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1. Introduction

In the case of groups, the description of an action is provided by the automorphism group. The action
of any group A on itself is given by a group homomorphism A — Aut(A). In some other algebraic
contexts, automorphism structure is not enough to give an action. The set of automorphisms of
an associative algebra is not usually an algebra. For associative algebra case, the bimultiplication
algebra Bim(G) of an associative algebra G which is defined by Lane [1] will accomplish the role of
an automorphism group.

The concept of a crossed module for groups is defined in [2,3] by Whitehead. The commutative
algebra version of crossed modules is mentioned in a different name, by Lichtenbaum and Schlessinger
[4] also, the paper of Gerstenhaber [5] contains the notion of crossed modules in commutative algebras.
The notion of crossed modules in associative algebras is defined by Dedecker and Lue in [6].

In [7], Norrie improved Lue’s work [8], and she defined the concept of an actor of crossed modules for
groups as analogue of an automorphism group. For commutative algebras, Arvasi and the first author
explained that this notion is related to the multiplication algebra in [9]. In this paper based on the
second author’s PhD dissertation [10], our starting point is the generalization of the bimultiplication
algebra. For this, we define the bimultiplication of crossed modules for associative algebras and give
details of the construction of actor crossed module for associative algebras via this context. The notion
of actor crossed module is also studied simultaneously by Boyaci et al. in [11] as the split extension
classifier of a crossed module. By constructing a morphism under certain conditions from a crossed
module and its actor, we get the action of any crossed modules in associative algebras on itself. Since
the annihilator of an algebra A is given by the kernel of algebra homomorphism A — Bim(A),
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we have a similar notion for a crossed modules in associative algebras via the kernel of the above-
mentioned morphism between a crossed module and its actor. Also, while we get A — Bim(A)
crossed module as a two-dimensional associative algebra via an algebra A, we can have a crossed
square as a two-dimensional crossed module via an appropriate crossed module morphism.

2. Preliminary

Conventions: Throughout this paper, it is supposed that K is a fixed commutative ring with identity
1 #£ 0, K-algebra G is a unitary K-bimodule G equipped with a K-bilinear associative multiplication
and also if G is a K-algebra, then a G -algebra C is a G-bimodule equipped with a G-bilinear asso-
ciative multiplication. C' will not necessarily have identities.

We recall the definition of a crossed module in associative algebras [12].

Definition 2.1. A crossed module in associative K-algebras is a morphism from a G-algebra C to a
K-algebra G, § : C — G, with two-sided actions of G on C satisfying

CM1) d6(g-c) = gd(c) and d(c- g) = d(c)g
CM2) dc-c¢ =c¢d and ¢-0c = e
for all c € C, g € G. It is denoted by (C, G, ).

The following are some standard examples of crossed modules in associative algebras:

i. An inclusion map I < G is a crossed module, where [ is any two-sided ideal in G. On the other
hand, let 6 : C — G be any crossed module. Then, we get that §(C) is a two sided ideal in G
by CM1.

1. Any G-bimodule M has a G-algebra structure with zero multiplication. Thus, we get the crossed
module 0 : M — G,0(m) = 0. Conversely, the kernel of crossed module § : N — G is an
G/§(N)-bimodule.

Thus, the concept of crossed modules in associative algebras is a generalisation the concepts both
of a two-sided ideal and that of a bimodule over an algebra. Also, any associative algebra is considered
as a crossed modules by identity map Id : G — G.

Definition 2.2. A pair (f,¢) of G-algebra morphisms f: C' — C’, ¢ : G — G’ such that
flg-c)=¢(g)- f(c) and f(c-g) = [f(c)-o(g)
for c € C, g € G is called a morphism of crossed modules from (C,G,d) to (C',G',d").

Thus, we get the category AssXMod of crossed modules in associative algebras.

The kernel of (f,¢) and the image Im(f,®) are defined by (ker f,ker ¢,d) and (Imf,Img,d’),
respectively.

Definition 2.3. A crossed module (C’,G’,¢') is called a subcrossed module of a crossed module
(C, G, 0) if the following conditions are satisfied:

i. C" and G’ are the subalgebra of C' and G, respectively
ii. &' =0 |cr
14. The action of G’ on C’ inherits from the action of G on C

The image Im(f, @) of (f, #) is the subcrossed module (Imf, Ime¢, d’) of (C, G, 9).
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Definition 2.4. A subcrossed module (C’,G’,d") of (C, G, ) is called an ideal if
i. G’ is an two sided ideal of G
ii. g-c e’
i, ¢ ceC'
forallge G, e G ce C,d € C'.
If (f,¢): (C,G,0) — (C',G,§) is any crossed module morphism, (ker f,ker ¢,¢) is an ideal of
(C,R,$) and (Imf,Ime, §’) is a subcrossed module of (C’, G, ¥").

Definition 2.5. Let (R, S, &) be an ideal of (C,G,d). Then, 6 : C/R —s G/S, (c + R) = 8(c) + S
is a crossed module with (¢ +95) - (c+ R)=(g9-¢)+ Rand (c+R) - (g+S5) = (c-g)+ R. It is called
the quotient crossed module of (C,G, ) by (R, S,d’) and denoted by %.

3. Actor Crossed Modules in Associative Algebras

3.1. A Bimultiplier of a Crossed Module

We recall the structure of the R-algebra of bimultipliers of C', Bim(C') [1,13]. Bim(C) consists of all
pairs (7, 9) of R-linear mappings v,d : C — C such that

/

v(ed) =7(c) - ¢,
§(cd)y=c-6(),
and
c-v(d)=0d(c)-
It has an R-module structure and a product
(7,0) - (7,0") = (yo+/,8" 0 9)
Suppose that Ann(C) = 0 or C? = C. Then, Bim(C) acts on C by
Bim(C)xC — C;  ((7,6),¢) = (c),
C x Bim(C) — C; (¢, (7,60)) — d(c)
and there is a
p: C — Bim(C)
c > (Ve 0c)

with
Ye(z)=cC- 2 and de(z) =2 -c

We give the following result from their work of Lavendhomme and Lucas [14].

Proposition 3.1. Let G be a K-algebra such that Ann (G) = 0 or G? = G. Then, (G, Bim(G), (v, 7))
is a crossed module.

PRrROOF. Bim(G) acts on G by

Bim(G)x G — G o G x Bim(G) — G
((50),9)  — 9(9) (9,(+'s0")  +— d'(9)

and there is a (7v,0) : G — Bim(G) defined by (v, 0)(g9) = (vy, 0,,) with v;(¢") = g¢’ and o7 (g") = qg
for all g,¢' € G.
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CM1)
(v, o) (50 9) = (v,0)(7'(9))
= (%)
Y (9.0 (9)0")
= (v, (9).9'(9))
= (7,0 ((v,0)(9))

© () @) = Yo (7)) = 9709
= (99 = d(d)g
= 7 (14(9") = oay(d'(9))
= (v(9) (9 = (d'(9)0") ()

(v,o)g- (o) = (v,0)(0"(9))
= (Vo) T0r(q))
Y (g, oo (9)
= (V(9),0'(9)(",0")
= ((v,o)(9)(. o)

(*) ('Y;/(g)) ¢) = 9y (0[,/(9)> (¢) = g9 (9)
= g7(d) = d'(d'9)
= 7,(Y(9)) = d'(og4(9')
= (Y(9)7)(¢) = (d'd'(9)) (9")

CM2)
(v,0)(@9) -9 = (vg.09)-9 9-((v,o)(d) = g-(vy,04)
= (9" = o,(9)
= g9 = g9/

Definition 3.2. A bimultiplier of the crossed module y : T'— L is a pair of
(A x) = ((©,5), (@,a E,)) (T, L,p) — (T, L, p)
satisfying the following conditions:
i. A=(0,2):T—T)eBim(T) and (x=(0,Z):L— L)e Bim(L)

75
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1. Forle L, teT,

o(-t) =0/t
Ot 1) =0(t) -
=(-t) =1-E(1)
=1 =t-=2()
1-0(t) ==/() -t
=(t) 1=t O/(l)

The set of bimultipliers of the crossed module p : T'— L will be denoted by Bim(T, L, ).

Proposition 3.3. The set Bim(T, L, ;) has an associative K-algebra structure with following oper-
ations:

=((0+0,2+E5),0+0,7+7)
) k((0,2),(0,Z)) = (kO,kE), (kO kZ')
°) ((6,%),(6,=))0((0,2),(0,E)=((000,Z0E),(0'08,E oE))
PROOF. See for details [10]. O

Definition 3.4. Let (7', L, 1) be a crossed module. U(L,T') is the set of pair maps (81, 52) such that

Bilhile) = pi(lh)-1lo
Ba(lile) = 1i-Pa(la)
li-Bi(l2) = PBa(la) -2

for all ly,ly € L, where 1,82 : L — T, are K-linear maps.

U(L,T) has an associative K-algebra structure with the following operations:

+) ((B1,B82) + (01,62)) = (B1 + 61, B2 + 0a)
) Kk(B1, B2) = (KB, k)
o)  ((B1,B2) 0 (61,62)) = (Brubr, O2052)

Proposition 3.5. Let (7, L, i) be a crossed module and (81, f2) € U(L,T). Each such K-linear maps
B1, P2 : L — T defines bimultipliers (©g, Z3), (@’5, E%) of T and L respectively, given by ©3 = 14,

Eg = Pap, Of = pb1, g = pfa.

PROOF.
Op(tt") = Bi(u(tt))
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t@ﬁ(t/) = tf

for ¢,¢' € T. Thus, (0p,Zp) € Bim(T'). Similarly, (6%, Zj) € Bim(L). O
Proposition 3.6. The bimultipliers g = (05,Z3) of T and xs = (0, E}) of L satisfy the following
conditions:

1.
Opbr = Piubt = 10 and  Egfs = Popfr = P2E}
Opfo = Piube = J1E;  and  EgBi = foppr = P20

1. The following diagram

is commutative, that is

=
[1]
@
I
=
=)
N
E
I
=
=)
N
=
I
[1
=
=

i1i.
(As: xs) = ((©5,E5), (0, Ef)) € Bim(T, L, )
Proposition 3.7. If y: T'— L is a crossed module,then
r:- v, 7y — Bim(T)
(B1,82) +—— (Op,Ep) = (Bip, Bapr)
. U(L,T) — Bim(L)
(B1,B82) +—— (O5,Ep) = (ubr, ub2)
are algebra morphisms.

Lemma 3.8. Let u: T'— L be a crossed module. Then, the left and right actions of Bim(T\, L, u)
on U(L,T) is given by
Bim(T,L,p) x U(L,T) —>
(A x), (01, 02)) —
UL, T)x Bim(T,L,n) — U(L,T)
((61,62), (A, x)) > (610',Z02)

U(L,T)
(66,1, 0,=)

where (A, x) = ((60,2), (0',Z))

PROOF. Since

(©00)I) = O :=)) = 6a(=10))
= O ()-I = 0:(12'(1"))
— 0(0:(1)- 1" = 1 GE 1)
= ((©01)(1)-1V) = 1 ((B:2)(1))
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L-((©6)() = 1-(6(6 (l')))
= Z()-
= 02(E'() -1
= ((0:E")(1)) -V
the left action of Bim(T, L, ) on U(L,T) is well defined. Since

(6:0)W) = 6u(e'(l") (E02)(1) = E(02(11"))
= 0(0'(D)0) = E(I-62()
= (0(0'(D))) -V = 1-E(0:(1)
= ((,0")(0) -V = 1-((E62)(1"))

L ((000(1) = 1-(6:(8'(1)))
= 0:(1)-(0'(I)

= E(6(0) -7
= ((B6)() -V
the right action of Bim(T, L, ) on U(L,T) is well defined.

78

Moreover, one sees that associative algebra action conditions are satisfied by routine calculations.

(See for details [10])

The next theorem begins the analysis of the associative algebra version of the actor structure.

Theorem 3.9. If u: T — L is a crossed module, then the morphism
A :U(L,T)— Bim(T, L, )
is a crossed module given by
A(Br, B2) = ((O8,,Ep,)s (0, E5,)) = ((Bups, Baps), (1B, 1B2))-
PRrROOF. The right and left actions of Bim(T, L, u) on U(L,T) are given by
((8,2),(0,Z)) - (61,02) = (601, 6:=)

and

(01, 62) : ((@7 E)? (@/7 E/)) = (016/7 592)
as mentioned before. We need to check the crossed module axioms:
For ((©,2),(0',Z")) € Bim(T, L, ), (01,02) € U(L,T),

CM1)
Al((6,2), (0, ) - (61,05)] = (O, 0:E)

= (0014, 025 1), (nO01, u62=")

= (0014, 02u=), (0 by, uf2=")

= ((©00¢,Eg0E),(0'00),5;0E))

= [((8,E) o (09,E0)), (0',E') 0 (0f, Zp))]
= ((6,5),(0,)) o (65, Zp), (09, Z0))
= ((6,5),(0,E)) o A(61,62)

O
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Al(B1,6:) - ((0,5), ()] = AB:6,56))

01011, E0>1), (1610', p=02)

0110, Z021), (1610, 2 1105)

(090 0,Z05), ()00 ,= 0=}))
(89,20) 0 (6,)), ((8),Z) 0 (6/,2))
(0,2)), (00, Z4) (6, 5), (6/,5)
= A(b1,62) 0 ((0,5),(0",Z))

(
(
=
[
(

CM2)

A(BhﬂQ) : (01, 02) = (@,37 Eﬁ) (6/57:5)) : (01702)
©301, 925,5)
B1pb1, 02132)

B1, B2) o (01, 62)

(B1,82) - ((©9,Z0), (©f, Zp))
(51@9,~952)

= (B1pbh, O2p132)
(B1,B2) © (01, 62)

o~ o~ o~ o~

(ﬁhBQ) : A(Ql, 92) =

O]

The crossed module (U(L,T), Bim(T, L, ), A) will be called the “the actor crossed module” of
(T, L, ) and it will be denoted by A(T, L, u).

Lemma 3.10. If 4y : T'— L is a crossed module, then n: T — U(L,T) given by n(t) = (n1¢,1m2t) is
an algebra morphism where n14(l) =t -1,n9(l) =1 -t and n(T) is an ideal of U(L,T).

Lemma 3.11.
a: L — Bim(T,L,pn)

I — ((0,51),(0;,5))

is an algebra morphism where ©;(t) =1-¢,0;(I") =1',=Z(t) =t-1,=(I') = U'l, and (L) is an ideal of
Bim(T, L, ).

Theorem 3.12. If y: T — L is a crossed module, then the morphism
(m,a): (T, L, p) = A(T, L, p)

is a morphism of crossed modules where (1(t))(1) = n:(1) = (m¢(1), n2:(1)) and (1) = ((64,5y), (0], F))).

PROOF.
n

T U(L,T)
s
L
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An(t)

14.

and

(n(t) o a(D) (1)

Proposition 3.13. Im(n, «)

PROOF.

(O, E1), (@/ EE)) - (mt, m2e)] (1)
= (O, n2u =) (1)
=[O ("), n2uZ ()]
(Ot - 1), n2u (VD))
= (- (t l/)( [)-t)
((L-t)- 1,0 (1)
(mu(U'), 772lt(l/))
= n(l-t)1")

(12, m2¢) - (O, Z), (03, E)] ()
= (MmO, Zmar)(I')

[:©y(1'), Eanae ()]
me(l'D), Z1 (1" - 1))
me(l') - 1" £) - 1)

—~

(
(
= (
(
(

=(Im(n),Im («)) is an ideal of (U(L,T), Bim(T, L, ), A).

i. For ((6,8),(0/,2) € Bim(T, L, 1), (©1, %)), (6}, E])) € Im (a),

((G)la El)? (@27 EE)) ©

and

((6,5),(0",8) 0

((@7

(01, 51), (6, 5)) =

2).(0,) =

((©100,205)),(0;00",Z 0 5F)))
= ((O=z@);Z=w): (O% ), B2 ) € Im(a)
0 (1)

((®erwy, Zery): Oy, Eery)) € Im(a)
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ii. For ((0,%2),(0",Z") € Bim(T, L, ), (n,n2) € Im(n), since
[((©,2),(8",E) - (me;m20)] (1) = (e, m2o()) (1)

and
[(me,m26) - (8, ), (O, E)] (1) = (=) 2=y (1)

We get (n10(1): M2e(t)) and (M=), 72=(r)) belong to Im(n).

. For ((©,5)),(0],E))) € Im (a), (B1,02) € U(L,T),l' € L, since

[((©1,21), (0}, 5))) - (B1,B2)] (') = (O, BE)) (')

(©181(1"), B25(1))
(L B1(l), B2(U'T))

= (- B(V), 1" Ba(1))
(B2(0) - 1,1+ B2(1))
(M) (") M2po 1y (1))

510, Ei82)(I')

(

(B1(05(1"), Z(B2(1)))
= (B1(I), B2(U') - 1)

(

(

[ (Br, B2) - ((©1,E1), (67, E7))] (V)

Bu(l) - 11 - Ba(l))
s @) 1", M2, 0y (1)),

then
[((01,%1),(01,E))) - (B, B2)] = (Mmpa)> M21))

and
(B1, B2) - ((©1,51), (01, 1)) = (s, 1)> M2y 1)) € Im(c)

4. The Annihilator of a Crossed Module

In this section, our object is to generalise the notion of annihilator in associative algebras by using

actor crossed module.

Definition 4.1. Let (T, L, 1) be a crossed module. An annihilator of the crossed module in associative
algebras is the kernel of the homomorphism

(n, @) : (T, L, p) = A(T, L, )
and it is denoted by Ann(T, L, u).
Ann(T, L, p) = Ker(n, o) = (Anny(L), Anng(T) N Anng (L), )

where
Kern={teT |m@t)=0,mnt)}={teT|t-1=0,l-t=0,l € L} = Anny(L)

and
Kera = {leL|a(l)=((0,5),(0],5)) =(0,0)}
= {lel|6t)=1-t=0,51) =t-1=0,0(I') =lI'=0,Z)(I') =l'l=0,t € T,l' € L}
= Annp(T)N Anng(L)

Ann(T, L, 1) is a two sided ideal of the crossed module p : T'— L, because it is the kernel of a
crossed module morphism under certain conditions.
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5. An Application for Crossed Squares

It is considered that a crossed n-cubes is a higher dimensional analogous of crossed modules. If we
take the case n = 2, a crossed square is obtained. As an associative algebra G gives rise to a crossed
module p : G — Bim(G), that idea allows us to get an generalisation for higher dimension.

The definition of a crossed square in associative algebras is given by Ellis in [12]. Some related
studies are [15], [16], and [17].

5.1. Crossed Squares

If a commutative diagram of associative algebras

A

T—>N
SR
L——P
)\/

satisfies the following axioms together with functions h: L x N — T, b/ : N x L — T and actions of
PonT,L and N, then it is called as a crossed square:

i. The maps u, A, ', v and v\ are crossed modules.

1. The maps A, pu preserve the action of P.

iii. kh(l,n) = h(kl,n) = h(l, kn)
kh'(n,1) = W (kn,1) = W (n, kl)

. p-h(l,n) =h(p-l,n)
h(l,n)-p = h(l,n - p)
h(l-p,n) = h(l,n-p)
p-h(n,l)="h
RK(n,0)-p=nh(nl1-p)
K(n-pl)="n(np-Il)

(p-n,1)
(
v. h(ly +l2,n) = h(li,n) + h(le,n)

h(l,n1 +n2) = h(l,n1) + h(l,n2)
B (ny +ng,l) = h'(n1,1) + h'(ne, 1)
K (n,ly +12) =K (n,lh) + h'(n,l2)

vi. Ab(l,n) =XN1-n, A (n,l) =n- N
Nh(l,n)=1-vn, N (n,l) =vn -1

vii. h(I,\E) = N1, KM, 1) =t - N1
h(pt,n) =t-vn, K (n,ut) =vn -t

vigi. ng - h(l,ny) = h'(ng,l) - ny

l2 : h’/(nvll) = h(l2’n) ’ ll
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for all [,11,lo € L, n,n1,na € Nype Pt €T, k € K, where | -t means X (I) - t. There are actions of L
on T and N, via ), and of N on T and L via v.

As a crossed module i : G — Bim(G) arises from an associative algebra G, we have been able to
deduce the result shown below:

Theorem 5.1. If u: T'— L is a crossed module, then the morphism
(m,a): (T, L,p) — A(T, L, )

gives rise to the crossed square

T 77:(771t,772t) U(L’T)
H A
L Bim(T, L, 1)

a=((0121),(8}2)))
with functions
h: ULT)xL — T
((B1,B2),1) = Rh((B1,B2),1) = B1(l)
and
n: LxULT) — T
(1, (B1,B2)) = K(L,(B1,B2)) = B2(l)
where Bim(T, L, ) acts on L and T via the appropriate projections.

PROOF.

i. N:U(L,T) — Bim(T, L, 1) is a crossed module as mentioned before. Since

CM1)
a(((©,5),(0,5)) 1) = o(e))

((@927592)7 (@/@;’E/@;))
= ((@75)7 (@/75/)) 0 ((@b El)7 (627 :l))
((©,5),(6",2)) ca(l)

I

and
al-((6,5),(0,5)) = «F)

= ((®g,Zg), (02, Ez))
= ((61,E),(0;,5)) 0 ((6,5),(6,5)
= a0 ((0,5),(0/,Z))

CM2)

al)-U" = ((©,5),O0,5F)) U

= o=l

and

L-ally = 1-((0p,20'),(8],5}))
= =0 =10,
for ((©,2),(0",2) € Bim(T, L,u), l € L, a is a crossed module.

Also x = au = An is a crossed module, because
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CM1)
x(((©,5),(6",5) - 1)
and
x(t-(8,5),(0",2))
CM2)
x(t) -t
and
t-x(t')

X(©¢)

op(Oy)

((One::Eper): (O,0,:E16,))

((Oerus Eerw ), (Ogr,, s Eary,))
((,5),(6,F)) o (Ou, Ene), (0),,,5,))
((,5),(0",E)) o au(t)

((

ap(Z)

((GuEmEuEt) (G);L th:L ,))
(CERS=IN(COMN=9)
((Ops Epn), (O, 5,,)) 0 (O
ap(t) o ((8,5),(6',))

x(t) o ((0,5),(6,))

,E), (0, F))

au(t) -t

((@/—Lt7 E,ut) (@;/,ta P_‘;l,t)) -t
O, (1)

p(t) -t

tt’

t-au(t)

t- ((Ouy By ), (O, 8,,))
Epy (1)

top(t')

tt!

for ((©,2),(0",2")) € Bim(T, L, ), t € T.

4. Since

a(((e,

E)? (@/, E/)) )

t) = (6
= O©'u(t)
= ((8,5),(0,%)) o pu(t)

5),©.5)) = wE)

= E'u(t)

= u(t)o((6,2),(0,7)
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and

n(((©,8),(0,2))-t) = n(6)
(7716“7)2(%)
= ((6,5),(0,2)) - (m,n21)
((©,5),(0,&)) -n(t)
nt-((8,5),(0,8)) = nE)
= (mz,, M=)
= (me;m2e) - ((6,5), (6, 2))
= n(t)-((6,5),(6,&))
for ((6,2),(0",Z")) € Bim(T,L,u), t € T, u and 7 preserve the action of Bim(T, L, u).

o,
o,

kh((B1,B2),1) = k(B1(]))
kB1(1)
B (k1)
h((B1, B2)(kl))
k(B1(1))
(k(B1))!
= h(k(B1,B2),1)

kh'(1, (B1, B2)) = k(Ba2(1))
= kpa(l

for k € K, (51752) S U(L,T), le L.
iv. For ((©,8),(0",2")) € Bim(T,L,u),l € L,

((@7E)> (6/75/)) ’ (h((/81752)7 l)) = ((67 E)v (@/7 E,)) ' 51(”

= h((©p1,5:E"),1)
= ’(@,75/)) ’ (ﬁlvﬁ?))vl)

B1E
h((B1, 82),E))
= h((ﬁla ﬁQ)a l- ((@7 E)> (6/7 E/)))

85
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h((8,E), (0,F") - (81, 2),1))

((e,

h'((B1, B2),1)) - ((©,

W((B1:B2) - ((©p,Zp), (05, Zp)), B))

h((B1, B2) + (01, 62),1)

h((B1,B2),l1 +12) =

R'(ly + 12, (81, B2)) =

R (L, (B, B2) + (01,62))

E),(0,F)) - (W1, (B1,B2)) =

=), (6,

86

h((©p1, B2E"),1))

Os, 1)

Op51(1)

£10'(1)

h((£10',E82),1)

h(((B1, B2) - ((©1,%1), (05, =))), 1)

((8,5), (0", F)) - Ba(1)

O,

O©52(1)

B20'(1)

h(©y, (B1,B2))
R(((,2),(8,E)) - 1, (81, 52))

Ba(l) - ((8,5),(0",E"))

Z82(1)

Epa2(1)

B2Z]

R'(1, (©B1, B2Z'))

w (I, (B1,52) - ((©,5),(0,Z)))

W (B; (810, E52))

h((B1 + 01, B2 + 62),1)

(B + 61)1

Br(l) +61(1)
h((B1, B2),1) +

1(Li+12)
(l1) + Bi(l2)
(B1,B2), 1) + h((B1, B2)), l2)

2(li + 12)
(lh) + Ba(l2)
(l1, (B, B2)) + W (l2, (B1, B2))

R (1, (B + 61, B2 + 02))
(B2 +62)(1)
Ba(g) + 02(1)
W1, (B, B2)) + W (1, (61,02))

h((01,02),1)
B
b1
h(

B
B2
W
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vl.

ph((B1, 2),1)

ph' (1, (B, B2)) =

nh((B1,B2),1) =

Bil) -V
Bi(ll')
GEAD

ma, (') =
and

nh'((B1, B2),1) =

_ 62(1) T
L-B1(1")
81 (I")

and

V1.

h((51, B2), u(t))

128, (1) ()

87

w(Bi(l))
pB1(l)

((Brps Bape), (1B, pB2)) - 1

((©8,Z5), (04, 55)) - 1

= (A(B1,62)) -1

1(Ba(1))

MﬁQ( )
L ((Bips Bap), (1B, p12))
- ((©5,25), (05, Z3))

= 1 (A(B1,52))

n(B1(1))

(771 B1(1)> 77253(1))

(5109, E152)

(81, B2) - ((©1,51), (0], F)))

(81, 82) - a(l)

- pi(l)

B (11"
Ei52()

n(B2(1))

(M182(1)» T1285(1))

(811, B25))

((©1,51), (8}, ) - (b1, B2)
a(l) - (81, B2)

- B2(1)
ﬁg(ll')
BaZ(I')

nas (') =

Br(p(t))

Buu(t)

((Bip, Bap), (ubB1, pB2)) -
((©5,Z3), (05,55)) - t

= (A(B1,B2)) -t
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W (u(t), (B1,B2)) = Ba(u(t))
= Popu(t)
~((Brps Bopn)s (1B, 132))
((98,E35), (05, E5))
= t-(A(Br, B2))

h(n(t),1) = h((men2),0)
= m(l)
= t-l
= E()
= t-((©1,%1),(0},F))
= t-a(l)

W(ln@) =K' (e nae)
= na(l)
= [-t
= @l(t)
= ((01,5),(0},5)) -t
= ol)-t

t
=t

| V(B p) D) = U Bu(l)
= Bo(l')-1

= W (B fa) ]

A(01,02) - Ba2(1)
O1p52(1)

Bapb (1)
= 601(1) - A((B1, B2)
= h((01,62),1) - (B, Bo)

(%) Because of L? = L, for every | € L, we can take | = [1l5.

(01,62) - W' (1, (B1, B2))

Ol

Or1pB2(lilz) = Oru(ly - B2(l2))
= Oy(ly - B2(l2))
= Oy(l1) - B2(l2)
= pbi(lr) - Pa(l2)

((101(lh))l2)

(1(01(l)l2))

(1(01(l) - 12))

= Ba(u(01(lal2)))

= Bopbi(lil2)

Ba
= [
Ba

88



Journal of New Theory 35 (2021) 72-90 / Bimultiplications and Annihilators of Crossed Modules in ... 89

6. Conclusion

It is well known that the action of any group on itself is given by a group homomorphism from
any group to its automorphism group. In the case of associative algebra, the role of automorphism
groups replaces with bimultiplication algebra. It is considered that the concept of a crossed module in
associative algebra is a generalisation of the concept of an associative algebra. Thus we can generalise
the notion of bimultiplication algebra for a crossed module in associative algebras. Thus, we conclude
that in this context the notion of action is given by the actor crossed module which is obtained via
bimultiplication crossed module. Also since the annihilator of an associative algebra A is given by the
kernel of algebra morphism A — Bim(A), we get the annihilator crossed module as the kernel of the
crossed module morphism (n,«) : (T, L,u) — A(T, L, ). Furthermore, we see that this morphism
gives rise to a crossed square which is a two-dimensional analogous to crossed module.
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