) ' {(a1 + B1) (@1 + v1), x5 + v3}
={onaz(x1) + B182(v1), 22 - 23 + l(x2)v3 + r(w3)v2}

~ ({oal1), 22} + plas(@r))va — plag " an(@2))Bi(v1))  (aa(@1) + Ba(vs))
— (@2(w2) + f2(v2)) (*{041(561)7 z3} + pla(z1))vs — P(aflaz(ws))ﬁfﬁz_l(mD

={aja(x1), 22 - 23} + plaraa(z2))l(z2)vs
+ plarag(z1))r(w3)va — pla sz (23)) 57 (01)
—{az(z1), 22} - aa(zs) — I({az(z1), 22})B2(v3))
— r(ag(w3))plaz(@1))ve + r(aa(es))pla;  az(ws)) i (v1)
— az(22) - {ou (1), 23} — Uaz(22))p(ar(z1))vs
+ U(ag(a))ploq ez (w3)) 87 B3 (v1) — r({eu (1), 23}) B

= ({onaz(@1) @2 - 23} = {az(@n), 22} - az(ws) — az(wz){an (1), 23})
+ (plaras(@n)i(@z)vs — (({az (1), w2})Ba(vs) — laz(w2))plen (21))vs)
+ (plaras(@))r(zs)vs — r(az(ws))plas(z1)vs = r({aa(z1)), 25})Ba(vs))
~ (plar (s - 3)) B (v1) + r(as(ws))p(ar s (22))B1 (v1)

+ Uaa(w2))pla7 oz (23)) 8285 (1)) = 0+ 0+ 040 =0.

Then (A V, " {-,-},a1 + B1,a2 + [2) is a noncommutative BiHom-Poisson algebra and
we denote by A X, 51 00,818, V- O

Example 2.17. Let (A,-,{:, },a1,a2) be a noncommutative BiHom-Poisson algebra.
Then (L., R.,ad, a1, ag, A) is a regular representation of A, where L.(z)y = z-y, R.(x)y =
y -z and ad(x)y = [z,y], for all z,y € A.

Theorem 2.18. Let (A, 4,{:,-}a,a1,02) and (B,-g,{-, } B, b1, 52) be two noncommuta-

tive BiHom-Poisson algebras. Suppose that there are linear maps la,r4,pa : A — gl(B)
and lg,rg,pp : B — gl(A) such that A 25102 B s a matched pair of BiHom-Lie

PB,x1,02

algebras and A NﬁA ;’; ill %2 B is a matched pair of BiHom-associative algebras and for all

x,y € A, a,b € B, the following equalities hold:

palaras(@))(Bi(a) -5 fi(b) = (pa(a3(@))fi(a)) b fiB2(b) + BiBa(a) -5 palaraz(w))i(b)
— La(pp(B2(a))az(@))B1B2(b) — ralpr(B2(b))ai(x)) 1 2(a),
(2.27)

La(araz(z){Bi(a), B1(b)} s = {B1B2(a),la(ar(x)B1(b)} B — pa(rp(Ba2(b))as(x)) 57 (a)
— lalpp(B2(a))ai(x))B1P2(b) + (palaz(x))Bi(a)) -B F1PB2(D),
(2.28)

pa(B185(a)) (1 (x) - aa1(y)) = (pB(B3(a))ar(z)) -4 craa(y) + craz(z) -4 pB(B1P2(a))on (y)
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— IB(palaz(x))Ba(a))aras(y) — ra(palaz(y))bi(a))aras (@),
(2.29)

{araa(2), 15 (B1(a)) a1 (y)}a — pB(ralaz(y))ss(a)ai(z)
— 1(pa(Ba(z))B1(a))craa(y) + (pB(B2(a))ai(z)) -4 araz(y).
(2.30)

Then (A, B,la,ra,pa,51,02,l8,7B, pB, 1, 02) is called a matched pair of noncommutative BiHom-

Poisson algebras. Moreover, assume that (A,{-,-}a,a1,a2) and (B,{-,-}B,B1,32) be two regular
noncommutative BiHom-Poisson algebras, then, there exists a moncommutative BiHom-Poisson
algebra structure on the direct sum A @ B of the underlying vector spaces of A and B given by

(x4+a) (y+0b) a4y + (la@)b+raly)a)+a-gb+ (Igla)y +rp(b)zx),
[z + a,y + 0] = {z,y}a+palx)b— pala; ' a2(y))B185 ' (a)
+ H{a,b}p+ PBga)y — pB(By ' B2(b))aray (),

)

IB(B1B2(a)){or(x), a1(y)}a

(1 @ B1)(x + a)
(a2 @ B2)(z + a)

for any x,y € A, a,b € B.

ar(z) + fa(a),
as(z) + fa(a),

Proof. By Theorem 2.8 and Theorem 2.12, we deduce that (A @ B, -, a1 + 51, as + 32) is
a BiHom-associative algebra and (A @ B, [, ‘], a1 + 1, a2 + B2) is a BiHom-Lie algebra.
Now, the rest, it is easy ( in a similar way as for Proposition 2.12 and Proposition 2.8) to
verify the BiHom-Leibniz identity satisfied. O

A [><]lA7TA7pA7/81752

We denote this noncommutative BiHom-Poisson algebra by I e Crr v

3. Bimodule and matched pair of noncommutative BiHom-pre-Poisson
algebras

In this section we introduce the definition and bimodule of a noncommutative BiHom-
pre-Poisson algebra. We also establish the matched pair of noncommutative BiHom-pre-
Poisson algebra and equivalently link them to a matched pair of their underlying noncom-
mutative BiHom-Poisson algebras.

Definition 3.1 ([31]). A BiHom-pre-Lie algebra (A, , a1, ) is a vector space A equipped

with a bilinear product * : A® A — A, and two linear maps a1, as € End(A), such that

for all z,y,z € A, aq(zxy) = a1(x) * a1(y), az(x *y) = az(x) * az(y) and the following

equality is satisfied:

(az(z)*ai(y))*aa(z) —onon(z)* (a1 (y)*2) = (aa(y) xon(z))xa2(z) —ona(y) * (a1 () *2).
(3.1)

The equation (3.1) is called BiHom-pre-Lie identity.

Lemma 3.2 ([31]). Let (A, *, a1, a2) be a reqular BiHom-pre-Lie algebra. Then (A, [-, -], a1,

ag) is a BiHom-Lie algebra with

[2,y] = 2 xy — a7 'aa(y) * aray ' (2),

for any x,y € A. We say that (A, [, ], a1,a2) is the sub-adjacent BiHom-Lie algebra of
(A, %, a1,a2) and denoted by A°.

Let us recall now the notion of bimodule of a BiHom-pre-Lie algebra given in [13].

Definition 3.3. Let (A,*,a1,a2) be a BiHom-pre-Lie algebra, and let (V| 1, 52) be a
BiHom-module. Let L., 7. : A — gl(V') be two linear maps. The quintuple (I., ., 81, f2, V)
is called a bimodule of A if for all z,y € A,v € V
L({az(z), a1 (y)})Ba(v) = L(araz(z))l(on(y))v
L(araz(y))l(ar(z))v, (3:2)
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re(az(y))p(az(2)fi(v) = L(araz(@))r(y)Bi(v)
= 7r(oa(z) xy)B1Pa2(v), (3-3)
Pi(le(z)v) Le(an (2))1(v), (3.4)
Prlre(z)v) = re(aa(z))Bi(v), (3.5)
Pa(le(z)v) = Lag(z))Ba(v), (3.6)
Pa(r«()v) r(az(x))Ba(v), (3.7)
where {aa(z), a1(y)} = as(z)*a1(y) —az(y)*a1(z) and (poas)B1 = (lyoas)B1—(roay)fe

Proposition 3.4. Let (I, 74, 1,52, V) be a bimodule of a BiHom-pre-Lie algebra (A, x,
a1, az). Then, the direct sum A®V of vector spaces is turned into a BiHom-pre-Lie algebra
by defining multiplication in A®V by

(11 +v1) ¥ (9 + v9) := 21 * 13 + (lu(z1)ve + re(m2)01),
(o1 @ B1)(21 + v1) == au(z1) + B (v1),
(g @ B2)(z1 +v1) 1= ag(z1) + Ba(v1),

for all x1,x9 € A,v1, 15 € V.

We denote such a BiHom-pre-Lie algebra by (A @ V,+', a1 + B1, a2 + B2),
or A Xl Pase1,02, 81,82 V.

Proposition 3.5. Let (Li,7«, 51,82,V ) be a bimodule of a regular BiHom-pre-Lie algebra
(A, *, a1, a9) such that By is bijective. Let (A,{-,-}, a1, as2) be the subadjacent BiHom-Lie
algebra of (A, *,a1,as). Then (I, — (1 0 anay V)B " Ba, Br, B2, V') is a representation of
BiHom-Lie algebra (A, {-, -}, a1, a2).

Proof. Forallx € A,veV
Bro (l(a) = re(anay ' ()87 B2) (v)
=1 o L(x)v = B o (re(aray  (2)) 81 Ba(v)
=L (a1 (2))B1(v) = (rv 0 a1y (an(@))) By B2(B1(v))
=(L = (re 0 a1y ") By Ba) (1 (2)) B (v).
In the same way,
B0 (L — (e 0 105 (@B B2) (0) = (L — (s 0 13 ) Ba)02(2))Ba (o).
Finally, for all z,y € A, v € V we have
(e = (re 0o arag M) By Bo) (ra(2)) © (L = (1 0 arag 1) By B2) (y)v
= (e = (re o aray )BT Ba) (a2(y) o (L — (re 0 anag 1) By fo) (au (@) v
=l.(1az(x)) o L(y)v = (rv 0 ai(2)) By B2 0 L (y)v
— L(aras(x)) o (re 0 anag () By B2(v) + (re 0 aF(2)) B Ba 0 (re 0 aray () By B2 (v)
— Le(az(y)) o L@ (2))v + Lo(az(y)) (rs 0 afag * (2)) B Ba(v)
+ (re 0 a1(y))Br B2 0 L (2))v = (re 0 ar(y) By B2 o (i 0 afay ' (2)) By B2 (v)
=L (naz(x)) o L(y)v — (r. 0 ai(x)) o L(ag taa(y))Br ' B2 (v)
— L(arag(x)) o (re 0 anay () B B2(v) + (re 0 af (@) o (. (y)) By B3 (v)
— Lo(az(y)) o L (2)v + L@z (y)) (re 0 @fay * (2)) 81 Ba(v)
+ (re 0 a1 (y)) o L(aa(2)) B Ba(v) = (1 0 ar(y)) o (ri 0 an(x)) By 253 (v)
~(L(e102(@)) 0 L(y)v — L(a2(y) o L (o (2))0)

+ ( = L(araz(2)) o (rv 0 aray ' ()87 B2(v) + (1 0 a1(y)) o Lu(az(2)) 51 B2 (v)
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rooai(y)) o (r. 0 a1(@)B2B3(0) ) = (e 0 af(@)) o L (a7 az(y)) 57 Ba(v)
o (r ()8 B3(v) = L(aa(y)(r- 0 atay (w))ﬁflﬁz(v))

— ( )
— (re00i(@) (y
=l ({az(2),y})B2(v) — ru(ar (@) * aray ™ ()87 ' B3 (v) + 1y * afay ' () By B3 (v)
=l ({az(2),y})B2(v) — ru(ar(2) * aray ' (y) —y * afay ' (2)) B B3 (v)
=L.({az(x),y})B2(v) = re({ar (@), arag ™ (y) )BT B3 (v)
=p({e2(2), y})B2(v).
Therefore, the axioms (2.18)-(2.20) are satisfied. O

Now, we introduce the notion of matched pair of BiHom-pre-Lie algebra:

Theorem 3.6. Let (A, x4, a1, a2) and (B, *pg, b1, B2) be two BiHom-pre-Lie algebras. Sup-
pose that there are linear maps ly ., 7+, : A — gl(B) and liy, 74y : B — gl(A) such that
(L s, 7545 B1, B2, B) is a bimodule of A and (lxy,T+y, 1,02, A) is a bimodule of B satisfy
for any, x,y € A, a,b € B:

Txq(a2(2)){B2(a), B1(b)} B = 7, (L (B1(D))2) B152(a)

T4y (L (B1(a)2) B1B2(b) + B1B2(a) ¥ 74, () B1(D)
—B1B2(b) *p 7+, () B1(a), (3.8)
Ly (araa(z))(Bi(a) xp b) = (pa(az(x))Bi(a)) *B B2(b)

~Li,(pB(B2(a))ar(2))B2(b) + P1B2(a) *p (L, (1 (x))b)
744 (7 (D)1 (7)) B182(a),
Tap(B2(a)){a2(2), a1(y)}a = ripy (I s (a1(y))a)araz(z)
Ty (Ley (@1 (7)a)raa(y) + araa(w) x4 14y (@) (y)

)

—aaa(y) *4 Ty (@) (), (3.10)
Lig (B1B2(a)) (1 (x) xa y) = (pB(B2(a))ar(z)) x4 az(y)

—lig (palaz(x))Bi(a))oz(y) + aras(x) x4 (L (Br(a))y)
(e s ()1 (@) c103(2), (3.11)

where
{aa(2), 0n(y)ta = aa(z) x4 1 (y) — 2(y) x4 a1 (),
(paocag)p = ( w4 0 Q2)f1 — (T, 0 1)f2,
{B2(a), B1(b)} B = P2(a) xB f1(b) — B2(b) x5 f1(a),

(pB o f2)ar = ( g © B2)ar — (T 0 B1)aa.
Then (A, B, Ly, x4, 81, B2, lig, T, 1, 2) is called a matched pair of BiHom-pre-Lie al-
gebras. In this case, there exists a BiHom-pre-Lie algebra structure on the vector space
A @ B of the underlying vector spaces of A and B given by
(z+a)*x(y+0b) = zray+ (L, (@)0+71e,(y)a) +axpb+ (ly(a)y + rep (D)),
(a1 @ p1)(z +a) ai(z) + pi(a),

(a2 @ Bo)(z + a) az(x) + Pa(a).
Proof. The proof is obtained in a similar way as for Theorem 2.8. U
We denote this BiHom-pre-Lie algebra by A l>4l A ill %2

Proposition 3.7. Let (A, B, li,,"s,, 51,02, ligs Tep, @1, a2) be a matched pair of reqular
BiHom-pre-Lie algebras (A, x4, a1, a2) and (B, *pg, B1,P2). Then, (A, B,l., — (rs«,

oaray V)BT B2, B1, B2, ey — (e 08185 )y tava, ity ) is a matched pair of the associated BiHom-
Lie algebras (A, {-,-}a,1,0a2) and (B,{-,-}B,P1, B2)-
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Proof. Let (A, B, li,,7+,, 51,52, lxy, Tsg, @1, a2) be a matched pair of regular BiHom-pre-
Lie algebras (A, x4, a1, a2) and (B, *p, f1, 82). In view of Proposition 3.5, the linear maps
Loy — (reocnay ) Be : A — gl(B) and Ly, — (e 010 V) By B2 : B — gl(A) are repre-
sentations of the underlying BiHom-Lie algebras (A, {-, -} 4, a1, a2) and (B, {-, -} B, 81, B2),
respectively. Therefore, (2.21) is equivalent to (3.8)-(3.9) and (2.22) is equivalent to (3.10)-
(3.11). O

Now, we recall the definition of BiHom-dendriform algebra [32] and their notions of
bimodule and matched pair given in [23].

Definition 3.8. A BiHom-dendriform algebra is a quintuple (A, <, >, a1, a9) consisting
of a vector space A on which the operations <,>: A® A — A, and aj,as : A — A are
linear maps such that ay o g = g 0 1 and for all x,y, z € A the following equalities are
satisfied:

ar(z <y) = ai(z) < ai(y)
az(z <y) = a(x) < a(y)
ar(z=y) = ai(x) > ai(y)
az(x =y) = oao(r) > a(y)
(x<y) <a(z) = a(x)<(y-2),
(z=y) <as(z) = ailz) > (y<2),
ai(z) = (y=2) = (z-y) = a2),

where
ry=cz<y+z>y. (3.12)

Lemma 3.9 ([32]). Let (A, <,>,a1,a2) be a BiHom-dendriform algebra. Then,
(A, :=<+ =, a1,a9) is a BiHom-associative algebra.

Definition 3.10. Let (A, <, =, a1, a2) be a BiHom-dendriform algebra, and V' be a vector
space. Let Io,r<,lo,re : A — gl(V), and B1,02 : V — V be six linear maps. Then,
(I<,r<,le 7, 1, B2, V) is called a bimodule of A if the following equations hold for any
r,y € Aand v e V:

I<(z <y)b2(v) = l<(aa(x))l(y)v, (3.13)
r<(aa(z))iz(y)v = l<(aa(y))r(z)v, (3.14)
r<(o2(y))r<(y)v = r<(z-y)bi(v), (3.15)
I<(z = y)fa(v) = I-(a1(x))l<(y)v, (3.16)
r<(aa(z))l-(y)v = I (oa(y))r<(z)v, (3.17)
r<(on())r-(Yv = r-(y <2)A1(v), (3.18)
b-(z-y)B2(v) = I-(aa(x))l-(y)v, (3.19)
re(a2(@)ly)v = I-(aa(y))r-(z)v, (3.20)
re(oa(x))r.(y)v = r-(y > z)Bi(v), (3.21)
Pill<(z)v) = (e (2))Bi(v), (3.22)
Arlr<(z)v) = r<(oa(x))bi(v), (3.23)
Ball<(w)v) = I<(az(x))B2(v), (3.24)
Pa(r<(@)v) = r<(az(z))ba(v) (3.25)
Arlls-(z)v) = I-(a1(x))B1(v), (3.26)
Pi(re(x)v) = r-(a1(2))Bi(v), (3.27)
Ball-(z)v) = I-(az(x))B2(v), (3.28)
Pa(r(x)v) r-(a2(x))B2(v), (3.29)
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wherez-y=z <y+zxz >y, l.=Ilx+1-andr. =7r5 +7r..

Proposition 3.11. Let (I<,r<,lo,r,B1,82,V) be a bimodule of a BiHom-dendriform
algebra (A, <, >, ay,a2). Then, there exists a BiHom-dendriform algebra structure on the
direct sum A @V of the underlying vector spaces of A and V given by
(x+u) < (y+v) r<y+iz(z)v+r(y)u,
(x+u) =" (y+v) =y + 1 (2)v+ 7 (y)u,
(1 @ Pr)(z + a) a1 (z) + pi(a),
(a2 @ B2)(x + a) az(x) + Ba(a),
forall z,y € A,u,v € V. We denote it by A X;_ r_ 1 ro a1,00,81,8 V-
Proposition 3.12 ([23]). Let (I<,r<,l-, 7, 1, B2,V ) be a bimodule of BiHom-dendriform
algebra (A, <, >, a1,a3). Let (A,- =< + =, a1, ) be the BiHom associative algebra. Then
(<41, <+ 1o, b1, 82,V ) is a bimodule of (A, -, a1, as).
Proof. We prove only the axiom (2.5). The others being proved similarly. For any
z,y € Aand v € V | we have

(< +1-)(x-y)B2(v)
=(l<+ 1)z <y +z=y)B(v)
=li(z <y) +iz(z = y)B2(v) + (2 - y)B2(v)
)
)

=l(a1(2)) (< + 1) (y)v + - (o1 (2) < (y)v + I (a1 (z)) - (y)v
=l<(a1(2)) (< +1-)(y)v + b (o () (1< + 1) (y)v
=(l< + 1) (a1 (z)) (< + 1) (y)v.
This finishes the proof. O

Theorem 3.13. Let (A, <4, >4, a1,a2) and (B, <p, =g, b1, f2) be two BiHom-dendriform
algebras. Suppose that there are linear maps l<,,r< ,,

leyyre, A= gl(B) and l<,,m<5, e 5,

Ty B = gl(A) such that for all x,y € A, a,b € B, the following equalities hold:

r<a(a2(z))(a <p b) = fi(a) <p (ra()b) +r<,(Is(x)bi(a)), (3.30)
a2y @)B0) +(r=1()a) <3 fa(b) = 1)
Pi(a) <p (I<4(2)b) + 1<, (r<p(0)7)B1(a),
Z<A(041(.CE) (a *B b) = (Z<A(x)a) *B 62(b)+l<A(T<A( ) ) (b)a (3'32)
r<ale2(z))(a =g b) =1, (<5 (0)2)b1(a) + Bi(a) =B (r<,(2)b), (3.33)
Leap (@2)Ba(6) +(- 1 (2)a) <5 Balb) = 530
Bi(a) =B (I<4(2)b) + 7, (r<5 (b)x) B1(a)
by (ar(2))(a <B b) = (-4 (¥)a) <p F2(b) + 1<, (r-p(a)x)B2(b), (3.35)
r-al@2(z))(axp b) = Bi(a) =p (1=, (2)b) + 7w, (I 5 (b)2) b1 (a), (3.36)
51() = (b a(2)D) +75 s (1 (D)) B (a) = 3.37)
L4 (IB(a))B2(b) + (ra(z)a) =B Ba(b),
L4 (an(z))(a =g b) = (la(z)a) »=p P2(b) + -, (rB(a)z)B2(b), (3.38)
r<p(B2(a))(z <ay) = ar(z) <a (re(a)y) +r<, (la(y)a)oa (2), (3.39)
Ly (i (2)aan(y) +(r—,(a)2) <4 ar(y) = 3.40)
ar(z) <a (Ip(a)y) + r<z(ra(y)a)oa(z),
<p(Br(@))(z xay) = (I<p(a)r) <a aa(y) + <5 (r<,(2)a)az(y), (3.41)
r<p(B2(a))(@ =4 y) = rep(lzp (W)a)oa () + ar(z) =a (r<z(a)y), (3.42)
Lo (s (@)a)as(y) +(rv g (a)2) <4 0o(y) = 3.43)

ar(z) »a (Ixp(@)y) + 7= (r< 4 (y)a)ar(z),
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g (Br(a))(z <4 y) = (- (a)r) <4 a2(y) + <5 (re 4 (v)a)az(y), (
T>B( 2(@))($ *A y) :al( ) = r>‘B( y)+7’>.3( (y)a)al(‘r)v (
: (

(

)
ar(z) »a (I-5(a)y) +?">B(7">A( Ja)ou(z) =
b (La(z)a)aa(y) + (rp(a)r) =4 aa(y),
(

Ja
b5 (B1(a))(z = y) = (IB(a)r) =4 a2(y) + l- 5 (ra(z)a)oz(y),
where
rzray=cHaytatay la=lqy +h,, ra=rq +r,,
axpb=a-pb+atpb, I, =14, +1l,, rB=1T4; +75.

Then (A, B,l< 1<, le o7 4 01, B2, <5, "<y U gy T 1, i2) 18 called a matched pair of
BiHom-dendriform algebras. In this case, there exists a BiHom-dendriform algebra struc-
ture on the direct sum A @ B of the underlying vector spaces of A and B given by

(r+a) <(y+bd) = xz=<ay+ (<, (@)b+r<,(y)a)+a<pb+ (I<z(a)y+r<y(b)x),
(x+a)=(y+b) = z=ay+ (-, (@)b+r-,(y)a)+a=pb+ (I-z(a)y +r.y(b)x),
(1@ B1)(z+a) = a1(z)+ Bi(a),
(2 @ B2)(x +a) = az(x)+ B2(a)

We denote this BiHom-dendriform algebra by A patATab1,02 g

IB,rB,01,02

Proposition 3.14 ([23]). Let (A, B,l<,, 7=, 1,7 1, 51,82, 1<, T< 5y I gy T gy 1, 2)

be a matched pair of a BiHom-dendriform algebras (A, <4, =4,a1,a2) and (B, <p,>B

, 01, 02). Then, (A, Bl 4+l ,r<,+7s 4, 1, B2l +ls p, T< 5 +7s 5, 1, 2) i a matched

pair of the associated BiHom-associative algebras (A, -4 =<4 + =4, a1,a2) and (B, -p =<p
+ =B, b1, 2).

Proof. Let (A, B,l,, "<, e s 45 51,02, <5, T<pslep, T, @1, @2) be a matched pair
of a BiHom-dendriform algebras (A, <4, >4, a1,a2) and (B, <p, =g, (1, 02). In view of
Proposition 3.12, the linear maps I, + 1y ,,7<, +7rv, : A — gl(B) and l<, + o5, 7<, +
Ty, ¢ B — gl(A) are bimodules of the underlying BiHom-associative algebras (A, - 4, a1, a2)
and (B, g, f1,[2), respectively. Therefore, (2.12)-(2.14) are equivalents to (3.30)-(3.38)
and (2.15)-(2.17) are equivalents to (3.39)-(3.47). O

Now, we introduce the definition of noncommutative BiHom-pre-Poisson algebra and
we give some results.

Definition 3.15. A noncommutative BiHom-pre-Poisson algebra is a 6-tuple (A4, <, >
%, a1, ) such that (A, <, >, a1, a2) is a BiHom-dendriform algebra and (A, x, a1, ag) is
a BiHom-pre-Lie algebra satisfying the following compatibility conditions:

(aa(x) * a1(y) — a2(y) xa1(x)) < az(z) = aro(@) * (a1(y) < 2) — araz(y) < (a1 () * 2),
(3.48)

az(z) = (cnoa(y) * a1(2) —aa(2) x a3 (y) = oaj(y)* (z = a1(z)) — (03(y) * ) = araa(2),
(3.49)
(2(2) = a1 (y) + az(z) = a1(y)) * a2(z) = (a2(x) * a1(2)) = a2(y) + araz(z) < (@1(y) * 2).
(3.50)

where x,y,z € A.

Theorem 3.16. Let (A, <, >, *) be a noncommutative pre-Poisson algebra [30] and oy, a :
A — A be two morphisms of A such that ajas = coay. Then Ay, a, = (A, <a1,a0==<
o(1®2), ™a1,as="> 0(Q1®Q2), *a; 00 = *¥0(1 D2), a1, a2) 15 @ noncommutative BiHom-
pre-Poisson algebra, called the Yau twist of A. Moreover, assume that (A, <',>" %) is
another noncommutative pre-Poisson algebra and o, oy : A" — A’ be a two commuting
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noncommutative pre-Poisson algebm morphisms. Let f : A — A’ be a pre-Poisson algebra
morphism satisfying foa; = oo f and foag = aho f. Then f: Aq a0 — A o 18 a

Qg
noncommutative BiHom-pre-Poisson algebra morphism.

Proof. We shall only prove axiom (3.48) the others being proved analogously. Then, for
any x,y, 2 € A,

(az(z) *aq,00 a1 (y

~—

— @2(Y) *ay,00 1(T)) Ray,05 2(2)
=(aqa(z) * araz(y) — a1az(y) * a102(x)) <ay,0s 2(2)
=(afaa(z) * afaa(y) — afas(y) * ajas(z)) < aj(2)
=afas(z) ¥ (afaz(y) < a3(2)) — atas(y) < (afaz(z) * a3(2))
=102(T) *ay,05 (Q1(Y) <a1,00 2) = @102(Y) <ay,0 (@1(T) *ay,05 2)-
For the second assertion, we have
f(x <ar,00 y) =f(an(z) < 02(y))
=f(a1(z)) < flaz(y))
=a) f(z) <" ey f(y)
( )%M fy).

SimilarIY7 we have f(l’ >oz1,oe2 y) = f(l’) f( ) and f(:l,' *aq,ae y) = f(x) */a’paé f(y)
This completes the proof. O

— ~— ~—
—~ o~

Proposition 3.17. More generally, let (A, <, >, *, a1, a2) be a noncommutative BiHom-
pre-Poisson algebra and o, oy : A — A be a two noncommutative BiHom-pre-Poisson
algebra morphisms such that any two of the maps a1, az, aly, oy commute. Then (A, = o,

s =al oy ¥al ol Q1 © aly, a9 0 o) is a noncommutative BiHom-pre-Poisson algebra.

Corollary 3.18. Let (A, <, =, *, a1, a2) be a noncommutative BiHom-pre-Poisson algebra
and n € N*. Then

(1) The nth derived noncommutative BiHom-pre-Poisson algebra of type 1 of A is
defined by

= (A <M=<0o(af ®a}), ="M=~ o(a] ® a}),x") = x0 (a] ® a}),a !, ay ™).

(2) The nth derived noncommutative BiHom-pre-Poisson algebra of type 2 of A is

defined by
= (A, <" V=<0 T@ad" ), =T Vo o Tead" ),
#(2"=1) = so(adt@ad ™, ad")
Proof. Apply Theorem 3.17 with o) = af, oy = o} and o} = o !, o = a2 !
respectively. O

Theorem 3.19. Let (A, <, >, *,a1,a2) be a regular noncommutative BiHom-pre-Poisson

algebra. Then (A,-,{-, -}, a1, a9) is a noncommutative BiHom-Poisson algebra with
voy=x<y+z>y, and {z,y} =2 xy— oy aa(y) r may ' (x),

for any x,y € A. We say that (A,-,{-, -}, a1,a2) is the sub-adjacent noncommutative

BiHom-Poisson algebra of (A, <, =, , a1,a2) and denoted by A°.

Proof. By Lemma 3.2 and Lemma 3.9, we deduce that (A, -, a1, a2) is a BiHom-associative
algebra and (A, {, }, a1, a9) is a BiHom-Lie algebra. Now, we show the BiHom-Leibniz
identity
{araz(2),y - 2} — {a2(2), y} - a2(2) — az2(y) - {au(z), 2}
={aiaz(x),y < z+y =z} —{az(x),y} < az(z) — {az(x),y} > az(z)



Bimodules and matched pairs of noncommutative BiHom-(pre)-Poisson algebras 687

—aa(y) <{ou(x), 2} — az(y) - {aa(z), 2}
=aqag(x) * (y < 2) + araa(x) * (y = 2) — oy taz(y < 2) * ai(x)
—ajlas(y = 2) x ai(z) — (az(2) * y) < az(2) + (a7 az(y) * an(x))) < az(2)
— (az(2) x y) = az(2) — (a7 "az(y) * ai(@)) = az(2) — az(y) < (ai(@) * 2)
+az(y) < (a7 az(2) x afay ! (@) — az(y) = (ar(@) * 2) + az(y) = (a7 az(2) * afay ' (2))
=(@az(@) (5 < 2) = aa(y) < (@ (@) ¥ 2) = (a2(@) ¥y = a7 s (y) * ar (&) < (2))
+ (alag(z) ¥ (y = 2) — (a2(2) xy) = az(2) — aa(y) = (a1 (x) * 2 — o taa(2) * a%a;l(as))
+ (a1 azy) * a1(2)) = az(2) + as(y) < (a7 'as(2)  adaz ()
— (a7 rag(y) = aj tan(2)ar tas(y) = aj tag(2)) a?(x))
=0+ 0+0=0 (by (3.48) — (3.50))

which implies that (4, -, {-, -}, a1, a2) is a noncommutative BiHom-Poisson algebra. O

The relation existing between a noncommutative BiHom-Poisson algebra and noncom-
mutative BiHom-pre-Poisson algebra, as illustrated by the following diagram:

BiHom-dendriform alg+ BiHom-pre-Lie alg BiHom-pre-Pois. alg

T<Yy+T>Y x*y—aflag(y)alo@l(w) T=<y+x>y x*y—aflaz(y)alagl(a:)

BiHom-associative alg+BiHom-Lie alg BiHom-Pois. alg.

In the following we introduce the notions of bimodule and matched pair of noncommu-
tative BiHom-pre-Poisson algebras and related relevant properties are also given.

Definition 3.20. Let (A, <, >, *, a1, a2) be a noncommutative BiHom-pre-Poisson alge-
bra. A bimodule of A is a 9-tuple (I<,7<, s, e, li, s, 51, B2, V) such that (1,74, 51,62, V)
is a bimodule of the BiHom-pre-Lie algebra (A, x, a1, a2) and (I<,r<,l-,re, 1,82, V) is
a bimodule of the BiHom-dendriform algebra (A, <, >, a1, ag) satisfying for all z,y € A
and v € V:

I<({az(z), ar(y)} = L(araz(z))l< (o (y))v — I (araz(y))ls(an (z))v, (3.51)
r<(az(x))plaz(y) = L(araz(y))r<(z)f1(v) — r<(ai(y) * z)B1P2(v), (3.52)
—r<(az(z))p(az(y))B1(v) = re(an(y) < 2)B1P2(v) — I<(araz(y))r(z)Bi(v), (3.53)
L (aa(@)) plaraa(y)) B1(v) = L(@103(y))l- (2)81(v) — 1-(a3(y) * 2)B182(v), (3.54)
re ({ara2(z), 1 (y)}) B2(v) = L(ara3(x))re (a1 (y))v — r (1 az(y))l (a3 (4))€8.55)
—l>(a2( )p(aa(y))Bi(v) = re(z = ar1(y)) 183 (v) — r(araa(y))r.(x) 53 (v),(3.56)
r Ly )

)

)

2
Li(ag(z) - en(y))Ba(v) = r-(az(y))ls(az()) f1(v) + I<(raa(z))l(cu (y))v, (3.57
re(az(2))l(a2(y)) b1 (v) = I (a2(y) * a1(2))Ba(v) + I (araz(y))r«(z)fr(v), (3.58
re(az(@))r.(a1(y))B2(v) = r-(a(y))r(en (2))B2(v) + r<(a1(y) * ) f1f2(v), (3.59

where
ry=x<y+x=-y, L=+, r.=rs+r.,
{a2(z), 1(y)} = aa(z) * a1 (y) — az(y) * a1 (),
(poaz)Bi = (luoag)B — (re o a1)pa.

Proposition 3.21. Let (Ix,r<,lo, 7, L, 7y, B1, B2, V) be a bimodule of a noncommuta-
tive BiHom-pre-Poisson algebra (A, <, =, *,a1,as). Then, there exists a noncommutative
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BiHom-pre-Poisson algebra structure on the direct sum A ® V of the underlying vector
spaces of A and V' given by

(x4+u) < (y+v) = z<y+ii(z)v+r<@)u,
(x+u) =" (y+v) =y -+l (2)v+ 7 (y)u,
(z+u)« (y+v) = zxy+L@)v+r(yu,
(a1 ®B1)(x+u) = ai(x)+ p1(u),

(2 ® B2)(z+u) = ao(x)+ Balu),

forall z,y € A,u,v € V. We denote it by A X;_ r_ 1 ro lorear,00,81,8 V-

Proof. We prove only the axiom (3.48) in A@® V. The axioms (3.49), (3.50) being proved
similarly. For any x1,x2,x3 € A and vy, v2,v3 € V, we have

((ag + B2)(z1 4+ v1) * (o1 + B1) (w2 + v2)) <’ (a2 + B2)(x3 + v3)
— ((a2 + B2) (2 +v2) ¥ (o1 + 1) (x1 +v1)) < (o2 + B2)(3 + v3)
=((az(z1) * a1(x2)) + L(@2(21))B1(v2) + re(@1(22))B2(v1)) <’ (a2 + B2) (23 + v3)
= (@2(w2) * a1 (1) + L (aa(22) B1(v1) + (@1 (21)) B2(v2)) <’ (a2 + B2) (23 + v3)
=(az(21) * a1(22)) < az(xs) + I<(aa(z1) * a1 (22))B2(vs) + r<(aa(zs))l(az(z2))B1(v1)
— r<(az(zs))r(a(z1))Ba(v2) — (az(z2) * o1 (21)) < az(w3) — I<(a2(22) * a1 (z1))Ba2(vs)
+r<(az(zs))l(az(22))B1(v1) — r<(az(zs))r (a1 (z1))B2(v2)
={az(21), a1(z2)} + < ({a2(21), a1(z2)})Ba(vs)
+ r<(az(zs))p(az(z2))B1(v1) + r<(az(zs))plaz(z2))Bi(ve).
On the other hand ,
(a1 + B1) (a2 + Ba) (@1 4 v1) * (a1 (22 +v2) < (x3 + v3))
— (o1 + B1)(az + B2)(x2 +v2) < ((o1 + B1) (@1 + v1) ' (23 + v3))
=(aroa(z1) + f1P2(v1)) ¥ (a1(z2) < @3 + < (1 (x2))vs + r<(z3)B1(v1)
— (arag(z2) + B1B2(v2)) < (a1 (z1) * w3 + L (a1 (z1))vs + re(w3) 1 (v1))
=araz(z1) *x a1(22) < @3) + L(araa(z))l< (a1 (22))vs + L (@raz(21))r<(23) 81 (v1)
+ re(a1(22) < 23)B182(v1) — anaz(w2) < (a1 (w1) * x3) — I<(aa(x2))l (o (21))vs
—lx(aran(z2))re(z3)on (v1) — r<(oa(xr) * 23) 1 B2 (v2).
By equations (3.48), (3.51)-(3.53) we deduce that
((az + B2)(x1 4+ v1) * (o1 + B1) (w2 + v2)) <’ (a2 + B2)(x3 + v3)
— ((ag + B2)(z2 +v2) * (1 + B1) (21 + v1)) < (a2 + B2) (w3 + v3),
=(a1 + B1) (a2 + B2) (w1 4 v1) * (a1 (22 +v2) < (3 +v3))
— (a1 + B1)(ag + B2)(z2 + v2) < (a1 + B1) (w1 + v1) * (w3 + v3)).

There is an example of bimodule of noncommutative BiHom-pre-Poisson algebra

Example 3.22. Let (A, <, =, *, a1, az) be a noncommutative BiHom-pre-Poisson algebra.
Then (L=, R<, L., R, Ly, Ry, a1, a9, A) is called a regular bimodule of A, where L (x)y =
r=<y, Ri(x)y=y <z, Lyo(v)y=2 >y, Ro(z)y=y >z and L.(z)y = zxy, R.(x)y =
y*x, for all z,y € A.

Proposition 3.23. If f: (A4, <1,>1,*1,01,a2) — (A', <9, 2, %2, 01, B2) is a morphism
of noncommutative BiHom-pre-Poisson algebra, then (1<, 7=, ey, ey by, Ty, 1, B2, A)
becomes a bimodule of A via f, i.e, l<,(x)y = f(x) <2y, <, (2)y =y <2 f(x), -, (x)y =
(@) =2y, ey (@)y =y =2 f(x) and L (2)y = f(2) 22y, 1 (2)y = y =2 f(x) for all
(z,y) e Ax A
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Proof. We prove only the axiom (3.57). The others being proved similarly. For any z,y €
A and z € A’, we have

Ly (@2(z) 1 a1(y))Ba(2)
=f(az(z) 1 a1(y)) *2 Ba(2))
=(Baf(x) -2 B1f(y)) *2 B2(2)
=(Baf(w) %2 B1(2)) =2 Baf(y) + B1B2f(x) <2 (B1f(y) *2 2) (by (3.51))
=(f(az2(z)) *2 B1(2)) =2 f(az(y)) + flaraz(z)) <2 (f(a1(y)) *2 2)
=1y, (@2(y)) (f(a2(2)) x2 B1(2)) + 1<, (12 () (f(@1(y)) *2 2)
=1, (a2(y))ls (a2(2))B1(2) + I, (a1a2())ly (a1 (y))2.

This finishes the proof. ]

Corollary 3.24. Let (5, 1<, 1o, 1v, L, 7s, b1, B2,V ) be a bimodule of a regular noncommu-

tative BiHom-pre-Poisson algebra (A, <, =, *, a1, aa) such that 51 is bijective. Let (A, -, {-,-}, a1, a3)
be the subadjacent of (A, <, =, %, a1, as). Then (I<+1s,r<+re, la—(rwo0ar105 ) By B2, b1, B2, V)

is a representation of (A,-,{-,-}, a1, a2).

Proof. 1t follows from the relation between the noncommutative BiHom-pre-Poisson alge-
bra and the associated noncommutative BiHom-Poisson algebra. More precisely by Popo-
sition 3.5 and Poposition 3.12, we deduce that (1. — (7 oalagl)ﬁflﬁg, B1, P2, V) is a repre-
sentation of (A, {-, -}, a1, a9) and (I<+1-,7<+7e, 1, 52, V) is a bimodule of (A, -, a1, a2).
Now, the rest, it is easy ( in a similar way as for Poposition 3.5 and Poposition 3.12) to
verify the axioms (2.24)-(2.26). O

Corollary 3.25. Let (4, r<, 1o, re, L, 74, B1, B2, V') be a bimodule of a regular noncommu-
tative BiHom-pre-Poisson algebra (A, <, =, x, a1, ag) such that By is bijective. Let (A, -, {-,-}, a1,
ag) be the subadjacent of (A, <, >, *,a1,as). Then
(1) (I<yreyls — (140 alagl)ﬁflﬁg,ﬂl,ﬁg,V) is bimodule of (A,-,{-, -}, a1, a2);
(2) (I<+1-,0,0,r<c+re, L, 7y, B1, B2, V) and (1<,0,0, 7, Ly, 74, B1, B2, V) are bimodules
of (A, <, >, %, a1,q3);
(3) the noncommutative BiHom-pre-Poisson algebras

AX e aire 02,6162 V00 A X141 0,0, ctrs L0288 V
have the same associated noncommutative BiHom-Poisson algebra

A ><l.<+l>,7"-<+7’>7l*_(T*oala;l)ﬁ]__l/327a17a21ﬂ17ﬁ2 V

Proof. It results from a direct computation. O

The following result gives a construction of a bimodule of a BiHom-pre-Poisson algebra
by means of the Yau twist procedure

Theorem 3.26. Let (A, <, >, *, a1, az) be a noncommutative BiHom-pre-Poisson algebra,
(I<yr<y by mo s Ly s, B, B2, V) be a bimodule of A. Let o, oy be two endomorphisms of A
such that any two of the maps oy, o}, as, oy commute and 7, By be linear maps of V' such
that any two of the maps B, 51, B2, By commute. Suppose furthermore that

Brole=(lxoay)By, Byols=(l<o0as)B,
Brol. = (l-o0aq)Bi, Byol. = (I 0a3)By,
ﬁi ol* = (l* Oo/l)ﬁi’ ﬂé @) l* = (l* o aé)ﬁéa

and

By ors = (re 0 a})Bl, Byory = (s o ah)Bh,
Blor. = (reoal)Bl, Byor. = (r.oa})B,

{ prors = (r<oal)p], Byors = (r<oay)sy,
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and write Aa/ 2 for the noncommutative BiHom-pre-Poisson algebra

_ (0. ¥ 1 =~ 1 =~ / /
(A, "<a’1,a’27>'a’1,a27*a’1 o, 7a1a17a2a2) and Vﬂ’ By — (l_<,7‘.<,l>_,7’>_,l*77‘*7,51,81,ﬁ252,V),
where

Ii= (< 0a))Bs, T< = (r<oay)py, I = (I 0 a7) B,
T = (T>. 0 O/Q)Bia le = (l* © O/l)ﬁév T = (T* © 0/2)61
Then Vg g is a bimodule of Aa/pa/z.

Proof. We prove only one axiom. The others being proved similarly. For any
z,y € Aand v € V, we have

1= ({o20 (2), 0104 (1) Yoy 0y B2B5(v)
=1~ ({02040} (z), anaf ah(y) } 8267 (v)
=l ({oz0ba?(z), ara 2ol (y)} 72 (v)
=L (10202 (2))l< (0n02ab(y)) B2 (v) — I« (a1az0r?ah(y))L (a1a)ah(x)) By (v) (by (3.51))
=1 (010} 00y (2))1< (0104 ()0 — 1< (010 20 ()]s (a1 ().
O

Taking o) = ol', o = ob? and B] = B}, B, = BF leads to the following statement:

Corollary 3.27. Let (A, <, >, *, a1, a2) be a noncommutative BiHom-pre-Poisson algebra
and (I<,r<,le 1o, L, T4, B1, B2, V') a bimodule of A. Then Vﬂzln o2 isa bimodule Oani'l o2
for any nonnegative integers p1, p2, q1 and qo.

Let (I<,7r<,le,7e,lo, 76, 51,B2,V) be a bimodule of a noncommutative BiHom-pre-
Poisson algebra (A, <, >,0,aq,a2) and let 1%, 7% 1L, rE 15,15 0 A — gl(V*), furthermore
aj,o5 + AY = A*, B],B5 : V¥ — V* be the dual maps of respectively oy, ag, 81 and [
such that

(% (x)u*,v) = (u*, I<(x)v),  (rE(z)u,v) = (w7 (x)v)
(IL(x)u*,v) = (u*, I (x)v),  (ri(z)u*,v) = (u*, 7 (2)v)
(I5(z)u,v) = (u*, lo(x)v), (r¢(@)u*,v) = (u*, ro(z)v)
of “(a1(y)), 5(x*(y)) = 2™ (a2(y)

) o )
1(v)), B3 (u*(v)) = u*(B2(v))
Proposition 3.28. Let (i<, 1<l 1,1, 76, 51, B2, V) be a bimodule of a noncommutative
BiHom-pre-Poisson algebra (A, <, >,0,a1,a2). Then (15, r% 1, v, 15,15, 87,85, V") is a
bimodule of (A, <, >, ¢, a1, an) provided that
Ba(lo(az(@) - 1 (y))u = Bilo(az(@))rs-(az(y))u + lo(on (y)) < (1 a2(2))u,
Bl (az(y))re(az(z))u = Ba(l-(a2(y) © ar(x)))u + firo(x)l< (1 a2(y)
Bar.(a1(y))ro(az(z))u = Bare(on(@))r-(c2(y))u + B1Ba(r<(on(y) oz
Bip(araz(y))l-(a2(x))u = fil- (z)lo(a103(y))u — i S2(l- (a3 (y) © 2))u,
Ba(re-({aras(x), a1(y)}))u = re(e1(y))ls(ar05(x))u
—lo(a3(y))r(araa(y))ul3.64)
—Bip(a2(y))l-(as(x))u = 155 (ro(z = a1 (y)))u — B3re(x)r(a1a2(y))u, (3.65)
Ba(l<({ez(2), n(y) Hu = 1< (a1(y))lo(craz(@))u — lo (a1 (2))l<(1a2(y))u, (3.66)
Brplaz(y))r<(az(z))u = Bir<(z)l(araz(y))u — Bi1fa(r<(ai(y) o x))u,  (3.67)
—Brp(az(y))r<(az(z))u = BiB2(ro(an(y) < @))u — Bire(x)l<(c1az(y))(u), (3.68)
forallxz,y € A andu e V.

Proof. Straightforward. O
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Theorem 3.29. Let (A, <4, >4,%4,01,02) and (B,<p,>p,*p,1,52) be two noncom-
mutative BiHom-pre-Poisson algebra. Suppose that there are linear maps l<,,7<,,lx ,,
To gsligs Ty t A= gl(B), and l<,,r<5,le 5, 7w 5, lig, Ty B = gl(A) such that
Ly 43T 401,82
A Nl*g ,T*g ;1,2
A L gom=<aol- 47 481,82
l<Bvr<Bal>Bvr>Bya17a2

z,y € A, a,b € B, the following equalities hold:

B is a matched pair of BiHom-pre-Lie algebras and
B is a matched pair of BiHom-dendriform algebra and for all

=<, (pB(B2(a)
= Ly (az(z)
=72, (Tep (b)a
I, (pB(B2(a))ar(z
= B1f2(a) *p p(ar(@))b + ri, (<5 (b)ar(z))B152(a)
—l<,(anaz(z))(Bi(a) *5 b), (3.70)
r<a(a2(2))({B2(a), B1(b)} B) = B1B2(a) xp (1<, (z)B1(D))
74, (I<5 (B1(0))2) B1B2(a) — 1<, (araz(z))(Bi(a) xB b), (3.71)
Iy (aa(2)){B152(a), B1(b)} = B1B3(a) x5 (1<, 56) 1(0))
A+ (P2 (B1(0)2) 8155 (a) — (14, (x)83(a)) <B B1B2(b)
—l< (L4 (B3(a))a) B12(D), (3.72)
Ba(a) <p (palcnaa(x)))Bi(b) — 7=, (pB(Ba(b))ai ())Ba(a)
= L (a3(2))(a>5 Bi(b) — (l (a3 (x))a) <a B1Ba(b)
4 (a5 (0)03 (%)) 51 B2 (b), (3.73)
—Ba2(a) = (plaz(z))ai (b)) + 7, (p(Br1B2(b))ar (x))B2(a)
= P1B3(b) *p (7“>A(041( NB) + 7y (15 (@) ()
—r 4 (a1aa(2)) (B3 (b) *5 a), (3.74)
(L (a2(z))B1(a)) B Ba2(b) + L,y (r.5 (B1(a))az(z))Ba2(b)
= (lLa(a2(2))B1(0) =B B2(a) + I, (14 (B1(b))a2(x)) B2(a)
)

(a))a1(x))B2(b) + palaz(z))Bi(a) <5 B2(b)

)(B1(a) <B b) = B1S2(a) < (I, (e (x))b)

Jou (2))B12(a), (3.69)
))B2(b) = (pa(e2(x))B1(a)) <B B2(b)

+lcy(nas(z))(Br(a) x5 b), (3.75)
Lea (4 (1 () B2(a)) B2(b) + (4 (ar () Ba(a)) *5 B2(b)
= 7ea(a2(2))(Ba(a) *

162(a), (3.76)

+T<A(T*B() 1(z)
))(B2(a) -5 Ai(b)

T*A(OZQ( ( (

Hl s (Lep (B2(a))cr () B

72, (L (B2(a))ar (x)) B2
(

(24 (a1(2))B2(a)) =B Ba(b)
b) + B1B2(a) <p (rs,(z)B1(D))
b) + B1B2(a) <5 (re,(z)B1(b))
1<, (g (B1())x) B1 B2 (), (3.77)
—l<p(palaz(z))B1(a))az(y) + pp(B2(a))ar(x) <a az(y)
= L (B182(a))(a1(z) <4 y) — araa(z) <4 (L (Bi(a))y)
1251, (Y)B1(a))raz(2), (3.78)
< (palas(z))Bi(a))az(y) — (pp(B2(a))ai(z)) <4 az(y)
= araa(z) x4 p(B1(a))y + iy (r<, (v)B1(a))araz(x)
—l<5(B182(a) 041(33) *AY), (3.79)
r<p(B2(a))({az(x), 1 (y)}a) = araz(z) x4 (r<p(a)ar(y))
74 (<4 (a1 (y))a)arag(x) — 1< (B152(a)) (a1 () x4 ), (3.80)

B B1(0)) + B12(a) <5 (L, (ar(2))D)
)
B 1(b)) =

())Ba( =B
<B

(
)

a

A1
)
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L (B2(a){a10z(z), 01(y)} = @103 () x4 (1<, ()0 (y))

+rip (1, (1 (y))a)arad () — (rip (a)ad (@)

1 (1 (3 (@))a)asaa(y),

<4 araa(y)
(3.81)

az(z) <4 (pB(B12(a))on(y) — 1<, (palaz(y))fi(a))az ()
= Lp(B153(2))(a =5 a1 (1)) — (La (B3(a))2) <5 a10a(y)

l>B (T*A(
—as(z) >

= 041042(

b)
)53 (a))araa(y),
A (p(Ba(a))Bi(y
) #a (15 (B
—rs 5 (B182(a)) (03 (y) *a z),

(I4 (B2(a)) o (z))
= (lip(B2(a))n

< (B182(a)) (a1 () x4 y),

Lig (rp (Br(a))az(z))az(y) + (r.;(Bi(a)) oz (z
= 1ep5(Ba(a))(a2(z) xa a1(y)) + araz(z) <a (I

+r<5(req (¥)B1(a))raa(z),

rip(B2(a))(az(z) -4 a1(y)) =

o (I (@2(2)) B1(a)) a2 (y) + araz(x)

1< (L (a2(2))B1(a))a2(y) + aras(z)

(a1 (y))

+r< (L, (1(y))a)agaz(a),

=<
Qa9 =<
where

TAY=T<4Y+2x>4Y, l-A:l<A+l>Aa T s
a-pb=a<pb+a>pb, L, =1l,+1p,, 7,

(rep (B1(a))az(z)) - a
A (rep (@)
w5 (@)

Al(r

(3.82)

) + 75 (plarz(y)) Br(a)) oz (z)
1(a))y) + i (-, (2) 51(a))

(3.83)

) x4 a2(y) + Ly (14 (1 (2)) B2(a) )2 (y)
(1)) =a ag(2) + b5 (1, (1 (y) B2(a) oz (2)

(3.84)

) x4 a2(y)
«5(B1(a))y)
(3.85)
az(y)
1(y))

(@)ar(y))

(3.86)

=T<, Ty,

=T<p +T>B7

{aa(), 01(y)}a = o) ¥4 a1 (y) — aa(y) *a a1 (x),

{B2(a), B1(b)} B = B2(a) *p B1(b) — Ba2(b) x5 Pi(a

(paoaz)Br = (lsy 0 a2)B1 — (14, 0 1)Po,
(pB o B2)ar = (luy 0 B2)ar — (Ty © P1)ca.

),

Then (Aa B) Z<A7T<A71>A7T>A7 l*A’T*Av 517627Z<Bvr<37 l>Ba T}B,Z*B,T*B,Oél,OQ) is called
a matched pair of noncommutative BiHom-pre-Poisson algebras. In this case, there exists
a noncommutative BiHom-pre-Poisson algebra structure on the direct sum A @& B of the

underlying vector spaces of A and B given by

(x+a) < (y+b) = (z=<ay+r<z(0)z+Il5(a)y)
(x+a)=(y+b) = (x=ay+reyb)x+l-,(a)y)
+

) + (I, (2
) + (1

(w+a)*(y+b§ = (Txay+ 1)z +Lig(a)y)
)

=T
(Lin (@
(@ pr)(z+a) = ai(z)+ Pfi(a),

(2 ® Bo)(z+a) = az(z)+ Pa(a),

for any x,y € A, a,b € B.

Proof. 1t is obtained in a similar way as for Theorem 2.8.

Let A l'<A7T'<A’l>A7T>A’l*A’T*A’61762
l<B T<pB 7l>B T'-p 7Z*B sTx g 1,002

algebra.
Corollary 3.30. Let (A, B,l<,, 7=, 1,7 45 liss Tsu, B1, B2,
a1, az) be a matched pair of reqular noncommutative BiHom-p

()b+7r<,(y)a+a<pb),
()b+71e,(y)a+a>=pb),
b+ 1, (y)a+axpb),

O

B denote this noncommutative BiHom-pre-Poisson

l-<37r-<37l>}37r>-}37 l*Bvr*Ba
re-Poisson algebras (A, <4,

>'A;*A7a17a2) and (Ba —<Bv>_Ba*Baﬁ17/82)' Then; (A7B7Z-<A +l>-A7T-<A +T>-Avl*A_(r*Ao

alagl)ﬁl_lﬂ27/617627l-<3 +Z>B7T<B +r>-37l*3 - (7’*3 Oﬂlﬁz_l)

041_1052,041,042) is a matched
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pair of the associated noncommutative BiHom-Poisson algebras (A,-a,{-,-}a,a1,a2) and

(Bv 'Bv{" '}3)51552)-

Proof. Let (A, Byl <y le s T aslins Tons P15, B2, l< g T< g b 5y T iy Lsgg, T, @1, i2) be
a

matched pair of regular noncommutative BiHom-pre-Poisson algebras (A, <4, >4, *4, a1,
ag) and (B, <p, > B, *B, 1, #2). Then by Proposition 3.7 and Proposition 3.14, (4, B, < ,+
le ysr<, + 74, P1, P2« + gy, <5 + e p,a1,02) is a matched pair of the associated
BiHom-associative algebras (A4, -4, a1, a2) and (B, -, 1, B2) and (A, B, L, — (rs«, oalagl)
B;lﬂg, B1, B2y lig — (Tip oﬁlﬁgl)aflag, a1, @) is a matched pair of the associated BiHom-
Lie algebras (A,{-,-}4,a1,a2) and (B, {:, -}, f1, f2). Besides, in view of Corollary 3.24,
the linear maps I<, +ls ,,7<, + s 4,1y — (rey 0 a1y )B B2 1 A — gl(B) and I<, +
Iy s P27 oy by —(Tap0f1 5 Dag tan : B — gl(A) are a representations of the underlying
noncommutative BiHom-Poisson algebras (A, -4, {-, -} 4,1, a2) and (B, B,{-,-}5, b1, 2),
respectively. Therefore, (2.27)-(2.28) are equivalents to (3.69)-(3.77) and (2.29)-(2.30) are
equivalents to (3.78)-(3.86). O

4. O-operators of noncommutative BiHom-Poisson algebras

In this section we introduce the notions of an O-operator of noncommutative BiHom-
Poisson algebras and we give some related properties.

Definition 4.1. Let (A, -, a1, as) be a BiHom-associative algebra and (I,r, 51, 52, V') be
a bimodule of A. Then, a linear map T : V — A is called an O-operator associated to
(l,r,B1,P2,V), if T satisfies

a1 T =Tp1, adT =Tpy and T(u) - T(v) =TT (u))v + r(T(v))u) for all u,v € V.

Lemma 4.2 ([23]). Let (A, -, a1, a2) be a BiHom-associative algebra, and let (I,r, 51, B2, V)
be a bimodule. Let T : V' — A be an O-operator associated to (1,7, 51, B2,V). Then, there
exists a BiHom-dendriform algebra structure on V' given by
u=v=IUT(u)v, u<v=r(T@))u
for all u,v e V.
Now we recall the definition of an O-operator on a BiHom-Lie algebra associated to a

given representation, which generalize the Rota-Baxter operator of weight 0 introduced in
[31].

Definition 4.3. Let (A,{-,-}, a1, a2) be a BiHom-Lie algebra, and let (p, 81, 52, V) be a
representation of A. Then, a linear map T : V — A is called an O-operator associated to
(p, B1, B2, V), if T satisfies

a1T = TP, aaT = TPy and {T(u),T(v)} = T(p(T(w))v — p(T(B; " B2(v))) 5155 ' (u)),
for all u,v € V.

Example 4.4. An O-operator on a BiHom-Lie algebra (A, {-, -}, a1, a2) with respect to
the adjoint representation is called a Rota-Baxter operator on A.

Lemma 4.5. Let T : V — A be an O-operator on a BiHom-Lie algebra (A, {-, -}, a1, a9)
with respect to a representation (p, 51,82, V). Define a multiplication x on V' by

uxv = p(T(u))v, Yu,v € V. (4.1)
Then (V,*,a1,a9) is a BiHom-pre-Lie algebra.
Definition 4.6. Let (A, -, {-, -}, a1, a2) be a noncommutative BiHom-Poisson algebra, and
let (I,7,p,B1,P2,V) be a representation of A. A linear operator 7' : V' — A is called an

O-operator on A if T is both an O-operator on the BiHom-associative algebra (A, -, a1, az)
and an O-operator on the BiHom-Lie algebra (A, {-,-}, a1, a2).
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Example 4.7. An O-operator on a noncommutative BiHom-Poisson algebra (A, -, {-, -}, a1,
a) with respect the regular representation is called a Rota-Baxter operator on A.

Theorem 4.8. Let (A,-, {-, -}, a1,a2) be a noncommutative BiHom-Poisson algebra and
T:V — A an O-operator on A with respect to the representation (I,r, p, f1, B2, V). Define
new operations <, > and * on V by

u=<v=UT(u)v, u>=v=r(Tw)u, uxv=pT(u))v. (4.2)

Then (V, <, =, %, a1, a2) is a noncommutative BiHom-pre-Poisson algebra. Moreover, T (V)
= {T(v); v € V} C A is a subalgebra of A and there is an induced noncommutative
BiHom-pre-Poisson algebra structure on T'(V') given by

Tu) <Tw)=T(u=<v), T(u) =Tw) =T(u>v), T(u)*T(v) =T(ux*v), (4.3)
for all u,v e V.

Proof. By Lemma 4.2 and Lemma 4.5, we deduce that (A, <, >, a1,a9) is a BiHom-
dendriform algebra and (A, %, a1, ae) is a BiHom-pre-Lie algebra. Now, we prove only the
axiom (3.48). The other being proved similarly, for any z,y, z € V we have

(B2(z) * B1(y) — B2(y) * B1(x)) < Ba(2)
— B1Ba(x) * (B1(y) < 2) + B1P2(y) < (Bi1(z) * 2)

1
= (p(T(B2(2))B2(y) — p(T(B2(y))B1(z)) < B2(z)

= p(T(B1B2(2)))(B1(y) < 2) + UT(B1B2(y)))(B1(z) * 2)
= UT(p(T(B2(2))B1(y) — p(T(B2(y)))B1(x))B2(2)

= p(T(B1B2(x)))l(B1(y))z + LT (B1B2(y))) p(B1(x)) 2
= I{T(B2(2), T(B1(y))})B2(2) — p(T(B1B2(2)))l(B1(y))=

+UT(B152(y))p(B1(x))z = 0 (by (2.24)).

Therefore, (V, <, >, %, a1, a2) is a BiHom-pre-Posson algebra. O

Corollary 4.9. Let (A,-,{-, -}, a1, a2) be a noncommutative BiHom-Poisson algebra. Then
there is a noncommutative BiHom-pre-Poisson algebra structure on A such that its sub-
adjacent noncommutative BiHom-Poisson algebra is exactly (A, -, {-,-}, a1, a2) if and only
if there exists an invertible O-operator on (A, -, {-, -}, a1, a2).

Proof. Suppose that there exists an invertible O-operator 7' : V' — A associated to the
representation (I, r, p, 51, B2, V'), then the compatible noncommutative BiHom-pre-Poisson
algebra structure on A, for all x,y € A is given by

z=<y=TUz)T"'(y), z=y=TrHT (), zxy=T(p(x)T" (y)) Y2,y € A.

Conversely, let (A, <, =, *, a1, a2) be a noncommutative BiHHom-pre-Poisson algebra
and (A,-,{-,-},a1,a3) the sub-adjacent noncommutative BiHom-Poisson algebra. Then
the identity map id is an O-operator on A with respect to the regular representation
(L<’ R, ad, aq,
a9, A)

O

Example 4.10. Let (A, -, {-, }, a1, a2) be a noncommutative BiHom-Poisson algebra and
R: A — A a Rota-Baxter operator. Define new operations on A by

r<y=R()y z-y=z Ry, z*xy={R(z)y}

Then (A, <, >, %, a1, az) is a noncommutative BiHom-pre-Poisson algebra and R is a homo-
morphism from the sub-adjacent noncommutative BiHom-Poisson algebra (A, -, {-, -}, a1,
a?) to (A7 ) {'7 '},041,042), where x J y=x <y +x > Yy and {«T,y}, =T*xy— a1_1a2(y) *
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aray(z).

The inverse relation existing between a noncommutative BiHom-pre-Poisson algebra
and noncommutative BiHom-Poisson algebra, as illustrated by the following diagram:

BiHom-associative alg+BiHom-Lie alg BiHom-Poisson alg

R(z)-y, =-R(y) | {R(z),y} R(z)-y, = R(y) | {R(z),y}

BiHom-dendriform alg+ BiHom-pre-Lie alg BiHom-pre-Poisson alg.

Acknowledgment. I would like to thank Nizar Ben Fraj, Sergei Silvestrov and Sami
Mabrouk for their interest in this work.
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