Universal Journal of Mathematics and Applications, 4 (2) (2021) 76-81
Research paper

UJMA Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma.917838

On the Solutions of a Fourth Order Difference Equation

Raafat Abo-Zeid'

! Department of Basic Science, The Higher Institute for Engineering & Technology, Al-Obour, Cairo, Egypt

Article Info Abstract
Keywords: difference equation, invari- In this paper, we solve and study the global behavior of the well defined solutions of the
ant set, forbidden set, convergence. difference equation
2010 AMS: 39A20. _ XpXp3 _
. . xn+1 — A | p. n_0717"'7
Received: 16 April 2021 Ax,_»+Bx,_3

Accepted: 18 June 2021

where A, B > 0 and the initial values x_;, i € {0,1,2,3} are real numbers.
Available online: 30 June 2021

1. Introduction

In [1], we determined an explicit formula for the solutions of the fourth order difference equation

XnXn—2

Xn+1 = 7”20717"'7

B axp—2 +bxy—3
where a, b are positive real numbers and the initial conditions x_3,x_j,x_1,xp are real numbers.

In [2] and [8], we determined the forbidden set and introduced an explicit formula for the solutions of each of the two fourth order difference
equations (respectively)

aXpXy—2 0.1
Xpp]=——————, n=
n+ 7bxn ¥ CXp_3 ) g Lyeeey
and
aXpXy—2 0.1
Xpi]=————— n=
n+ bxn +an_37 g Lyeeey

where a, b, ¢ are positive real numbers and the initial conditions x_3,x_»,x_1,xg are real numbers.
In [10], the authors studied the qualitative analysis of the fourth order difference equation
bx, -1
Xpy1 = aXp—1 + #7 n= 07 17"'7
X1 —dxp_3
where a, b, c,d are positive real numbers and the initial conditions x_3,x_5,x_1,xq are arbitrary real numbers.
In [15], the authors obtained the solutions of the fourth order difference equation

XnXn—3

L - N———— T
Xp—2(E£1 £ xpx,-3)

Xn+1 =
where the initial conditions are arbitrary real numbers.
In [24], the author studied the boundedness character of the positive solutions of the fourth order difference equation

P
Xn
Xp41 = max{A },n=0,1,..,
3

X
where the parameters A and p are positive real numbers. For more on difference equations (See [3]- [7], [9], [11]- [14], [16]- [23]) and the
references therein.
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In this paper, we study the difference equation

XnXn—3

L N—— 1.1
Axn72+B-xn73 ( )

Xnt1 =
where A, B > 0 and the initial values x_;, i € {0,1,2,3} are real numbers.
The transformation

Xn—1 X3 X X_1

. 2
,Withz p=— 7z =—andzgp= — (1.2)
Xn X_p X_1 X0

in =
reduces Equation (1.1) into the difference equation
A
Zny1 = ——+B,n=0,1,.... (1.3)
in—2
During this paper, we suppose that
o -2
! /Br14A’
where A_ = 5 — 7vB22+4A and Ay =5+ 7vB22+4A,j: 0,1,....
Let ty(j) =Ax;0;+x,-16;11,1 € {0,—1,—2} and j =0,1,....
We give the following Lemma without proof:
Lemma 1.1. The following identities are true:
1. A6;+BO; | =012, j=0,1,....
2. A () + B (+1) = m(j+2), 1€{0,~1,~2} and j=0,1,...

2. Solution of Equation (1.1)

In this section, we shall give two invariant sets and introduce the solution of Equation (1.1).
Consider the sets

Uuo U—1 u_p
Dy = {(ug,u_1,u_p,u_ cR*: — = =— —u_
+ = Alo,1,8-2,05) /AR ~ (jAR ~ AjA "
and
u u_ u_
D_ ={(ug,u—_1,u_p,u_3) € R*: — 0 _ 1 _ 2 _ u_z}.

(/AP ~ (AjAP ~ AjA
Theorem 2.1. The two sets Dy and D_ are invariant sets for Equation (1.1).

Proof. Let (xg,x_1,x_2,x_3) € D4. We show that (x,x,_1,X,—2,%,—3) € D4 for each n € N. The proof is by induction on n.
The point (xg,x_1,x_2,x_3) € D4 implies
X X

xX_o
o JAP ~ O AR~ Aja b

Now for n = 1, we have

N —(A /A x 2(A/Ay)x s
U A 5+ Bx_5 Ax_>—B(A/A)x_»
1 7L+x,2 1

T OATB/AL . (A/A )T

Then we have
X1 X0 X1

(A+/A — (Ae/A? — A/A
This implies that (x1,xp,x_1,x_2) € Dy.
Suppose now that for a certain n € N, (x,x,—1,%,—2,X,—3) € Dy. That is
Xn Xn—1 Xp—2

X_2.

(A JAP ~ (A /A2~ Apja ¥

Then
X _ XnXn—3 _ _(A+/A)2xn72(A/l+)xn72
" Ay 2+ By Axp—2 —B(A/A1)xn2
1 A«ern,z 1

TUATTB/AL T AA Y

Then we have
Xn+l Xn _ Xn-1
(A/AF ~ /A~ Auja 7
This means that the point (x,+1,%,X,—1,%,—2) € D+. Therefore, D is an invariant set for Equation (1.1).
By similar way, we can show that D_ is an invariant set for Equation (1.1).
This completes the proof. O
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Theorem 2.2. Let {x,};__5 be a well defined solution of Equation (1.1). Then

v =1,4,...

T A= L%y

_ =2.5....
5=\ e T % @D

i D) =365

where V = XoX_1X_2X_3.

Proof. We can write the given solution (2.1) as

\%
B (m D (m)po(m)’
\%
B (mt Dy (m + 1o (m)
and
\%
B T (e D (mt Dpto(m+ 1)
When m =0,
- \% _ \%
' s (Mus (0)me(0) — (Axy+Bx_3)x_ox
X0X—3
T Ax_,+Bx 3
- \% N \%
T UM (DHo(0) — (Ao +Bx_3)(Ax_ + Bx_p)x_g
X1X_2
- Ax_ +BX,2’
and
B \% i v
BT (s (Dao() — (Axp + Bx_s)(Ax_y + Br_s)(Axo + Bx_)
X0X—3 X_2X_1
- Ax_p+Bx_3 (Ax_1+Bx_3)(Axg+Bx_1)
X1X_2 X_1 XX

T Ax | +Bx_,Axo+Bx_; Axo+Bx;

Suppose that the result is true for m > 0.

Then
\% \%
X3m3m-3 B (m)p_1 (m)po(m) p_o(m—1)p_y(m—1)po(m—1)
AXzn—2 + B33 Av N Bv
pa(m)p_1(m—"1)uo(m—1) = p_p(m—1)p_1(m—1)po(m—1)
%
_ p—1(m) o (m)
Ap_o(m—1)+Bu_»(m)

Using Lemma (1.1), we have
Apo(m—1)+Bu_o(m) = p_o(m+1).

Then
X3mX3m—3
Axzpm—2 + Bxzpm—3
v
_ p—1(m) o (m)
Ap_o(m—1)+Bp_o(m)
B \%
Mo (m~+ 1)y (m)o(m)

Similarly we can show that

= X3m+1-

X3m+1X3m—2
Axzm—1 +Bxzp— Axzp + Bx3m—1

This completes the proof. O
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3. Global behavior of Equation (1.1)

In this section, we introduce the forbidden set and determine the global behavior of Equation (1.1). Clear that, if xo = 0 and x_1x_px_3 # 0,
then x4 is undefined. If x_; = 0 and xgx_»x_3 # 0, then x7 is undefined. If x_» = 0 and xpx_;x_3 # 0, then x4 is undefined. Finally, if
x_3 =0 and xpx_jx_p # 0, then x5 is undefined.

The following result provides the forbidden set of Equation (1.1).

Theorem 3.1. The forbidden set of equation (1.1) as
3

3 w e
F=J{(uo,u_r,u_s,u_3) eR* :1u_; =0} U | J {(uo,u_r,u_s,u_3) € R* 1 up = _MAl rgﬂ U
i=0 m=1 m
© 4. _ U2 On+1 B 4. U3 Om+1
U {(o,u—r,up,u3) €R* ruy = === =230 (| {(wo,ur,ug,u3) €RY 1w g = ——= 0=,
A Oy A O

m=1 m=1

Theorem 3.2. Assume that {x,}__ is a well defined solution of Equation (1.1). Then the following statements are true:

1. IfA+B > 1, then the solution {x,} __ converges to zero.
2. IfA+B < 1, then the solution {x,};__5 is unbounded.

A .
(=)
Proof. We can write 6; = A —
B%+4A
1. IfA+B > 1, then A, > 1. That is 6,, — o0 as m — 0. This implies that

\Y
o (m)u_i (m) o (m)
Similarly, we can show that

—0asm— o,

X3m

X3m4+1 — 0 as m — oo and x3,,,42 — 0 as m — oo,

For (2), it is enough to note that A, < 1 when A + B < 1. This completes the proof.

O
Theorem 3.3. Assume that A+ B = 1, then every well defined solution {x,}__5 of Equation (1.1) converges to a finite limit.
Proof. When A+ B =1, we have A, = 1. Then
Ax_i+x_i_q
_i(m)=Ax_;6,+x_,_16 - — L T asm— e, je{0,1,2}.
,uj() jm j—1Vm+1 B 1 4A jed }
This implies that
X v —
=
" o (mpe 1 (m) o (m)
v(B®+4A)3 s
m — co.
(Axg4+x_1)(Ax—1 +x_2)(Ax_3 +x_3)
Similarly, we have that
X — V(B + 4A)% as m—
m — oo,
m+1 (AX() +x_1)(Ax_1 +x_2)(Ax_2 +x_3)
and
— V(B + 4A)% as m—
X m — co.
m+2 (Axg+x_1)(Ax—1 +x_2)(Ax_3 +x_3)
Therefore, the solution {x, };-__5 of Equation (1.1) converges to
V(B2 +4A)? s
m—» oo,
(Axo +x_1)(Ax_; +x_2)(Ax_2 +x_3)
This completes the proof. O

Example (1) Figure 1. shows that, if A = 0.2, B =0.4 (A+ B < 1), then a solution {x,},__, of equation (1.1) with x_3 =3, x_» =2,
x_1 = —1 and xy = 3 is unbounded.

Example (2) Figure 2. shows that, if A = 1.6, B =0.3 (A+ B > 1), then a solution {x,},’__, of equation (1.1) with x_3 =3, x_» =2,
x_1 = —1 and xo = 3 converges to zero.

Example (3) Figure 3. shows that, if A = 0.62, B=0.38 (A+ B = 1), then a solution {Xn};:73 of equation (1.1) withx_3 =—1,x_, =1.2,
x_1 =2.5 and xg = 1.7 converges to

V(B2 +4A)

3
- ~ 8.666.
(Axg +x_1)(Ax_; +x_2)(Ax_2 +x_3)
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