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Abstract

This paper aims to prove common fixed point theorems for a pair of hybrid and p-hybrid mappings via
common limit range property in G-metric space setting. The theorems proved here will generalise the results
due to Nashine et al. [35], Karapinar et al. [23] 24] from metric space notion to G-metric space and that of
Mustafa et al.[30] using (CLRy) property concept in G-metric space, and many others in this setting. We
also provided an illustrative example to validate the results.
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1. Introduction

In 1963, Gdahler [12] introduced the notion of 2-metric space which made several other authors to use
his notion to prove fixed point theorems for mappings on such spaces. A 2-metric is a function d(z,y, z)
symmetric under permutations, satisfying the tetrahedral inequality

d(z,y,z) <d(z,y,a) + d(z,a,z) + d(a,y,2),Yx,y,z,a € X,

as well as conditions
(i) for all z,y, we have d(z,y,y) = 0,
(ii) for all z,y, there exists z such that d(z,y, z) # 0.
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Later on, many authors used his notion to generalise Banach’s contraction principle to obtain fixed point
theorems, e.g. [11l 19, 21], 25| 26] 41, 5I] and many others. In 1988, Ha et al. [15] showed that a 2-metric
need not be a continuous function of its variables, whereas an ordinary metric is a continuous function of its
variables. Further, there is no easy relationship between results obtained in the two settings. In particular,
the contraction mapping theorem in metric spaces and 2-metric spaces are unrelated. These considerations
motivated Dhage [§] to introduce a new class of generalised metric space called D-metric space which is as
follows:

Definition 1.1. 8] A function D : X x X x X — R is said to be a D-metric on X if it satisfies the following
properties.

(i) D(x,y,z) >0 for all ,y,z € X and equality holds if and only if z = y = z (nonnegativity)
(ii) D(x,y,z) = D(x, z,y) (symmetry)
(ii) D(x,y,2) < D(x,y,a) + D(z,a,z) + D(a,y, z) for all z,y,z € X (tetrahedral inequality).
A nonempty set X together with a D-metric is called a D-metric space and is denoted by (X, D).

Using this definition, Dhage[8] proved the existence of a unique fixed point for self-mapping satisfying a
contractive condition.

On the other hand, the existence of fixed points in D-metric space has been considered by Rhoades [40]
to prove two fixed point theorems for the generalised metric spaces. Dhage [9, [10] proved the results for
a common fixed point principle in D-metric space. Ahmad et al. [4] introduced a fixed point theorem for
expansive mappings in D-metric space. Singh and Sharma [45] and Sedghi et al. [42] proved common fixed
point theorems under compatible and weakly commuting mappings in D-metric space.

In 2006, Mustafa and Sims |29 B2] gave a generalisation of D-metric space to G-metric space soon after
identifying some shortcomings concerning the fundamental topological structure on D-metric spaces. They
defined several notions, such as continuity, completeness, compactness, convergence, and space product in
the G-metric space setting. In doing so, they replaced the tetrahedral inequality with an inequality involving
the repetition of indices. Further, Mustafa et al. [30], gave existence of a fixed point for mapping in G-metric
spaces which influenced many other authors. Since then, several researchers proved fixed point theorems
in G metric space. Shushanta [47] proved property P of Ciric operator on G-metric spaces. Chugh et
al. [7] proved the results of property P in G-metric spaces. Agarwal et al. [2] gave a theorem on couple
fixed point results in asymmetric G-metric spaces. Rani el al. [39] introduced the version of common
fixed point theorems for compatible and weakly compatible maps in G-metric spaces. Moreover, Jleli, and
Samet [20] gave some remarks results on G-metric spaces. For more details on G-metric spaces, one can see
13, 5], 28] 3T, B3] [43], 44} [49], 50] and the reference therein.

Likewise, Sintunavarat and Kumam [46] introduced the notion of common limit range (CLR) property
for single-valued mappings, which completely accommodated the conditions of the closeness of the degrees of
the detailed mappings and showed its superiority over the (EA) property due to Aamri and El Moutawakil
[1]. Motivated by this fact, Imdad et al. [I7] established a common limit range property for a hybrid pair
of mappings and proved some fixed point results in symmetric (semi-metric) spaces. Also, Imdad et al. [16]
established the joint common limit range notion and proved the common fixed point theorem for a pair of
non-self mappings in metric space.

Some special conditions on the pairs of mappings like weakly compatible mappings, F.A. property,
faintly compatible mappings, common limit range property (CLR), coincidentally idempotent and joint
common limit range property (JCLR) has been utilised in different proofs by the researchers. One can see,
|13, 16], [18, 36l 37 B8] and the references therein.

Naimpally et al. [34] generalised Goebel’s [14] result in a hybrid of multivalued and single-valued maps
satisfying a contractive condition. Consequently, several fixed point theorems for multivalued maps were
extended by Naimpally et al. [34], Chauhan et al. [6] proved unified common fixed point theorems for a
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hybrid pair of mappings via an implicit relation involving altering distance function. Recently, Nashine et
al. [35] established a prove on common fixed point theorem for hybrid generalised (F,1))-contraction under
common limit range property in metric spaces.

Next, we will describe some preliminaries of definition and theorems which will be useful for developing
our main results.

2. Preliminaries

Definition 2.1. [32] Let X be a non empty set and G : X x X x X — Ry be a function satisfying the
following conditions:

(Gl) G(z,y,2) =0 ife =y =2z
(G2) 0 < G(z,x,y), forall z,y € X with z # y;
(G3) G(z,x,y) < G(x,y,z) forall x,y € X with z # y;
(G4) G(x,y,2) =G(z,2,y) = G(y,z,x) = ... (symmetry in all three variables);
(G5) G(z,y,2) < G(z,a,a) + G(a,y,z), forall z,y,z,a € X (rectangle inequality).
The function G is called a generalised metric or G-metric, and the pair (X, G) is called a G-metric space.
The following example satisfies the above axioms.
Example 2.2. [32] Let X = R be the set of all real number. Define G : R? — RT by
G(x,y,2) = |z —yl+ |y — 2|+ o — 2],
for all x,y,z € X. Then it is clear that (X, G) is a G-metric space with a G-metric on X.

Note that if G(x,y,z) =0 then x =y = 2.
Mustafa and Sims [32] proved the following proposition satisfying a G-metric properties.

Proposition 2.3. [32] Let (X, G) be a G-metric space, then the metric associated with G satisfies:
i) G(z,y,2) < G(z,z,y) + G(z,z, 2),
(i) G(z,y,y) <2G(y,z,z),
(i) G(z,y,2) < G(z,a,a) + G(y,a,a) + G(z,a,a),
for all z,y,2,a € X.

Mustafa and Sims [32] established some topological properties such as convergence, completeness and
continuity in G-metric spaces as follows:

Definition 2.4. [32] Let (X, G) be a G-metric space. A sequence z,, € X is said to be:
(i) G-convergent to z € X if for any € > 0, there exists k € N such that G(x, z,,x,) < € for all n > k;

(ii) G-Cauchy if for € > 0, there exists k € N such that, for all {z,} in X is called Cauchy sequence if for
each € > 0, there exists ng € N such that G(xy,, T, xp) < € for all n,m,p > ng, i.e., G(xn, Tm,zp) — 0
as m,m,p — o0.
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Definition 2.5. [32] A G-metric space is said to be G-complete if every G-Cauchy sequence in X is G-
convergent. Every G-metric on X defines a metric

de(z,y) = G(z,y,y) + Gy, =, z), (1)
for all z,y € X.
Proposition 2.6. [32] Let (X, G) be a G-metric space. Then the following properties are equivalent:
(i
(i

(iii

() is G-convergent to ,
G(xp, Ty, xy) — 0 as n,m — oo,

G(zp,x,z) = 0 as n — oo,

)
)
)
(iv) (2n) is a G-Cauchy sequence,

(v) For every e > 0, there exists k € N such that G(zy, Tm, Tm) < € for n,m > k.

Definition 2.7. [32] Let (X,G) and (X', G") be two G-metric spaces and let f : (X,G) — (X',G). Then
the map f is said to be G-continuous at z € X if for € > 0, there exists § > 0 such that for all z,y € X
and G(a,z,y) < 0, we have G’(fa, fx, fy) < e. The function f is G-continuous if it is G-continuous for each
a€ X.

Proposition 2.8. [32] Let (X,G) and (X',G’) be two G-metric spaces and let f: (X, G) — (X', G'). Then
the map f is said to be G-continuous at x € X if and only if f is sequentially continuous, i.e., whenever
(xn) is G-convergent to x, the sequence f(xy) is G-convergent to fx.

Lemma 2.9. [32] Let (X,G) be a G-metric space. Then the function G(z,y, 2z) is continuous in all it is
variables.

Later, Kaewcharoen et al. |22] established the multi-valued notion in G-metric space. Let X be a G-
metric space. Denote C'B(X) be the class of all non-empty, closed and bounded subsets of X. Let Hg(.,.,.)
be the Haursdorff- G-distance on CB(X), that is for A, B,C € (CB(X)) define:

Hq(A,B,C) = max{sup G(z,B,C),sup G(z,C, A),sup G(z, A, B)}, (2)
TEA reB zeC
where,
G(z,B,C) = dg(z,B)+dg(B,C) +dg(z,C), (3)
dg(z,B) = 1nf{d z,Y), yeB} (4)
do(A,B) = 1nf{dG (a,b),a € Abe B}, (5)

da(w,y,C) = t{Glz,y,2),2 € C}. (6)
Lemma 2.10. [22] Let X, G be a G-metric space and A, B € CB(X). Then for each a € A, we have
G(a, B, B) < Hg(A, B, B).

Lemma 2.11. [48] Let (X,G) be a G-metric space and A, B € CB(X), then for each ¢ > 0, there exists
b € B such that

G(a,b,b) < Hg(A, B, B) + ¢
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Definition 2.12. [22] Let X be a non-empty set. Assume f: X — X and T : X — 2% are two mappings.
If w= fx € Tz for some x € X, then z is called a coincidence point of the pair (7, f) and w is a point of
coincidence of f and 7. The mapping f and T are called weakly compatible if fox € Tz for some x € X
implies fTx CT fzx.

Proposition 2.13. [22] Let X be a non-empty set. Assume f : X — X and T : X — 2% are weakly
compatible mappings. If f and T have a unique point of coincidence u = fx € Tx, then u is a unique
common fixed point of f and T.

Imdad et al. [I7], established the concept of common limit range property for a pair of hybrid mappings
as follows.

Definition 2.14. [I7] Let (X,d) be a metric space with f : X — X and T : X — 2% be single and
multivalued mappings. Then the pair of hybrid mappings (f,T') are said to have the (CLR) property, If
there exists a sequence {x,} in X and A € 2% such that

lim fz, = fue A= lim Tx,,

n—o0 n—o0

for some u,v € X and A € CB(X).
Mustafa et al. [27] defined a concept of 0- mappings on G-metric spaces as follows:

Definition 2.15. [27] Let (X, d) be a G- metric space and let T': X — X be a mapping. For A C X, let
0(A) = sup{G(a,b,c),a,b,c € A} and Va,y € X, define,

0z, T,n) = {z,Tz, Tz, ...T "z},
0(z,T,00) = {z,Ta, Tz, T3z...}.
Definition 2.16. [27] Let {z,}>2, be a sequence of elements of X, then for 4, j, let
0(xi,j) = {%i Tiv1, Tiga, .. Titj},
0(%1,00) = {xi,xi+1,xi+2,. }

Mustafa et al. [27] proved their results on common fixed points in G-metric spaces using the concept of
(E.A.) property as follows:

Theorem 2.17. [27] Let (X, G) be a complete G- metric space and suppose mapping f, g : X — X satisfy
the following conditions:

(i) f and g are G-weakly commuting of type Gy,

)
(i) f(X) € g(X),

(iii) ¢g(X) is a G-complete subspace of X,

(lV) G(ff[‘, fy7 fZ) < qb(M(l',y, Z))v for all T,Y,2 € Xa

where

G(gz,9y,92),G(9z, fy, g)
G(gy, fz,9y),G(9z, fr,92)
M(x,y, <
(@y,2) G(9z, fy,92), G(9y, 92, 9y),
G(gz, fz,gx).

If there exists xg € X such that §(0(zo, f,0)) < oo then f and g have a unique common fixed point.

The notion of an almost altering distance function was introduced by Popa [36] which is as follows:
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Definition 2.18. [36] A function % : [0,00) — [0, 00) is almost altering distance if
(U1) v is continuous;
(P2) ¥(t) =0if and only if t = 0.
Example 2.19. [36]
t, fort=10,1];
P(t) =

1 forte(1,00).

In 2020, Karapinar et al. [23] proved their results on p-hybrid Wardowski contraction as follows:

Definition 2.20. [23] A mapping J : (M,d) — (M, d) is called a p- hybrid Wardowski contraction, if there
is G € 8 such that

d(JTv, Jw) >0=7+Gd(Tv,Tw)) < G(AY(v,w)),

for all p > 0. In particular, if the above inequality holds for p = 0, we say the J is a 0-hybrid Wardowski
contraction.

Definition 2.21. 23] 24] Let (M, d) be a metric space and J be a self-mapping on this space for p > 0
and k; > 0,7 =1,2,3,4, such that Ele k; = 1, we define the following expression.

,

[kzl(d(v, W))P + ka(d(v, Tv))P + ks (d(w, Tw))P + ks (W)p} 3

for p > 0,v,w € M;

Aplow) = K1 Ko Ks K4
[d(v,w)} [d(v,jv)} [d(w,‘jw)} [W} ,

for p = 0,v,w € M|7(M).
Theorem 2.22. [Theorem 4 and 5| [23]

(1) A p-hybrid Wardowski contraction self mapping on a complete metric space admits exactly one fixed
point in M.

(2) A 0-hybrid Wardowski contraction self mapping on a complete metric space admits fixed point in M
provided that for each sequence {n,} in (0,00), lim, oo 1y, = 0 iff limy, 00 G(ny,) = 0.
3. Main Results
To establish our first main result, we start by extending Definition 2.14 using the G-metric space concept.

Definition 3.1. Let (X,G) be a G -metric space with f : X — X and T : X — CB(X) be single
and multivalued mappings. Then the pair (f,T") of hybrid mapping satisfy a common limit range (CLRy)
property with respect to f, if there exists a sequence {z,,} in X and A € CB(X) such that

lim fz, = fue A= lim Tx,,
n—oo n—oo
for some u € X.

Now, we prove the following theorem which is an extension of Theorem

Theorem 3.2. Let (X, G) be a complete G- metric space and suppose mapping f,T : X — 2% with almost
altering distance ¢ € W satisfy the following conditions:
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a) f and T are weakly compatible,

(
(

b) f and T satisfy CLR; property,

(d) T(X) is a G-complete subspace of X,

)
)
(¢) Tz C f(X),
)
)

() Ho(Tx, Ty, Tz) < ¢Y(M(x,y,z2)); for all z,y,z € X,

where

GEfx,fy,fz)),G((fx,Ty,fx;,

G(fy, Tz, fy),G(fz,Tx, fz),

Mlry.2) < maxq Gl ry 1), Gy To o) ™
G(fx, Tz, fx)

Then f and 7T have a unique common fixed point.

Proof. From condition (a), using Definition one can show that f and T' are weakly compatible. Since
freTe= fTx CTfr. Thus T(X) C f(X) and T(X) is a G-complete subspace of X.

Applying Definition , as the pair (f,T) satisfy CLRy property, there exists a sequence {x,} in X such
that

lim fz, = fueA= lim Tx,,
n—oo n—oo
for some u € X and A € 2%,
First we show that fu € Tu. If fu # Tu, for all u € X, using Equation [7| with = z,, and y = u, we get
HG(T%n,TU,TZ) S w(M(UCmUaZ)), (8)

where

G(f:cn,fu,fz),G(fxn,Tu,fxn),
G(fU,Txn,fU),G(fZ,T{L’n,fZ),
M{@n,uu) S max G P, £2),G(fu Tz fu), (- ©
G(fan, Tz, fxy)

By taking y = z in @]} we have
G(fl'n, fu, fu)7 G(fxna Tu, fxn)a
G(fu,Txn,fu),G(fu,Tmn,fu), (10)
G(fuv TU, fu)7 G(fuv T’LL, fu)7
G(fxn, Tu, fl'n)a

Passing to the limits as n — oo in with fz, = fu, A = Tx,, we obtain

(G(fu7 fu’ fu)’ G(fu’ A’ fu)’
G(fu, A, fu), G(fu, A, fu),

M(zp,u,u) < max

M(zp,u,u) < max G(fu, A, fu),G(fu, A, fu),
G(fu, A, fu),
O,G(fU,A’f’U,)’

< max J CUuw A fu),G(fu, A, fu),

G(fu, A, fu), G(fu, A, fu),
G(fu, A, fu),

= M(zp,u,u) = G(fu,A, fu). (11)
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Using in as a results yields

Ho(A,Tu,Tu) < P(G(fu, A, fu)). (12)
As 9 is non-decreasing we have
Ho(A, Tu,Tu) < G(fu,A, fu), (13)
Using and Lemma , we get
G(fu,Tu,Tu) < G(fu, A, fu)+e,
G(fu,Tu,Tu) — G(fu, A, fu) < ¢
=0 < e (14)

which is a contradiction. Hence, fu € Tu which shows that the pair (f,T) has a coincidence point.
Next, assume that if fu € Tu and fv € Tv. By Lemma [2.10] and Proposition [2.13] we have

G(fu,v,v) < G(Tu,Tv,Tv).

Now, we prove the uniqueness of a point of coincidence of f and T. We prove that the fixed point of T is
unique. Assume that v € X is another coincidence fixed point of f and T such that v # w. Then, since u
and v are such that fu € Tu, fv € Tv € X, weset x =u and y = v in which yields

Ho(Tu,Tv,Tz) < ¢(M(u,v,z)), (15)

where,

G(fu, fv, f2),G(fu,Tv, fu),
G(fv,Tu, fv),G(fz Tu, f2),

Mwv,2) s m2y Gz 1o, 2),G(fo, T2, fo) 1e)
G(fu,Tz, fu)
By taking y = z in we have
G(fu, fv, fv), G(fu,Tv, fu),
G(f”? T’U/, f/U)7 G(f”? Tu? f’U)7
Mwv,0) <3 G0, o, fo), G(fo, To, fo),
G(fu,Tv, fu),
= M(u,v,v) = G(fu,Tv, fu). (17)
Using in as a result yields
HG<TU7T’U7TU> < @/}(G(fU,T’U,f’U,)) (18)
As 1) is non-decreasing we have,
He(Tu, Tv,Tv) < G(fu,Tv, fu), (19)

which is a contradiction. Hence, fv € Tv which shows that the pair (f,T) has a coincidence point. Thus,
(f,T) has a unique common fixed point which is u, that is the assumption given in Theoremvalidated. O

Furthermore, we formulate the corollaries:

Corollary 3.3. Let (X,G) be a G-metric space. Assume that f : X — X and T : X — 2% satisfy the
conditions of Theorem if any of the following contractions is applied:
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(1)

HouTs. To. T _ G(fy,Ty,Ty)+ 20
¢(Tz, Ty, Ty) = kmax (G(fx,Ty,Ty),2G(fy,TfUanU)) 2

for all z,y,2z € X, where k € [0, %)
(ii)

G(fl), fy7 f2)7 G(f-’lf, T.’L’, T:L’)

G(fya Tya Ty), G(fy, TZ, TZ)

G(fz, Ty, Ty),G(fz, Tz, T%),
G(fz Tz, Tx),

He(Tz, Ty, Tz) = (21)

(iii)

aG(fx, fy, fz)+
Ho(Tz, Ty, Tz) = {BIG(fx,Tz,Tx)+ G(fy, Ty, Ty) (22)
+G(fz,Tz,Tz)]

forall z,y,z€e X and 0 < a+ 35 < 1.
(iv)
Hg(TJI,Ty,TZ) < w(M(xagﬁ Z))a

where

G(fx, fy, fy),G(fz, Tz, Tx)
G(fy, Ty, Ty),G(fz,Tz,Tz),
G(fz,fy,Tx)

M(SC, Yy, Z) = maXx G(fx,Ty,Ty)JrG(fx,%z,Tz)J’rG(fy,Tx,Tx) (23)
1 )
G(fz,fy,Tx)

2 )
G(fz,Ty,Ty)+G(fy,Tz,Tz)+G(fz,Tz,Tx)
\ 5 Y,

for all z,y,2z € X, where k € |0, %)

Corollary 3.4. Let (X,G) be a G-metric space. Assume that f: X — X and T : X — 2% be a pair of
hybrid mappings. Then (f,T) is called a generalized Meir-Keeler type contraction whenever for each € > 0,
there exists § > 0 such that

e<Y(M(x,y,2)) <e+0 = Hg(Tz,Ty,Tz) <,

where

_[C(fe. fy.£2),C(Tx, fr. f)
M(z,y,2) = ma {G(Ty,fy,fy»G(Tz,fz,fz)} (24)

for all z,y,z € X. Then (f,T) has a unique common fixed point.
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Next, we present our second main results, by extending Definition 2.21] using a pair of p-hybrid mapping
in G—metric space concept.

Definition 3.5. Let (X,G) be a G-metric space and f,T be a pair of hybrid mapping on this space for
p>0andk; >0,7=1,2,3,4, such that Z?Zl k; = 1. We define the following expression.

[kl(G(fC, I )P + k2 (G(fCTCTC))P + ks(G(T, fn, f))?
oy (CUSTIT A GTG 1) )p} ,

)

for p>0,¢,n € X;
MG(Cmm) = (25)

[cwse se.m]” [ewere o) [e@n, mm] ™

[G(TC,fn,fn)JgG(fQTan)] K4

\ forp=0,(,ne X.

Theorem 3.6. Let (X,G) be a complete G- metric space and suppose mapping f,7 : X — CB(X) is a
p-hybrid contraction with almost altering distance ¥ € W satisfy the following conditions:

(a) f and T are weakly compatible;
(b) f and T satisfy CLR; property;

)
(c) T C f(X);

(d) T(X) is a G-complete subspace of X;

(e) He(T¢, T, Tn) < p(Mg(¢,m,m)); for all {;n € X and p > 0,

where

MECmem) = k(GG fn ) + ka(GUFC.TC,TOY + ka(G(Tn, f1, fn))?

G(f¢, T, Tn) + d(T¢, fn, v
(f¢.Tn 77); (T°¢, fn fn))p} . (26)

+hy (
Then f and T admit a unique common fixed point in X.

Proof. Applying Definition as the pair (f,T') satisfy CLR; property, there exists a sequence {x,} in X
such that

lim f(, = fweB= lim T(,,
n—oo n—oo
for some w € X and B € CB(X).
We assume that fw € Tw. If fw # Tw, for all w € X, using with ( = (, and n = w, we have
HE(TCn, Tw, Tw) < (MG (Cny w, w)), (27)

M(Guw,w) = [Fa(G(f, fro, F))P + Ea( G, T TG + ks(G(Tw, fuo, f)?

+k:4<G(fC”’Tw’Tw);G(TCn,fwvfw)y};' o
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Passing to the limit as n — oo in with f(, = fw, B =T(, = Tw, we obtain
MG (Cnyw,w) < [kl(G(fw,fw,fw))p + ko (G(fw, Tw, Tw))? + k3(G(Tw, fw, fw))?

+k:4(G(fw’Tw’Tw) -21- G(Tw,fw,fw))p] %’

< [(ka ¥k 4 ki) (G(fw,Tw,Tw))p} %,

= (ko + ks + ka)» G(fw, Tw, Tw), (29)

Using in as a result yields
H2(B,Tu,Tu) < (ks + ks + kg) P G(fw, Tw, Tw)). (30)

By the property of ¢, it follows that
HZ(B,Tw,Tw) < G(fw,Tw,Tw). (31)

Using and Lemma [2.11] we get

G(fw,Tw,Tw) < G(fw,Tw,Tw)+ ¢,
G(fw,Tw, Tw) — G(fw, Tw, Tw) < ¢,

=0 < ¢ (32)

which is a contradiction. Hence, fw € Tw which shows that the pair (f,7") has a coincidence point.
Next, assume that if fw € Tw and fz € Tz. By Lemma and Proposition [2.13] we have

G(fz,2,2) < G(Tz,Tz,Tz).

For the uniqueness point of coincidence of f and T, we follow a similar procedure as in the proof of Theorem
3.2 O

Theorem 3.7. Let (X,G) be a complete G- metric space and suppose mapping f,7 : X — CB(X) is a
0-hybrid contraction with almost altering distance 1 € W satisfy the following conditions:

(a) f and T satisfy C LRy property;
(b) HE(T¢, Tn,Tn) < LZJ(MZ((,n, n)); for all (,n € X and p = 0 with k1 + ko + ks + ky < 1,

where
K> K3

K
My(Comm) = [GUC I )| |GUCTCTO] ™ |G(@n, fn. fo)]

[G(Tg, fn.fn) + G(f¢. T, Tn)]K4
2 )

Then f and T admits a unique common fixed point in X.

(33)

Proof. By Definition (f,T) satisfy C LRy property, there exists a sequence {x,} in X such that
lim f¢, = fweB= lim T,
n—oo n—oo
for some w € X and B € CB(X).
Suppose that fw € Tw. If fw # Tw, for all w € X, using with ¢ = ¢, and n = w, we have
Hg(TCn,Tw,Tw) < Y(M(Cp,w,w)), (34)

ME(Cnyw,w) = [G(fC /¢ fw)} o [G(f{ Tln, TC )}KQ [G(Tw fw, fuw) K
g\sSn; ®H - nsyJ Gn; n o n , ,
[G(Tgm fw, fw) + G(an,Tw,Tw)}Kzl'

5 (35)
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Passing to the limit as n — oo in with f(, = fw, B =T(, = Tw, we obtain

K1 Ko Ks
MG (Cnyw,w) < [G(fw,fw,fw)} {G(fw,Tw,Tw)} {G(Tw,fw,fw)
{G(Tw, fw, fw) ; G(fvaw,Tw)}K{
= [G(fw, Tw, Tw)]kztksthka), (36)
Using in as a result yields
HE(B,Tu,Tu) < $((G(fw, Tw, Tw)]*zrstka), (37)
By the property of ¢, it follows that
HY(B,Tw,Tw) < [G(fw,Tw,Tw)|k2tksths), (38)
Using and Lemma , we get
G(fw,Tw,Tw) < [G(fw,Tw, Tw)](k2+k3+k4) + €,
G(fw,Tw, Tw) — [G(fw, Tw, Tw)|keFhsth) < ¢
= 0 < ¢ (39)

which is a contradiction. Hence, fw € Tw which shows that the pair (f,T) has a coincidence point. From
the proof of Theorem [3.2] we conclude that 7" is 0-hybrid contraction in G-metric space. Also satisfies all
conditions of Theorem [3.7] 0

In the following section, we formulate a vivid example to validate Theorem

Example 3.8. Let X = [0,1] be equipped with G-metric, G(z,y,z) = |x — y| + |y — z| + |z — z|. Define
Tz = |0, ﬁ}, fr= 22 and Ty = % Also, ¥ = %t,t >0 for all z,y,z € X.

Using Definition 2.12] the mappings f and T are called weakly compatible if fz € Tx for some x € X
which implies that fTx C T fx. To observe this consider, Tx = [0, and fz =z2.

S(xﬁl)]
For

N

fTz =

and

Tfz = |0,———

so that

Njw

€Tr2

T 07 -
8(z2 +1)

8(z+1)

Also, f and T satisfy CLR; property. By Definition and let {x,} be a sequence in X. Then

lim f(l> — fue A= lim T(l),

n—00 n n—00 n
Jim 1(5) = foea= m (D)

Next, we show that TX is a G-complete subspace in X. By Definition we have

Gz,y,y) < |lo—yl+ly—yl+z—y|
= 2z —yl, (40)
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and

= 2y —zx| (41)
Using and in , we get
da(z,y) < 2lz—y|+ 2y — =
= 4z —y|. (42)
To prove (e),let x,y,z € X. fx =y=2=0,then Te =Ty =Tz =0and Hg(Tz,Ty,Tz) = 0. Our proof

is done. If not suppose that the value of x,y, z are not all zero.
For x <y < 2z, we have

He(Tx, Ty, Tz) = HG<[0, ﬁ} [0, 8(yy+ 1)], [0, 8(2’1 1)D. (43)

By (2

\

SUP<a< gt s G(“v [07 8(yy+1)]’ [07 8(zz+1)]>’

—> max SupOSng(;ﬂ.n G <b, [07 8(352-1)}’ [O’ 8(;&-1)}> ’

e (o 0] [ s
\

Since z < y < z, then [O, ﬁ] - [0, m} C [0, ﬁ}, using implies that

e oy

d 0’7’0’7 = Oa

G(- 8(z+ 1)1 1 8(y+1)_)
oy 1 e

de| 10, =——1,|0,———| | = o,

G(. 8(y+ 1)L 8(z+1).)

de| 10, =———1, [0,———|] = o

G(.’s(x+1).’.’8(z+1).>

Now for each 0 <a < ﬁ and dg(x,y) = 4|z — y| in (3) we have
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y
“ <a’ [O’ 8(y +1)

)
dG<a, [0,8<Z+1)_> —0

4y 4z
T8 Ot oy
dy(z+1)+42(y+ 1)
8+ D)(z+1)
8 dy(z+1)+4z(y + 1)
8(x+1)  8y+1)(z+1)
8r(y+1)(2+1)— (dy(z+1) +42(y+ 1)) (z+ 1)
8(x+1)(y+1)(2+1)

8a

(44)

Next, for each 0 < b < % and dg(z,y) = 4|z — y| in (3) we have

(0t

ol o))
ool [o ) )
o sl )

4z 4z
Y T S
sz+ ) TRz

Cda(z+1) +42(z+1)

8 8(x+1)(z+1) 7
8y  dw(z+1)+4z(z+1)
8(y+1) 8(x+1)(z+1)

8y(z+1)(2+1) — (da(z+1) +42(z +1))(y+1)
8x+1)(y+1)(2+1)
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Similarly, for each 0 < ¢ < ﬁ and gives

G<C, [0,8@11)},[0,8@11)]> - d< [0,8(;:1)})+

4x 4y
< 4c— ——-—+0+4c— ,
- 8(x+1) 8(y+1)

dx(y+1)+4y(z+1)
B+ D)y+1)
< 82  dz(y+1)+4y(z+1)
 8(z+1) 8(x+1)(y+1)
82(x+1)(y+1) — (da(y +1) +4y(z + 1)) (2 + 1)
8(z + 1)(y+1)(2+1)

= 8¢

As a result, we deduce

r 8z (y+1)(z4+1)—(4y(z+1)+4z(y+1)) (z+1) Y
SUPogagﬁ 8(z+1)(y+1)(z+1) ’

8y(z+1)(z+1)— (4 (z+1)+4z(x+1)) (y+1)
HG(TLU, Ty, TZ) S max Supogbg S(yziﬁl) YT z 8(z+1)x(yz+1)(z+2i)x " ) )

su B 8z(z+1)(y+1)— (4o (y+1)+4y(z+1))(2+1)
Po<e<qiy 8(z+1)(y+1)(z+1)

Sz(z4+1)(y+1)— (da(y +1) +4y(z + 1)) (2 + 1)

- 8(x+1)(y+1)(z+1) ' (47)
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On the other hand, we calculate the following G-metrics. By and , we get

G(fz, fy,

G(fz, Ty,

G(fy, Tz,

G(fz,Ty,

G(fy,Tz,

G(fx, Tz,

f2)

fz)

fy)

f2)

fv)

fx)

3 3 3
= G’({j;27yQ’22>7
3 3 3 3 3 3
< |xz —y2| 4 |y2 2|+ |2 — 22,
3 3
2x2 — 2z2.

G(x%’ [O’ 8(y?{&— 1)}’95%)’

IN

IN

inf{4x§ Az> — 8(;31_ 1)>}7

3

8(y + 1)

= ool

< 4 )}
< inf{ay?, 4y} x—l—l

_ 4 3 4x

- 8(x+1)

- G(z%,[o 8(gﬁ|—1)} Zg)’

=k

43/%,43/g - L)}

inf{dg (2,0), do (%, 8(yy+ 1))},
Jog
< int{de(y?, ) ( i)}

(22 0) ( L)t
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Applying Equation we obtain

3925 dps — M gyh Ao g5 Az
M(z,y,2) < max 2 2232’4901 8<y+31>’4y24 8(:c+31)’4zg4 8z+1)
422 — g 42 e 07 s
3 4y
TS 48
‘ 8(y+1) (48)

By and it follows that
82(x + 1)(y+1) — (4z(y + 1) +dy(z + 1)) (2 + 1) s
S+ Dy + D+ 1) = 0Ty

This shows that all condition imposed in Theorem are satisfied. Hence a pair of hybrid mapping f and
T in G-metric space has a unique common fixed point z = 0.

4y
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