Ordu Universitesi Bilim ve Teknoloji Dergisi / Ordu University Journal of Science and Technology

Ordu Univ. Bil. Tek. Derg., 2021; 11 (1): 13-24 3 ]
Ordu Univ. J. Sci. Tech., 2021; 11(1): 13-24 Arastirma Makalesi / Research Article

e-ISSN: 2146-6459

Analysis of wave solutions of (2+1)-dimensional Nizhnik-Novikov-Veselov
equation

Tolga AKTURK'" Caglar KUBAL?

!Department of Mathematics and Science Education, Faculty of Education, Ordu University, Ordu, Turkey
2Faculty of Arts and Sciences, Department of Mathematics, Ordu University, Ordu, Turkey

(Gelis Tarihi/Received Date: 26.04.2021; Kabul Tarihi/Accepted Date: 02.06.2021)

Abstract

In this article, the wave solutions of the (2+1)-dimensional Nizhnik-Novikov-Veselov
equation, which is investigated as a mathematical model, are get by using the modified
exponential function method (MEFM). When the solution functions found are analyzed, it
is determined that hyperbolic and trigonometric functions, which are periodic functions, are
also obtained in their rational functions. Two-dimensional, three-dimensional, contour and
density graphs representing the wave solutions of the mathematical model found were
plotted by determining appropriate parameters.

Keywords: the (2+1)-dimensional Nizhnik-Novikov-Veselov equation; the modified exponential
function method; the wave solutions

(2+1)-boyutlu Nizhnik-Novikov-Veselov denkleminin dalga ¢oziimlerinin

analizi
Oz

Bu makalede matematiksel model olarak incelenen (2+1)-boyutlu Nizhnik-Novikov-
Veselov denkleminin dalga ¢ozlimleri modifiye edilmis iistel fonksiyon metodu (MEFM)
kullanilarak elde edilmistir. Bulunan c¢oziim fonksiyonlar1 incelendiginde periyodik
fonksiyonlar olan hiperbolik ve trigonometrik fonksiyonlarin ayrica rasyonel fonksiyonlarin
da elde edildigi belirlenmistir. Bulunan matematiksel modelin dalga ¢oziimlerini temsil eden
iki boyutlu, li¢ boyutlu, kontur ve yogunluk grafikleri uygun parametreler belirlenerek
cizilmistir.

Anahtar Kelimeler: (2+1)-boyutlu Nizhnik-Novikov-Veselov denklemi; modifiye edilmis tstel
fonksiyon metodu; dalga ¢oziimleri

1. Introduction

Throughout the centuries, humanity has witnessed many events that concern different
branches of science encountered in nature. With the creation of mathematical models
representing them and obtaining their solutions, the opportunity to comment on the behavior
of these events has emerged. However, nonlinear partial differential equations, which are
mathematical models, are used to understand events in many fields such as physics,
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chemistry, biology, engineering, and health. By obtaining solutions of these equations
depending on different parameters, it is possible to comment on the behavior of these events.
A mathematical model is needed to observe the spread rate of the Covid-19 epidemic, which
affects the whole world, depending on which social interaction parameters, and to comment
on the course of the epidemic. Thus, comments can be made about the effect of the mutations
that may arise from the spreading rate due to social interaction on the epidemic. There are
various studies related to this that have been brought to the literature recently. There are
various methods in the literature to find solutions for nonlinear partial differential equations:
The trial equation method (Du 2010), the new function methods (Bulut et al 2015), the
extended trial equation method (Gurefe et al 2013), Kudryashov method (Nuruddeen et al
2018), the sine-Gordon expansion method (Chen & Yan 2005), the sub-equation method
(Yokus et al 2021), the generalized Bernoulli sub-equation function method (Baskonus &
Bulut 2015), Hirota bilinear method (Wazwaz 2007), two variables (G'/G, 1/G) expansion
method (Duran 2020), the exponential function method (Bulut 2017; Duran et al 2017; He
& Wu 2006), the generalized exponential rational function method (Duran 2021), the finite
difference method (Erdogan et al 2020), the variational iteration method (Sakar et al 2020),
direct algebraic method (Duran 2020), and so on. In the solution of the (2+1)-dimensional
Nizhnik-Novikov-Veselov equation that we discussed in this study, using the modified
exponential function method, graphs of the wave solutions of this mathematical model are
included. The many scientist's studies on the (2+1)-dimensional Nizhnik-Novikov-Veselov
equation via various methods can be seen at (Peng 2005; Ren & Zhang 2006; Wazwaz 2010;
Xu & Deng 2016).

(2+1)-dimensional Nizhnik-Novikov-Veselov equation is as follows (Manukure et al 2019).

U + AUy, + buy,y, + du, + eu, = 3a(uv), + 3b(uw),,

€y

Uy = Vy, Uy = W,

In the second part of the study, information about the modified exponential function method
is given.

In the third part, two-dimensional, three-dimensional, contour, and density graphs
representing wave solutions were drawn by determining the appropriate parameters by
applying the modified exponential function method developed to (2+1)-dimensional
Nizhnik-Novikov-Veselov equation.

In the last part, comment of the solutions obtained for the (2+1)-dimensional Nizhnik-

Novikov-Veselov equation is included.

2. Analysis of the Method

In this section, information about the process of the modified exponential function method
will be given. Let us assume that the general form of the nonlinear partial differential
equation analyzed in the study is as follows:

P(u, Uy Uy, Up, (UV) y, (UW)y, Uyey, uyyy) =0, 2
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where u = u(x, y, t) is an unknown function and its partial derivatives with respect to x and
t.

Step 1. Let's assume that the traveling wave transformation is as follows,
ulx,y,t)=ul@), &=k-(x+y—cb), (3)

k, c are constants not equal to zero and which will be determined later.

If the partial derivative terms from Eq. (3) are used in Eq. (2), Eq. (3) is converted into a
nonlinear ordinary differential equation:
N u?u",..) =0, 4)

where N is a polynomial dependent on the function w.

Step 2. The solution function we assume is as follows:

SO agray oDt tay 00O

E: o4 [9
u(§) = B [e~0@) " Bo+Bye 9@+ 4B, MR’ ®)
A;,B;,(0 =i=n,0 = j=m) constants are then determined and the term ¥ = 9(n)
provides the following ordinary differential equation:
9'(n) = e ¥ 4 ped 4 2, (6)
If Eq. (6) is solved, we get the following solution families (Naher & Abdullah 2013):
Family 1: When = 0, 22 —4u > 0,
9() = In (“’ ’;:4” tanh (‘I o, EE)) i). 7)
Family 2: If u# 0, 22 —4u < 0,
9(n) = In (‘f“zj‘“‘ tan (\I o EE)) ) )
Family 3: Whenu =0, 2 #0, 4> —4u > 0,
A
90 = ~In (Seem—) - ©)
Family 4: p =0, 1+ 0, * —4u =0,
_ 2A(N+EE)+4
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Family5: If u =0, 1 =0, 22 —4u =0,

9(n) = In(n + EE). (11)
The constants Ay, 44,...,4,, By, By, ..., By, EE, 4, 1 can be determined later. In Eq. (5), the
relationship between n and m can be found using the balance principle between the highest
order derivative term of u and the highest nonlinear term.
Step 3. In the statement of Eq. (5), polynomials of ¥ (n) are obtained by using the solution

families in Equation (6). The algebraic equation system consisting of
Ay, Ay, ..., A,,By,By, ..., B, EE, A, u is obtained. Then, the traveling wave solutions of Eq.

(2) are get by determining the coefficients obtained from Eqg. (5).

3. Application
The nonlinear partial differential Eq. (1) analyzed in this study is reduced to the following

nonlinear ordinary differential equation model by applying the wave transformation (3).
(d+e—c)u+k?@a+b).u"—Ba+3b)u?+R=0. (12)

Where R is integral constant. The following equation is obtained by balancing the highest

order nonlinear term in Eq. (12) with the term containing the highest order derivative.

n=m-++ 2.

If m = 1 in the above equation, then n = 3 is obtained. In this case, Eq. (5) is as follows,

Ap+Ay e 9@ 4p, 0200 4, 07390
By+B,.e 73 ’

u(é) = (13)

When the derivative concepts in Eq. (12) are obtained and replaced in Eq. (13), an algebraic
equation system consisting of coefficients is found. When this system was solved, the
following cases were obtained by selecting the coefficients suitable for the method.

CASE 1:
_1 J—12R+(a+b)k*(A12—4pu)2 2722
AO = 6( Ja+b + k (/1 + 8,&)) Bo,
a2 1 [y/-12R+(a+b)k* (A%—4u)? 2712
A, =2k /180+6( N + k= (A +8;¢))Bl,

A, = 2k*(By + ABy),
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A3 = Zsz]_,

c=d+e—+a+Db—12R+ (a + b)k*(22 — 4p)2.

Using the coefficients determined according to the method, the following exact traveling
wave solutions have been found.

Family 1: If, p = 0, 22 —4u >0,

1 —12R bIEA(A2—4u)2 244 6
w1 (x,y,t) = g(\/ ”“:(Tib E2407 4 g2 (12 - 7“) +8u (1 + ‘0—‘2‘)) (14)

(cu = E (EE+x+y—ct) A2 — 4;,5],@ = A+ A2 - 4;,1Tanh[cu]).

Y

9
i/ /

U

Uralxy

Figure 1. The 3D, contour, and density graphs and 2D graph of Eq.(14) ink = 0.5,a =
1.2,b =0.1,d =25 R =-0.75637,e =1.6,A=3,u=1,c=03,y =1,EE = 0.85
andt = 1.

Family 2: When, u # 0, 22 —4u < 0,

1 [ V=12R+(a+D)Kk* (A2—4p)? 242 6
U (x,y,t) = P (\X +£aﬁ% FEZH07 4 g2 (&2 — Tﬂ + 8u (1 + T—?))) (15)

(0' = E(EE +x+y—ct))—212+ 4,{1],1' =A— A2+ 4,uTan[0']).
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W/ /A
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Figure 2. The 3D, contour, and density graphs and 2D graph of Eq.(15) ink = 0.5,a =
1.2,b =0.1,d = 2.5,R = -0.75637,e = 1.6, A= 1,u = 1,c = 0.529286,y =

1,EE=085andt = 1.

Family 3: u = 0,2 # 0, 22 —4u >0,

J—12R+(a+b)K*2* 2
12R+(a+b)k2* | 1232 (1 4 3¢sch E (EE +x+y— Ct)ﬁ] ' (10

1
uz(x,y,t) = g( Jatp

Figure 3. The 3D, contour, and density graphs and 2D graph of Eq.(16) in k = 0.5,a =
1.2,b=0.1,d = 2.5,R = —0.75637,e = 1.6,A = 1,u = 0,c = 0.649638,y =

1,EE =0.85andt = 1.

Family 4: If, u# 0,A #0, A2 —4u =0,

_ 1 (J-12R+(atb)k*(A2—4) | 15 (20 ( 12
up4(x,y,t) = 6( N +k (/1 ( 2+ (z+(55+x+y—ct)it)2) + 8#)). (17)

18



T. Aktiirk & C. Kubal | Analysis of wave solutions of (2+1)-dimensional Nizhnik-Novikov-Veselov equation

Figure 4. The 3D, contour, and density graphs and 2D graph of Eq.(17) ink = 0.5,a =
1.2,b =0.1,d = 25,R = —-0.75637,e = 1.6, A =2,u=1,¢c = 0.664979,y =
1,EE =085andt = 1.

Family5: pn=0,A=0, 22 -4y =0,

_( VR 2k2
ul’S(x' Y t) o (v@v’m T (EE+x+y—ct)2)' (18)
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Figure 5. The 3D, contour, and density graphs and 2D graph of Eq.(18) in k = 0.5,a =
1.2,b =0.1,d = 2.5,R = —-0.75637,e = 1.6,A =0,u = 0,c = 0.664979,y =
1,EE =085andt = 1.

CASE 2:
(—c+d +e+(a+b)k* (A% +8u))BD
AO -
6(a+b)

r

B (—c +d+e+(a+b)k*(1%2+8u) )A3

2
Ay = 12(a+b)k2 + 2k"AB,,

A, = A5 + 2k?B,,

43

B, = 2K2’
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_ —(—c+d+e)?+(a+b)?k*(A2-4p)°

R 12(a+hb)

Family 1: When, g = 0, 22 — 4u >0,

—c+d+e+(a+b)k?(A2+8y) _ak® p(A2—2u+2 p))
6(a+b) (A+ p)2

U1 (e, t) = ( (19)

(cu = E (EE+x+y—ct) A2 — 4;,5],,0 = /A2 —4uTanh|w] )

Ual)

Figure 6. The 3D, contour, and density graphs and 2D graph of Eq.(19) ink = 0.5,a =
1.2,b =0.1,d = 2.5,R = -0.75637,e =1.6,A=0,u=0,c =03,y =1, EE = 0.85
andt = 1.

Family 2: u# 0, 22 —4u <0,

—c+d+e+(a+b)k?(A%+8y) | ar?u(—22+2 ,u+.5{1p))

6(a+b) (A—y)? (20)

Upo (X, ¥, 1) = (

(cr = E(EE +x+y—ct)y-2+4u|, =1+ 4;&Tan[cr]).

U l I i
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Figure 7. The 3D, contour, and density graphs and 2D graph of Eq.(20) in k = 0.5,a =
1.2,b=0.1,d = 2.5,R = —0.86470,e =1.6,A=0,u =0,c =03,y =1,EE = 0.85
andt = 1.

Family 3: If, u = 0,1 =0, 22 —4u > 0,

(21

2
—c+d+ e+(a+b)k2;{2+3(a+b)k2HZCsch[%(EE+x+y—ct)ﬂ] )

Uz3(%,y,t) = ( 6(a+b)

Figure 8. The 3D, contour, and density graphs and 2D graph of Eq.(21) ink = 0.5,a =
1.2,b =0.1,d =2.5,R =-091887,e =1.6,A=0,u=0,c =03,y =1,EE = 0.85
andt = 1.

Family4: p# 0,4+ 0, 22 —4u =0,

[ 1 —ctd+e 2(32/(_ 6
U4 (x,y,0) = (6( T Zk ()L ( 1+ (2+EEA+x+y—ct)2) + 4“)))' (22)

Figure 9. The 3D, contour, and density graphs and 2D graph of Eq.(22) ink = 0.5,a =
1.2,b =0.1,d = 2.5,R = —0.92564,e = 1.6,A=0,u =0,c = 0.3,y = 1,EE = 0.85
andt = 1.

21



T. Aktiirk & C. Kubal | Analysis of wave solutions of (2+1)-dimensional Nizhnik-Novikov-Veselov equation

Family5: p=0,A=0, 12 —4u =0,

11,2,5(3(, y, t) _ (—c+d+e n 2K2 ) (23)

6(a+b) (EE+x+y—ct)?

Figure 10. The 3D, contour, and density graphs and 2D graph of Eq.(23) ink = 0.5,a =
1.2,b =0.1,d =25,R =-0.75637,e =1.6,A=0,u=0,c =03,y =1, EE = 0.85
andt = 1.

4. Conclusion

In this article, the exact traveling wave solutions of the (2+1)-dimensional Nizhnik-Novikov-
Veselov equation have been reached with the help of the modified exponential function
method. Two-three dimensional, contour and density graphs representing all exact wave
solutions were drawn by determining appropriate parameters. Manukure et al. 2019 related
to the solutions of the (2+1)-dimensional Nizhnik-Novikov-Veselov equation examined in
the study. In this study, the solutions of the nonlinear partial differential equation have been
obtained by using the Hirota bilinear method. The solution functions obtained by the authors
are named complexion solutions. In this study, it has been observed that the solution
functions obtained by the method we apply to the equation include hyperbolic and
trigonometric functions, as well as rational functions, which have periodic function
properties. It is especially advantageous to have periodic functions as a solution function
because it is elementary to comment on the behavioral models represented by this type of
function. When all these results and graphs are commented, it is seen that the MEFM is an
effective method to obtain exact solutions of nonlinear partial differential equations.
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