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la Valée-Pousin of a sequence, [10]. In the present research, we establish some Tauberian,
Abelian and Core theorems related to the (V, A)-summability.

1. Preliminaries

Let R be the set of the reel numbers and C be the set of the complex numbers. Let ¢ and /. be the space of all complex valued
convergent and bounded sequences, one by one. Let A = (4,,) be a non-decreasing sequence of the positive integers tending to o such that
A =1, Apt1 <Ap+ 1. A real number sequence x = (x,,) is said to be (V, 4)-summable to the value [ if

limz,(x) =1
imi (x)
exists, where

tm(x) = L Z Xny I = [m— Ay +1,m].

Ao n€ly

By (V,A), we mean the set of all (V,A)-summable sequences, i.e.,
(V1) = {x: (xn) : limty(x) =1 for some ZER}.
m

Also, by (V,1)p we denote the space of all sequences which (V,A)-summable to zero. It is clear that in the case A, = m for all m,
(V,A)-summability reduces to the Cesdro summability, [11]. If x € (V,A) and lim,, t,,(x) = [, then we have (V,1) —limx = /.
Let E be a subset of N (the set of natural numbers). Natural density 0 of E given by the following equality:

8(E):lim%\{k§n:k€E}|.

The number sequence x = (x;) is said to be statistically convergent to the number [ if for every € > 0, 6({k : |x; — | > €}) =0, [7]. In this
case, we write: st — limx = [, where st and st are the sets of all statistically convergent and statistically null sequences, respectively.
For a given non-negative regular matrix A, the number

5,4 (K) = lim Z Ank
" kek
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is said to be the A-density of K C N, [8]. A sequence x = (x;) is said to be A-statistically convergent to the number s if for every € > 0, the
set {k : |x; —s| > €} has A-density zero, [2]. Thus, the following equation is valid: st4 —limx = 5. By s¢(A) and st(A)(, we respectively
show the set of all A-statistically convergent and A-statistically null sequences.

For example, if we choose E C N such as E = {n? : n.=1,2,3---} then it is easy to see that §(E) = 0. A real number sequence x = (x;) is
said to be statistically convergence to the number / if for every € > 0, 8{k : |x;, — |} = 0, [7]. For example, let

= k , k=n?foral n=1,2,3,---
L ! otherwise.

Va ’

Then it obvious that limx;, does not exist. But since §(E) = §({n?> :n=1,2,3---}) =0, we write st — limx; = limk% =0. If (x) is
statistically convergence to a number /, then we write st — limx = [. By st and stg, we denote the set of all statistically convergent and
statistically null sequence, respectively. If a sequence is A-statistically convergent to /, then we can write st4 — limx = /.

Let x = (x;) be a sequence in C and Ry be the least convex closed region of complex plane containing X, X1, Xk+2,- ... The Knopp Core
(or # -core) of x is defined by the intersection of all Ry (k=1,2,...), [1, pp.137]. In [12], it is indicate that

H —core(x) = ) Bx(z)
zeC

for any bounded sequence x, where By(z) = {w € C : |w —z| < limsup |x; —z|}.
In [6], the notion of the statistical core of a complex number sequence introduced by Fridy and Orhan [9] has been extended to the A-statistical
core (or st4-core) and it is shown that for a A-statistically bounded seqeunce x

sty — core(x) = ﬂ Ci(2)
zeC

where Cy(z) = {w € C: |w—z| < s14 —limsup|x; —z|}. The inclusion theorems related to the % -core and st4-core has been worked by
many authors [3-5].

Let D be an infinite matrix of complex entries d,,; and x = (x;) be a complex valued sequence. Then Dx = {(Dx), } is called the transformed
sequence of x, if (Dx), = Y d,.x; converges for each n. For two sequence spaces M and N we say that D € (M,N) if Dx € N for each
x€M. If M and N are equipped with the limits M — lim and N — lim, respectively, D € (M,N) and N — lim,(Dx),, = M — limy x;, for all
x € M, then we say D regularly transforms M into N and write D € (M,N)e.

Recently, similar works studied by some authors, see [13—17]. In the present paper, we have proved some Abelian, Tauberian and Core
theorems related to the (V, A)-summability.

2. Tauberian and Abelian Theorems

For any sequence spaces X and Y, an Abelian theorem is a theorem such that states the inclusion X C Y. The Tauberian theorem is a one of
the form X NZ C Y, where Z is also a sequence space and Y C X.
Our first result for (V, 1) is an Abelian theorem.

Theorem 2.1. ¢(c 1y C (V,A) if and only if
liminf - =1, Q.1
P

where c(c1) IS the space of all Cesdro summable sequences.

Proof. Letx € ¢(c 1) and
1 m
lim — =1
" m ngl .
Then, for any given € > 0 and enough large m,

xp—1l| <e.

gk

1
m,=

Now, one can write that

1 1 i 1
— (n=D|=1]—) (xn—0)— (xn—1)
km nel, A'm n=1 M n=1
ml1m m— )'m 1 m—~Ap
< — = X, — 1)+ Xy —1
n mngl(n ) Am miz'm n;(” )
<M
2’i’l’l A’ﬂl

Therefore, it is clear that lim,, #,,(x) = [ if and only if (2.1) holds. This completes the theorem. O
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Since ¢ C ¢(c,1), the following result is obvious.
Corollary 2.2. If(2.1) holds then ¢ C (V,A) .

Theorem 2.3. (V,4)oNco C (co)(c,1), where (co)(c,1) is the space of all Cesdro summable to zero sequences.

Proof. Letx € (V,A)pNco. Thus, for any € > 0 and enough large m, n,

tm(x)| < €/2 and |x,| < €/2. Hence, we have

1 lmfk,,,
% Z)Cn = % Z xn—|—tm(x)
n=1 n=1
1 Mm=An
< = hd
= Z |xn‘ + 3

which gives the result. O

Since (ty(x) —1) € (V,A)g and (x, —I) € ¢y, we have the following outcome which is a Tauberian theorem.

Theorem 2.4. (V,A)Nc C¢(c,y)-

3. Core Theorems

Definition 3.1. Let Ry, be the least closed convex hull containing ty,ty11,tm+2, - ... Then, J&) -core of x is the intersection of all Ry, i.e.,

Hy —core(x) = m Ry

m=1

In fact, we define % -core of x by the .# -core of the sequence (f,). Thus, one may state the following theorem which is an parallel of
J -core.
One can prove the following theorem by replacing (f,) in place of (x;), which is analogues of theorem given in [12] for Knopp core.

Theorem 3.2. Let, for any z € C,

Gy(z) = {w e C: |w—z| < limsup|ty(x) — 2| }.
m

So, for any x € le,

Hy, — core(x) = ﬂ Gy (2).

zeC

At present, we are in a position to construct the inclusion theorems. First of all, we prove several lemmas which will be helpful to the proof
of the next theorems.

Lemma 3.3. Let X be any sequence space. Then, B € (X,(V,A)) if and only if D € (X, c), where D = (dy) is defined by
1
dy = szf"’ (neN) ;. 3.1
" el
Proof. Let x € X and take into consideration the equality

1 = LA
AT Z bjkxk:ZT ijkxk; (m,nEN)
m jel, k=0 k=0 m jel,
which yields as n — oo that

1
)

m Jelm

(Bx)j = (Dx)m; (meN),

where D = (d,;;) is defined by (3.1).
Thus, it is obvious that B € (X, (V,A)) if and only if D € (X,c). As a result, the proof is complete. O

For the special cases of the sequence space X, one can state the following lemmas.



Universal Journal of Mathematics and Applications 73

Lemma 3.4. B (c, (V,1))req if and only if

< oo,

Z bk

M pel,

hl;ln— Y bu =0k,

Am nel,

1113111):}L Y bu=1.

M nEly,
Following lemma is an analogues of Theorem 3.2 in [4]. One can prove it by same technique. So, we omit the proof.
Lemma 3.5. B € (st(A) N lo, (V,A))reg if and only if B € (¢, (V,))req and

‘ank

kEE m nel,

3.2)

for every E C N with 84(E) =0.
By choosing A as Cesdro matrix
o — I/n , n>k
nk = 0 , others.

we get following lemma.

Lemma 3.6. B € (SN /e, (V,))req if and only if B € (c,(V,A))reg and

hmz —’ Z bur| =

keE Am n€ly,

forevery E C Nwith §(E) =
Now, we can give the following theorem.
Theorem 3.7. Let ||B|| = sup, Y |byi| < eo. Then, J£) -core(Bx) C J¢ -core(x) for all x € lo if and only if B € (c, (V,A))req and

11mzl—) Z bui| =

M " pel,

(3.3)

Proof. (Necessity). Let x € ¢ with limx = [. Then, % -core(x) = {I} which implies that .’} -core(Bx) C {/}. Since the assumption ||B]|| < oo
implies the boundedness of Bx, %) -core(Bx) = {I} and therefore (V,A) —limBx = . This implies that B € (¢, (V,1))e.
Let’s assume that the condition(3.3) is not satisfy. Then we have,

11m2—) Z bur| >

m nel,

The conditions of the Lemma 3.4 give us to choose two strictly increasing sequences {k(n;)} and {n;} (i =1,2,...) of positive integers such
that

k(ni—1) 1 1 k(n;)
7 Z”m,k‘<zv Z ‘an, ’>1+—
k=0 m " pel, k=k(n;—1)+ l nel,

and

> on mPILTESS

k=k(n;)+1 """ " n€l,

At present, let’s define a sequence x = (x;) by

xk:sgn( an, ) (ni—1) +1 <k < k(n),
M nely,
where m is an integer as defined in the choosing A = A,,. Then, it is clear that % -core(x) C B, (0). Also,
k(n;) 1 o 1
D D [ S D PSS S W YRR B
™ nel, k=k(ni_1)+1 """ " nel, nel, k= k(n,-)+1 nel,

Since B € (c,(V,A)) e, it follows that (Bx) has a subsequence whose (V, 4)-limit can not be in By(0). This is a contradiction with that
5, ~core(Bx) C ¢ -core(x). Hence, the condition (3.3) have to be satisfy.
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(Sufficiency). Let w € ) -core(Bx). So, for any given z € C, one get

|w—z| < limsup |, (Bx) — 2 (3.4)

m

= limsup ‘z - Zcmkxk‘
m k

< limsup ’ Zcmk(z ka)’ + limsup |z ’ 1— Zcmk‘
m k m k

= limsup ’ Zcmk(z —xk)’
m k

where

Cmk = T Z by

M pel,

Now, let limsupy |x; — z| = [. Subsequently, for any € > 0, |x; —z| < [+ € whenever k > kg. Thus, the following inequality applies:

’Zcmk =Xk ’—’ Y cmlz—x)+ Y ez —xe ’ (3.5)
k<ko k>ko
<sup|z xk' Z |ka‘+ l+8 Z |ka‘
k<k0 k>k0
<suplz—xe| Y lenel + (U +€) Y leml-
k k<ko k

Therefore, applying limsup,,, and combining (3.4) with (3.5), we have
w—2| < limsup | ¥ cye(z =) | <
m k

which shows that w € % -core(x). The proof is completed. O

Theorem 3.8. Let ||B|| = sup, i |buk| < oo. Then, ) -core(Bx) C sty-core(x) for all x € L if and only if B € (st(A) Nloo,(V, 1)) req and
the condition (3.3) are satisfy.

Proof. (Necessity). By choosing x € st(A) N 4w, as in Theorem 3.7, we immediately have that B € (s1(A) Nleo, (V, 1)) reg-

On the other hand, since st4-core(x) C ¢ -core(x) for any sequence x [6], the necessity of the condition (3.3) follows from Theorem 3.7.
(Sufficiency). Let we take w € %) -core(Bx). So, we have again the condition (3.4). At present, if st4 —limsup |x; —z| = s, then for any
€ > 0, the set E defined by E = {k : |x; —z| > s+ €} has zero A-density. At present, we get

)Zcmkz xk’*’ZkaZ )+ Y emlz— xk‘

keE k¢E
<SUP|Z %l Y eml + (s €)Y el
keE k¢E
<SUP|Z xiel Y lemel + (s +¢ Z\kal
keE

Hence, applying the operator limsup,, and using the condition (3.3) with (3.2), we can write that
limsup)Zcmk(z—xk)’ <s+e. (3.6)
m k
Finally, combining (3.4) with (3.6), we get
|w—z| < sta —limsup |x; — 2]
k

which shows that w € st4-core(x). O

As a consequence of Theorem 3.8, we get

Corollary 3.9. Let ||B|| = sup, Y4 |buk| < oo. Then, ) -core(Bx) C st-core(x) for all x € Lo if and only if B € (st Nleo,(V,A))reg and (3.3)
holds.

4. Conclusion
In this paper, we obtained new some Tauberian, Abelian and Core theorems related to the (V,A)-summability.
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