Advances in the Theory of Nonlinear Analysis and its Applications 1 (2022) No. 1, 101
https://doi.org/10.31197 /atnaa.917180
Available online at www.atnaa.org

Research Article

v Advances in the Theory of Nonlinear Analysis

and its Applications -

ISSN: 2587-2648 Peer-Reviewed Scientific Journal

The existence and Ulam-Hyers stability results for
generalized Hilfer fractional integro-differential
equations with nonlocal integral boundary conditions

Adel Lachouri?, Abdelouaheb Ardjounib

?Department of Mathematics, Annaba University, Annaba, Algeria.

bDepartment of Mathematics and Informatics, Souk Ahras University, Souk Ahras, Algeria.

Abstract

In this paper, we study the existence and uniqueness of mild solutions for nonlinear fractional integro-
differential equations (FIDEs) subject to nonlocal integral boundary conditions (nonlocal IBC) in the frame
of a &-Hilfer fractional derivative (FDs). Further, we discuss different kinds of stability of Ulam-Hyers (UH)
for mild solutions to the given problem. Using the fixed point theorems (FPT’s) together with generalized
Gronwall inequality the desired outcomes are proven. Examples are given which illustrate the effectiveness
of the theoretical results.
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1. Introduction

In latest years, fractional differential equations (FDEs) theory has received very broad regard in the
fields of pure and applied mathematics, see [5, 6], [1T), [14] 15 16, 20] and emerge naturally in diverse scopes
of science, with many applications, e.g. [9] 10} 13} 18], 29].

In 1999 Hilfer introduced the generalization of Riemann-Liouville and Caputo (FDs) see [I3]. The
fundamental work on the theory of FDEs with Hilfer derivative can be found in [I2]. The Boundary value
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problem (BVP) for FIDEs involving Hilfer derivative has been researched in [3] 4} 28]. Sousa and Oliveira in
[26] presented the so-called W-Hilfer FD with respect to another function, to unify in one fractional operator
a large number of FD’s and thus, window open to new applications.

One of the crucial and interesting areas of research in the theory of functional equations is devoted to the
stability analysis. Stability analysis is the fundamental property of the mathematical analysis which has got
paramount importance in many fields of engineering and science. In the existing literature, there are stabili-
ties such as Mittag Leffler, h-stability, exponential, Lyapunov stability and so on. In the nineteenth-century,
Ulam and Hyers presented an interesting type of stability called Ulam-Hyers stability, which, nowadays has
been picked up a great deal of consideration due to a wide range of applications in many fields of science
such as optimization and mathematical modeling.

The stability of the Ulam can be viewed as a special kind of data dependence which was initiated by the
Ulam in [22]. Rassias in |2I] extended the concept of UH stability. Many authors subsequently discussed
different UH stability problem for various types of fractional integral (FI), FDEs, fuzzy dynamic and fuzzy
difference equations utilizing various techniques, see [11, 2l B 4] 8] [17, 19, 24] 27, B1l B32] and the references
therein.

Recently, the authors in [28] investigated the stability of Ulam-Hyers-Rassias (UHR) and UH of the
following FIDE

HDpim2¥ s (t) = t) + fy h( () de, t€[0,T],
IéJru » x(0)=c¢,

where HDgfz;w is the generalized ¢-Hilfer FD, and 71 € (0,1) and type 72 € [0,1], Iy, ¥ is the ¢-Riemann-
Liouville FI of order v € [0,1).
In [3] Abdo and Panchal discussed existence, uniqueness, and UH stability of the following nonlinear

FIDE
T Yo (0) = 1 (620, [y h(t e, 2(9) do) , t>a,
I;JU;W%(O) =4, O=1T1 4T — 7172,

where 1 € (0,1) and 2 € [0,1], f and h are given continuous functions.
In [7], Asawasamrit et al. have started the study of Hilfer FDEs with nonlocal IBCs of the type

HDriraze (t) = f(t, (1)), t € [a, b],
m
%(a) = 0, %(b) = Z Hilgix ((52> R (51 c [Cl, b], (1)
i=1
where 1 <r; <2,0<ra <1, >0,6;, € R, Hprirs ig the Hilfer FD of order r; and type o, ];7_1 is the
Riemann-Liouville FI of order ;. The authors in [I9] have investigated the existence and stability results of
implicit problem for FDEs involving v-Hilfer FD.

Motivated by the aforementioned works, we study existence, uniqueness and Ulam stability of the fol-
lowing FIDE involving £-Hilfer FD with nonlocal IBCs

IO (0 = f (L0, [ h (Lo () dp) L€ (a,b),

2

2 (a) =0, 13" 5 (b) = 291"“5 (6:) 2
where HDgﬁr’m;£ is the ¢&-Hilfer FD of order 71 € (1,2) and type 75 € [0,1], I?7%¢ and I"€ are the ¢&-RL FI
of orders 2 — v, 1; > 0 respectively, v = r; +r2(2—1r1) € (1,2), o <a<b< oo, 0; € R/ i=1,2,....,m,
0<a<§1 <60<03< ... <0 <Db, f:[a,b]xRxR—Rand h: [a,b] x[a,b xR — R are given continuous
functions.

Remark 1.1. i) The FIDE (@ inwolving &-Hilfer FD is the more wide category of BV Ps that combine the
FDI involving Riemann-Liowville FD (for ro =0, £ (t) = t) and Hadamard FD (for ro =0, £ (t) = logt).

1) For various of ro and &, our problem reduce to FIDEs involving the FDs like Hilfer, Katugampola,
Erdély-Kober, and many other FDs.



A. Lachouri, A. Ardjouni, Adv. Theory Nonlinear Anal. Appl. 1 (2022), 101117 103

The organization of the rest of the paper divided of four sections. In Section 2, some notations, definitions
of fractional calculus (FC) and FPT’s are presented. In Section 3, Some useful results about the existence,
uniqueness and Ulam stability of nonlinear FIDE are obtained. In Section 4, we present some particular
cases of the nonlinear FIDE which illustrates the effectiveness of the theoretical results.

2. Preliminaries

In this part, we give some essential ideas of FC, definitions of various types of Ulam stability and results
of nonlinear analysis (FPT’s and generalized Gronwall’s inequality) that prerequisite in our analysis.
Let J = [a,b], 1 € (1,2), 72 € [0,1]. By C = C(J,R) we denote the Banach space of all continuous
functions s : J — R with norm
[[]| = sup {[5 (V)] : t € J},

and L' (J,R) be the Banach space of Lebesgue integrable functions s : J — R with norm

1]l 1 = /J e (0)] dt

Let » : J — R be an integrable function and £ € C™ (J,R) an increasing function such that &' (t) # 0, for
any t € J.

Definition 2.1 ([14]). The &-Riemann-Liowville FI of a function > of order r1 is described by

175 ( / €(5) (£ (1) — ()" s (o) d.

Definition 2.2 ([14]). The &-Riemann-Liouville FD of a function h of order 1 is described by

15 1 d " n—ri);
Daig%(t)z(f’(t)dt) IC(H— 1)6%(t)7

where n = [r1] +1, n € N,
Definition 2.3 ([20]). The &-Hilfer FD of a function > of order r1 and type ro is described by

1D (4 = 1T DY 1T T ),

where Dgﬂ = (5,1(0%)”

Lemma 2.4 ([14, 26]). Let r1,r2,u > 0. Then
1) In;EITz;& (t) = I;“j”?g%(t),
2) I“f( €)= ()" = s (6 () — € ()T
Lemma 2.5 ([26]). If » € C™ (J,R), o e(n—1 n) and rg € (0,1), then

ri: 1o n—k 1—r9)(n—r1);
I 176 HD 1, 2;€ s (t) = 5 (t) — Z (&( t)ngk—s-l (&’h)%> IcEJr 2)( 1)5%(@‘

2) DIV [ 50 (4) = 5 ().

To define Ulam’s stability, we consider the following FIDE

HDgirz;é%(t) = f <t, 2 (¥) 7/ h(t, o, (p)) dgo) , te d (3)
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Definition 2.6 ([23]). The equation (Eq) (3)) is said to be UH stable if there is a number k € R* such that
for each € > 0 and for each 3 € C solution of the inequality

t
“opre ) - 1 (1), [ lspr (o) do) | e e @
a
there is a solution » € C of the Eq (@ with
|52(t) — 2 ()| < kge, teJ.

Definition 2.7 ([23]). Assume that 3 € C satisfies the inequality in and » € C is a solution of the Eq
(@). If there is a function ¢y € C (R, RT) with ¢(0) = 0 satisfying

|72 (t) — 2 (t)| < @p(e), te
Then the Eq (@ is said to be generalized Ulam-Hyres (GUH) stable.

Definition 2.8 (|23]). The Eq (@) is said to be UHR stable with respect to ¢y € C (J,RT) if there is a
number k € R* such that for each € > 0 and for each 3 € C solution of the inequality

¢
D5 () — f <f,ff(f),/ h(’t,@,%(@))dq?)' < egy(t), t€0,1], (5)
there is a solution » € C of the Fq (@) with
|72 () — 2 (¢)| < k}¢,f¢f(t)6, te

Definition 2.9 ([23]). Assume that 5z € C satisfies the inequality in (5) and 3 € C is a solution of the Eq
(@), If there is a constant kg y > 0 such that

5 (6) — 5 (O] < kg 5 (8), tE
Then the Eq (@ is said to be generalized Ulam-Hyres-Rassias (GUHR) stable.

Remark 2.10. If there is a function v € C (dependent on ), such that
1) [v(¥)] <, forallte J,

2) D () = 1 (620, [ (e 32 (0)) dp) 40 (0, te .
Then the function x € C is a solution of the inequality ,

We state the following generalization of Gronwall’s Lemma.

Lemma 2.11 ([30]). Let u and v be two integrable functions, z be continuous with domain [a,b] and § is
defined at the beginning. Suppose that

1) u and v are nonnegative,

2) z is nonnegative and nondecreasing.

If
u(t) <v(t)+2z (f)/a &) (€M) =€) uls)ds,
then

o] k
<o+ [ 5 EOTEI 06y e - g (o)mtu (o) de
T (kT’Q)
4 k=1
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Corollary 2.12 (|30]). Under the hypotheses of Lemma assume further that v (t) is nondecreasing
function for t € [a,b]. Then

w(t) <v(t) By (2 (O () (1) —€()"™),

where E,, (.) is the Mittag-Leffler function of one parameter, defined as

o0
kZ:OF /€7“1+1

Theorem 2.13 (Banach FPT [25]). Let Q # () be a closed subset of a Banach space (X, |].]|). IfS:Q—Q
s a contraction mapping. Then, S admils a unique fized point.

Theorem 2.14 (Schauder FPT [25]). Let Q # ) be a bounded closed conver subset of a Banach space X. If
S : Q= Q be a continuous compact operator. Then, S has a fized point in €.

To obtain our results, we need the following lemma.

Lemma 2.15. Let

CEM @) B
TR LT (G TE@TTTA ©)

and for any p € C, then the nonlocal BVP

HDT‘17T2§§% (t) = (t) 5 t S (a7 b) )

m
7
(@) = 0, 1377 0) = 3 0115, "
1=
has a unique mild solution given by
(E() —&(a) it 21 —vi€ €
— I 1+1i5€ N_ T 1 5 I 1 .
(= LS Ze 2 0) ) + I Q
Proof. Taking ¢-F1 I:j;f to the first Eq of , and from Lemma E we obtain
2 v—k
(€() —€(@)" " k] f(1-ra)@—r1)i rii€
%(f)—kZ_l M_H 5 he ar s (a) = [¥p (1), te (9)

(n) (t —a
+ & (%(‘5 wr- I§+"f%<t>(: P
_ €M -&@) &) =& (a)” v; r;
T' (o) s wl,_, oo e ], + 1O,
Put - -
D ())t:a and ¢y = I} %(t)‘tza, teJ
Then
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Because lim (€ (t) — € (a))°% = oo, in the view of boundary conditions s (a) = 0, we must have

t=a

Cy = 0.
Replacing co by their value in @, we get

- -1
(1) = (€ (1) F(gn()a)) 1+ Irl,E (t). (10)

Next, we use the second boundary condition to determine the constant ¢;. Applying Igfﬁg on both side of Eq

, we get

L3 () = o (€ = € (@)™ "+ L1 (1), (11)

(o +m)

m
From the condition » (b) = > 6;17z (§;) and , we have
i=1

= 02 u 3 1+
:q;mw(g(@) MG +Zez T (85) . (12)

I2 v;€ (b) _ (5 (b> _§(a))61 +12+r170;£q (b)

at+ T (2 a+
=c vt S Cl U‘f"’h—l + 617‘1-4-771
Thus, we find
<Z 0; 17'1 er,é ) IQIH v;§ (b))
o .
Replacing the value of ¢y into , we obtain (8)). O

3. Existence results

In what follows, we apply some FPT’s to demonstrate the existence and uniqueness results for problem

(2)-
To obtain our findings, We need the following assumptions
(Asl) There is a constants [; > 0, i = 1,2, 3 such that

|f (6, 501,01) — (8 202,92)| < Uy |51 — 02| + L2 |91 — 92|,
|h (€, 300) — b (4, € 202)| <3300 — 32|, V4, 3¢j,1;) € J* x R? j=1,2.

(As2) There is a function w € C (J,R") such that

If (t,22,9)] <w(t), V(¢ s,9) € J xR xR
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For the sake of convenience, we put

nmy, (E() =g (@)t
S DL e ) )
(€(b) — € (@)™
|lw|T ()T (3+7 —v)’
L (EB) €@
3 C(ri+1) °

;,—<Z|t9|1“+”“E (100, /ath(h%%(w))ds0>

ko =

t—0;
t
2 (b, [t enag)| ). (13)
a t=b
8.1. Eristence and uniqueness results via Banach’s FPT
Theorem 3.1. Let (Asl) valid. If
(k‘l + ko + kg) (l1 + lol3 (b — a)) <1, (14)

then, (@) has a unique mild solution on J, where ki, ko, k3 are given by .

Proof. We switch the problem into a FP problem, we consider the operator S : C — C as
< (E(0) —€(@)"! rinie g *
(8=) (=", Zez I (0, | bl () de

-

t=6;

)
B S <t, x t, 0, 72 (p)) dw)

méf( (1), /ah(t,so, (so))d«p)-

Clearly, the solution of 1} is as a FP of the operator S.
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By (Asl), for any s,y € C and t € J, we get

1(3%) - (3°> ©)

Lt -
| (e W [ nies dw) f(t,n(f)7/ath(f,so,n(¢))ds0> s
e G GU RO
| (txw. [ hote >>dso)—f(t,o<t>,/:h<t,go,n<so>>dso> i)
M@ - g

X ds

T J, ")
F(1r. [ hitpoends) =7 (100 [ htan )

m . r1+n;+o—1
<310 ﬁ;@ (Uf (a)) (L + Lol (b — ) [l — y]
i=1

C(ri+m+1)

(£ (b) —&(a)™™™
[@| T (0) ' (3 + 71 —7)

CO = (11 +-tty - a) - ]

(k1 + k2 + ks3) (I + l2l3 (b — ) [lz — y|.

(I +l2l3 (b= a)) [l — yl|

+
<

Thus
H <3%> - (‘5:0) H < (k1 + ko +k3) (I + 12l (b—a))|[2c—v]|.

From |D S is a contraction. As an outcome of Banach’s FPT, S has a unique FP which is a unique mild
solution of on J. OJ

3.2. Euxistence results via Schauder’s FPT

Theorem 3.2. Suppose that the hypotheses (Asl)-(As2) are satisfied. Then, (3) has at least one mild
solution on J.

Proof. Let Q = {3 € C :||#| < Mp} be a non-empty closed bounded convex subset of C, and My is chosen
such
My > w* (kl + ko + k3)

where k1, k2, k3 are given by . It is a known that continuity of the functions f and A implies that the
operator S is continuous. It remain to demonstrate that the operator Sis compact and will be given in the
following steps.

Step 1.We show that S (Q) C €.
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Let w* = sup {w(t) : t € J}. For s € Q, we have

(8) 0] < & <t>;(<;;>>°‘1 (i gy e

t=6;

P, [ hipnon o)
P, [ hionon )

fb)
f<t%(t) [ httpmonas)|

E(b) =& (a) T w (€ (b) — E(a) T
<Z‘9’ E |F(n Plritni+l) @[T E)TE+r —v)

SN

+ I

w*( (b) — & ()™
F(T1+1)
Sw*(kl—i-kg—i-kg),

+

and consequently
] < o

Hence, S (Q) C Q2 and the set S (Q) is uniformly bounded.
Step 2. S sends bounded sets of C into equicontinuous sets.
For t1,t, € J, t1 < t3 and for s € ), we have

)(S%) (t2) — (5’%) (tl))
_ (E(t2) —€(@)" " — (E(t) — € ()"
B [@|T (v)

m
T‘1+77i*1
8 (lz; F 7'1 +771 / 5 )

(50 [ i) o) ac

g | €€ - (oxo), [ hicpntonas)|a)
i [0 (€ - e - e - §<<>>“-1)

X f(@%@),/:h(mo,%( ) ds + o / ¢ (s £ ()

<7 (66, [ G| ac

(€ (t2) =€ @)™ = (€ (8) = € (@) ) wr
<
- EHO)

. 5;
) (Z ot [T e - @ a

i=1

b
+F(2+1”_°>/a (<) (£ () _g(g))lm—ndg)

(€ (t2) =& (a)™ = (& () =& (a)™).

_|_

F(T‘l + 1)

As 1 — to, we obtain



A. Lachouri, A. Ardjouni, Adv. Theory Nonlinear Anal. Appl. 1 (2022), 101117

110

Hence S (By) is equicontinuous. The Arzela-Ascoli theorem implies that S is compact. Thus by Schauder

FPT, we prove that S has at least one FP s € Q that is in fact a mild solution of on J.

4. Ulam stability results

In this portion, we discuss the various types of Ulam stability for the &-Hilfer problem .

O

Theorem 4.1. Suppose that the hypothesis (As1) and condition are satisfied. Then, the first Eq of (@

1s UH stable.

Proof. Let € > 0. Let 3 € C be any solution of the inequality
t
M) - 1 (1), [ @) dp)| < te
a
Then, there exists v € C such that
_ t
M) = £ (10, [ Bl x @) de) 4ot te
a

and |v(t)] <e¢, te€ J. In view of Lemma we get

_ 0*1 t
ey = £ I“ff( . [ h(t,w,%<¢>>d¢)+f§fv<t>,

wl (v)

is mild solution of Eq , where

A5 = (fj 0 135777 (1500, [ oz (o) o)

i=1
t
-2 (Law. [ e z@)ae)| ).
From Eq , we have
n—l t
sty - COZEO a7 (120, [ nip (o) )
(E(t) —&(a)™
L(ri+1) °

t=0;

<o) <e

Let 3 € C be mild solution of the problem

{ T 50 = [ (620, [y h (b 2 (2) dp)
(a) = 3(a), I " <b>=ff+“5 <b>,

(15)

(16)

(19)

where 12 " (b) = Z 0; Im’5 (0;) and 12;0’5%( ) = Z 0; Im’5 (6;). By Lemma [2.15 the equivalent FIE

of.ls

where Ay is given by (17).
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Now, by using the assumption (Asl), we obtain

|A%_Af4’
(€O —€@)"" [~ 6] T

<E0-f@ <Zp e / € () (€(6) —£(5))

><f<<%(<) h(s, @, (¢ d<p> f( h(s, @, (¢ ))d@> ds
2+r1—0 /§ —&6) 1+T1—U

x f<< #(s), h(mo,%( ))dw> f(c,%&)?/gh(@%%(ap))dw) dc)
()~ €)™ (= 16:] (1 + boy) -

RGO <Z Ln+m) / ¢l (S

< ele) = (ol ds bt e NI e ) = ()] ds

(60 — (@) (1 + k)

- =T (o)

x (Zw I (55) = 5 (8)] + T2 T |\> (20)
i=1

Because s (b) = 3 (b), we must have s (6;) = 3(8;), i = 1,2,...,m. Therefore, from inequality (20), we
obtain A,, = Aj. From and (Asl), we get

|3 (t) — 5 (1))
— |5 o (5 (t)_§<a))n_1 o r1§ t
=% T (v) & ( / At )
P o (5 (t) _§<a))n_1 o r1§ ¢
<= iT (v) Ao < / At )
t
+ | (t,fm),/ bl )I“ff Ry
(€(0) =€ (a)™ |l + Dl i
< LR 0 “/5 ~£() 1|x<> 7 (9)]de.
Applying Lemma [2.11| with u (¢t) = |Z (t) —z (Y)|, v (¥) = 6(5(?)(;1%(:11))) L and 2 (t) = 11;(“7%3 we obtain
|5 (t) — 5 (1))
(€(b) =& (a)" C o= [l + lals]” ha1
ST+ D) 1+/ak:1 T (o) () (E) =€) dc]
(§(b) — & ()™ = [(h + Dals) (£ (b) — € ()]
ST ) H; T (kry+ 1) ]
~ Lt (li))(; i(;l;)” Ery ((h+12l3) (§(b) =& (a)™)

By setting
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we obtain

|7 (£) — 2 (V)| < kye. (21)
Therefore, the first Eq of is UH stable. O

Remark 4.2. Define ¢f : RT — RT by ¢ (e) = kre. Then, ¢y € C(RT,RY) and ¢;(0) = 0. Then
imequality can be written as
|22 (t) =2 ()] < ¢y (€) -

Thus, the first Eq of (9) is GUH stable.

In the next, we introduce the following function
(As3) the function ¢ € C ([a,b],R™) is increasing and there is a constant As > 0 such that

I (1) < Mg (1), Ve J.

Theorem 4.3. Assume that the hypotheses (Asl), (As3) and condition are satisfied. Then, the first Eq
of (@ 1s UHR stable.

Proof. Let any € > 0. Let 3 € C be any solution of the inequality
t
oy - 1 (120, [ beE@)de)| <00, e
a

Then, proceeding as in the proof of Theorem From Remark [2.10] for some continuous function v such
that |v (t)] < eg (t), we get

B n—l ¢
PO L 10) Nf( 2. [ h(w,%(@))d«p>‘

wl (v)
ST o (1) < el o (1] < e (t), te J.

Taking 3¢ € C as any solution of , and following same steps as in the proof of Theorem We get
|3 (t) — 5 (1)

< Ao (8) “M?’ / €(6) (6 (1) — €)™ |52 () — ()| de, te .

By applying Corollary 2.12] we obtain
() = ()] < eXpd (V) By (I + Lal3) (€(8) — & (a)™)
< X () Bry (I +1203) (£(D) — € (a)™).
By taking a constant
kg, =A@ (t) Ery (L + lals) (£ (b) — € (a))™).

we obtain

5 (8) = 2 (Y] < kg ped (1) - (22)
Therefore, the first Eq is UHR stable. O

Remark 4.4. By putting ¢ = 1 in the inequality , we deduce that first Eq of (@) 1s GUHR stable.
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5. Examples

In this section, we consider some particular cases of the nonlinear FIDE to apply our results in the study
of existence and Ulam stabilities, specifically, UH and UHR.
Consider the nonlinear FIDE of the form

TDEE () = £ (L2 (0, fy (L2 (@) dp) . LE (a,D),

() =0, 125 (0) = zesz 3. )

The following examples are particular cases of the FIDE given by .

Example 5.1. Consider the FIDE given by . Taking € (t) =logt, 7o -0, a=1,b=¢, 1 = %, 0, = %,
0y = %0, m = %, N2 = %, 0 = %, 6o =2 and f, h are continuvous functions defined by

t t
Fan 0 [htpsonas) = 0+ 55 [ oo de

bh(tp.(9) =~ (0).

Then, the problem reduce to the following

a 3 0;log t t

Hapz! g%(t)_% (t) + 110f1m x(p)dp, te(l,e), (24)
lo lo lo.

(1) = 0, T35 () = L1850 (3) + 5121 2 (2),

which is nonlinear FIDE involving Hadamard FD. In this case b = % Set

1 1
f(ta%7n)_1%+T007 V%,UER.

For s;,9; € R, i =1,2 and t € [1, e, using the hypothesis (Asl), we get

1 1
|f (tv %1701) - f(t’ %2702” < 1 |%1 - %2| + E |Ul - 02|7

and

1
h(t —h(t < _
|h (t, @, 21) (tp,m)| < pexp (€ —1) 4 |21 — 209

< 1| ‘
- |1 —
= 5 1 2

thus, the assumption (Asl) is satisfied with 1y = %, Iy = % and ls = % We will check that condition 18
satisfied. Indeed

(k1 + ko + k3) (I1 + l2l3 (b —a))
1 1
0.7
~ (0.5 + 9+075)< 50)
~ (.55 < 1.

Then by Theorem has a unique mild solution on [1,e]. Further, by Theorem we conclude that
the first Eq of is UH stable with
1 27
ety (2.
r (5) 2 \ 100
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Define \
¢ (t) =log(t)z, te[le.

Then, ¢ is continuous increasing function such that

¢ 1
3.logt t)2 3 dg
I2 ) = —< log— | log(t)2 —
¢ rg)/l(g<> & () S

Therefore, for Ay = F(5)
Eq of (w is UHR stable.

Example 5. 2 Conszder the F]DE' gwen by (23). Taking £(t) =t, 10 -0, a=0,b=1,r = %, 0, = 3,
O =5,m = 4, N2 = (51 7, 02 = 2cmd f, h are continuous functions defined by

¢ 1 11 sin(t x
f (t,%(t) ,/a h (¢, gp,%(go))dcp) = g%(t) + 6/0 po— (t2())+ 9 \x‘(go()(p)—il— ld%

sin(t) |z (p)]
exp () + 9z (o) +1

and ¢ (t) = log (t)%, hypothesis (As3) is satisfied. Hence, by Theorem the first

h (tv ¥, (@)) =

Then, the problem reduce to the following

REDEO (1) = Lae(t) + L [ s leell_g, ¢ ¢ (0,1)
1+ 0 &xp(C)F0 Pl v )

#(0) =0, IO%; ()_314’ (1) +5181 (1),

which is nonlinear FIDE involving R-L FD. In this case b = 1. Set

1 1
[t ) = g*tgh Yy eER
For =0, € R, i=1,2 and t € [0, 1], using the hypothesis (Asl), we get

1 1
|f (&, 221,91) — f (8, 32,92)] < 3 |51 — 32| + 8 91 — 2,

(bl el )
exp () +9 \Ppal+1 || +1
< 1 ( |21 — 520 >
“exp () +9 \(1+ |2a]) (1 + |22])

(|21 — 522])

and

|h (t, ®, %1) —h ({7 ®, %2)| =

< —
— 10
thus, the assumption (Asl) is satisfied with Iy = g, lo = % and l3 = % We will check that condition 18
satisfied. Indeed
(kl + ko + kig) (ll + lsl3 (b — a))

(1514 0.14 1 0.88) = +
~ (1. . 88) (5T 59

~ 0.36 < 1.
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Then by Theorem the has a unique mild solution on [0,1]. Moreover, by Theorem we conclude
that the first Eq of is UH stable with

1 17

Define
5
() =t5, te[0,1].
Then, ¢ is continuous increasing function such that

t

1 = / (t— )t el
R OF
< ! / - otd
= 5 — G S
I (3) Jo
< g
— 9 .
I (1)
Therefore, for Ay = F(19 and ¢ (t) = t%, hypothesis (As8) is satisfied. Hence, by Theorem the first Eq of
4

1s UHR stable.

Example 5.3. Consider the FIDE given by . Taking £(t) = t, ro — %, a=0,b=1,r = %, 0, =3,

O =5, = i, N2 = %, 01 = i, d9 = % and f, h are continuous functions defined by

¢ 1 1 (Y cos(t) | ()]
f<t,%(t),/a h(t,so,%(so))dSO) = 9%(0+30/0 exp (0 +5 (@) +1°7°

cos(t) (o)
exp (0 5 [ (@) + 1

h (tv ¥, T (90)) =

Then, the problem reduce to the following

t

71
Hpn13 _1 1t ® ()]
Dg,? %(f)l— g7 (t) + 30 Jo e;;?ft)+5 |%1(t,0<)p|+1 de, t e (0,1),
52 (0) =0, I§ise (1) = 3135 (4) + 513} (3),

which is nonlinear FIDE involving Hilfer FD. In this case v = %. Set

1 1
t =— —, V R.
f(toy) = goet 50, Vo9 €
For =, € R, i=1,2 and t € [0, 1], using the hypothesis (Asl), we get
1 1
|f (4 3e1,01) — f (4322, m2)] < 9 |61 — 32| + 30 D1 — 92,

and

|h (ta ®, %1) —h (t> 2 %2)| =

cos (t) ( al [ >
exp (t) +5 \pa| +1  [se| +1

1 |%1 —%2|
O (<1+ P |%2|>>
1

<3 (|72 — s2l),
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thus, the assumption (Asl) is satisfied with Iy = é, lo = % and ls = % We will check that condition
satisfied. Indeed

(k1 + k2 + k3) (1 + l2l3 (b—a))
1 1
~ (3.074+ 0.5+ 0.62 —
(3.07+0.5+ )<9 * 180)
~0.49 < 1.

Then by Theorem the (@) has a unique mild solution on [0,1]. Further, by Theorem we conclude
that the first Eq of (26)) is UH stable with

Define
o (t) =ti, te[0,1].

Then, ¢ is continuous increasing function such that
7. 1 t 1 7
1’ =47
oW = o [ a-otda
(%)
1 / ¢ 3
< (t—¢)1ds
= (1)
F( )
<
= 11
I (?)

Therefore, for Ay = F(lu) and ¢ (t) = % hypothesis (As3) is satisfied. Hence, by Theorem the first Eq

5

of (26) is UHR stable.
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