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Ozet. Dairesel-hiperbolik Fibonacci ve Lucas kuaterniyonlarimin bazi ozelliklerini aragtiriyoruz (kisaca CHFLQ ile
gosterilen). Ayrica negatif indislilerini tanitiyoruz ve kombinatorik toplamlarin elde ediyoruz. Son olarak bu CHFLQ
kuaterniyonlarinin genel bir toplamini, iistel ve Poisson iireteg fonksiyonlarini sunuyoruz.
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Abstract. We investigate some properties of circular-hyperbolic Fibonacci and Lucas quaternions (CHF LQ for short).
Also, we introduce their negative subscripts and obtain combinatorial sums. Finally, we present a general summation,
exponential and Poisson generating functions of the CHF LQ).

Keywords: binomial coefficient, circular-hyperbolic Fibonacci quaternions, circular-hyperbolic Lucas quaternions, hy-
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1. Introduction

The real quaternions were first described by Irish mathematician William Rowan Hamilton in 1843.
Hamilton [10] introduced a set of real quaternions which can be represented as

H={q=q +qi+aejtaek|wpaqa,gpqgcR}
where
i’=j?=k’=—1,ij = —ji=k, jk= —kj =i, ki=—ik =j.
Also, there has been an increasing interest on quaternions that play an important role in various
areas such as computer sciences, physics, differential geometry, quantum physics, signal, color image
processing, geostatics and analysis [1, 6, 22].

Another type of numbers is hyperbolic numbers. The set including the number h which is not a
real number but its square is equal to 1, is called a set of hyperbolic numbers and defined as

H={z=z+yh|z,y cR}.

The work on the hyperbolic numbers can be found in [3, 5, 7, 17, 20].
Circular-hyperbolic numbers, [5], w can be expressed in the form as

CH={w =2 +20h |z1,20 € C},
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where i2 = —1, h? = 1, h # 41, ih = —hi, (ih)? = 1 and C is set of complex number. For any two
circular-hyperbolic numbers wi = 21 4+ zoh and we = z3 + z4h, they write

e wi +wy = (21 £ 23) + (22 £ 24)h (addition and subtraction),

o wi X wy = (2123 + 2224) + (2124 + 2223)h (multiplication),

® = (ZI?:?Z@ + (zfg:;a)h (23 # z4) (division).
3 4 3 4

If Re(ws) # 0,then the division is possible. The circular-hyperbolic numbers are defined by the basis
1, i, h, ih. The base elements of the circular-hyperbolic numbers satisfy the following multiplication
scheme (Table 1).

|1 i h |ih

1)1 i h |ih

1|1 —1|ih | -h
h|h |—-ih/1 —i

ih{ih |h |1 1

Table 1. Multiplication of the circular-hyperbolic numbers ([2], Table 1)

The circular-hyperbolic numbers, just like quaternions, are a generalization of complex hyper-
bolic numbers by means of entities specified by four-component numbers. But hyperbolic and dual-
hyperbolic numbers are commutative, whereas, circular-hyperbolic numbers are non-commutative.
Moreover, the multiplication of these numbers gives the circular-hyperbolic numbers [2, 5].

On the other hand, for n > 2, the Fibonacci and Lucas numbers are defined as [16]

Fn: n—1+Fn—2’F0:0)F1:1 (11)
and
L,=L, 1+ L, o Ly=2,L;=1. (12)

In recently years, Fibonacci, Lucas quaternions and hyperbolic numbers cover a wide range of interest
in modern mathematics as they appear in the comprehensive works of [2, 4, 8, 9, 11, 12, 13, 14, 15,
18, 19, 21]. For example in [2], the CHF LQ are defined as

CHF, = F, + Fyi1i+ Fyioh + Fp.sih (1.3)

and
CHL, = Ly, + Lyt1i+ Lyioh + L4 3ih, (1.4)

where n € N. Also, the author found identity and Binet formulas of these quaternions as follows

CHF, 11 + CHF,_; = CHL,, (1.5)
aa™ — BB"
HF, = —— 1.
C P (1.6)
and
CHL,, = aéa™ + 35", (1.7)

where a = 155 g — 1=¥5 4 — (1 4 ai + ah + ofih), § = (1 + i+ 2h + f3ih).
It is known that, the matrices for the Fibonacci numbers are

F F, 11

n __ n+1 n _

o (B B Yoo (1), 08
In this study, we obtain a new matrix @, similar to the above matrix U" for the CHF LQ. Also, we

define the negative subscripts of these quaternions. We give several properties and different sums for
the CHF LQ.
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2. Main results
Firstly, we define the CHF L@ with negative subscripts for n € N.
Definition 1. The CHF LQ with negative subscripts are defined as
CHF_,=F_ p,+F i+ F_nioh + F_, 4 3ih (2.1)

and
CHL_,=L_p,+ L_pt1i+ L_psoh+ L_, sih. (2.2)

From the equalities F_,, = (—1)"*'F, and L_,, = (—=1)"L,, we have

o —F, + F,_1i— F,_oh+ F,_3ih, nis even
CHE . = { F,—F, ji+ F, oh— F, sih, nisodd ° (2:3)
and
. L,— Ly, 1i+ L, _oh— L, sih, n is even
CHL - = { L.+ L, qi—L, sh+ L, sih, nis odd (2.4)
The following theorem gives us the matrix of the CHF LQ.
Theorem 1. For n integer numbers, we have
Qn=QU"=U"Q, (2.5)
where
0, — CHF,+1 CHF, Q= 14+i4+2h+3ih i+ h+2ih (2.6)
me CHF,, CHEF,_; ) % i+ h+ 2ih 1+h+ih :
and U™ is given by the equation (1.8).
Proof. Using the recurrence relations in (1.1) and (1.3), we success the desired equation. O

Theorem 2. For n,m > 0 integers, the identities related with the CHF LQ are follow:

Z) Fo 1 CHF 1 + F,CHF,, = CHF 115
ZZ) Fn+1CHLm+1 + F,,CHL,, = CHLn+m+1.

Proof. i) Given the matrices U"T™Q, U™(Q as the equations (1.8) and in Theorem 1, and con-
sidering the first row first column elements of the product U™ (U™Q), which is equal to the
first row first column elements of matrix @+, we get the result.

i7) From the well-known identity Fy,,+1 + F,—1 = Ly, and the property CHF,,,+1 + CHF,,—1 =

CHL,, in equation (1.5), by considering the first row first column elements of the prod-

uct U™ ((U mtl LU m_l)Q), which is equal to the first row first column elements of matrix
Urtm+lQ 4 U™ 1Q we obtain the result.

O

The properties in the following theorem are called Honsberger identity of the CHF L(Q. The Hons-
berger identity in ¢) for the circular-hyperbolic Fibonacci quaternions was given by Aydin ([2], Theorem
2). She used the definition of the circular-hyperbolic Fibonacci quaternions, but we get the Honsberger
identity by using the ) matrix.

Theorem 3. For m,n > 0 integers, we have

i) CHF,+1CHF 11 +CHF,CHF,, = CHF 1 +CHEF 414 2i+CHF 4 g 3h+CHF 4y 14,
i) CHF 4 1CHLy1+CHFCHLy, = CHLu 41 +CHLp s mt 21+ CHLp s ms3h + CHLu s 4ih.

Proof. i) Given the matrices QU™, U™(Q as the equations (1.8) and in Theorem 1, and consid-
ering the first row first column elements of the product (QU™) (U™Q), which is equal to the
first row first column elements of matrix Q (U"™™(Q) we get the result.

i1) From the well-known identity Fj,+1 + Fyn—1 = Ly, and the property CHF',,, 11 + CHF,,,—1 =
CHL,, in equation (1.5), by considering the first row first column elements of the product
(QU™) (U™ + U™ 1)Q), which is equal to the first row first column elements of matrix

Q (U™ Q4+ U™™~1Q) we obtain the result.
O

If we take m =n — 1 in Theorem 3, we obtain the following results:

Corollary 1. For n > 1 integers, we have
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Z) CHF,+:CHF),, + CHF,CHF,_1 = CHF9, + CHF2,+1i + CHF 3, 1oh + CHF'y),;3ih,
ZZ) CHF,,+:CHL,, + CHF,CHL, 1 = CHL9, + CHLg,+1i + CHL2,+2h 4+ CHLg,3ih.

If we take m = n in Theorem 3, we obtain the following results:

Corollary 2. For n > 0 integers, we have

i) CHF?,, + CHF? = CHF9,,41 + CHF 5,1 2i + CHF 2,4 3h + CHF,4ih,
ZZ) CHF,,+1CHL,,; + CHF,,CHL,, = CHL2y,11 + CHLoy2i + CHLo,+3h + CHLy,4ih.

The properties in the following theorem are called Vajda identity of the CHF LQ.

Theorem 4. For n,r, s integers, we have
i) CHF,,+,CHF ;s — CHF,CHF ) 4y+s = (—1)"F, [2Fs — 2Fs_1i + 2Fs1oh + (Fs + 2F,_5) ih],
ii) CHL,CHL,,s—CHL,CHL, s = 5(=1)""'F, [2Fs — 2F;_1i + 2F,oh + (Fy + 2F,_») ih].

Proof. i) By using the equation (1.6), we acquire
CHF,+,CHF s — CHF,CHF ;445 =

aantT — l@ﬁn+r aants — BIBnJrs aa™ — Bﬁn aantrs — Bﬂn+r+s
a—pf a—f B a—pf a—pf

= (-1)"F, (Bé‘a — déﬂ&) .

a—p
By taking into account the equalities af = —1, &3 = 2+ 2ai + 28%h + (2042 + 1) ih and
Béa =2+ 2Bi+ 2a%h + (262 + 1) ih, we get
CHF,+,CHF ;s — CHF,,CHF 445 = (—1)"F,. [2Fs — 2Fs_1i+ 2Fs oh + (Fs + 2F;_2) ih].

i7) The proof is done similar to 7).

If we take s = —r in Theorem 4, we obtain the following results:

Corollary 3. For n,r integers, we have
i) CHF,,,CHF,,_, — CHF? = (=1)"*"t1F, [2F, + 2F, 1i + 2F,_oh + (F, 4+ 2F, ) ih],
i1) CHLy,,CHL,_, — CHL? = 5(—1)"*"F, [2F, + 2F,1i + 2F,_oh + (F, 4+ 2F, ) ih].

If we take —s = r =1 in Theorem 4, we obtain the following results:

Corollary 4. For n integers, we have
i) CHF, 1CHF, 1 — CHF? = (—1)" (2 + 2i 4+ 2h + 5ih),
ii) CHL,+1CHL,_1 — CHL? = 5(—~1)"*! (2 + 2i + 2h + 5ih).

If we take s =1, r = m — n in Theorem 6, we obtain the following results:

Corollary 5. For n,m integers, we have
i) CHF,,CHF,+; — CHF,CHF,+1 = (—1)"Fy—n (2 + 4h + 3ih),
ii) CHL,,CHL, 1 — CHL,CHL,,+1 = 5(—1)"*'F,,_,, (2 + 4h + 3ih).

We obtain the binomial summations of the circular-hyperbolic Fibonacci quaternions in the following
theorem.

Theorem 5. For n € N, the identities are hold:
i) Si_y (})CHF, = CHF,,
i) Y p—o () CHF 41 = CHF 2,41,

)
i) Yhg §Z§<—1>’@Hn = (—1)"CHF _,,
iv) Ti—o (i) CHF 4 = 3"CHP s,
v) Sr o (3)2"*CHF 51, = 5"CHF 5,
vi) Yp_o (R)3"FCHFg), = 8"CHF 5,
vit) Yp_o (1) (~2)*CHF o, = (—1)"CHF3,,
viii) S p_o (})(=2)*CHF5;, = (—5)"CHF3,.
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Proof. i) From the equation (1.6), we write
" /n B " /n aak — Bﬁk
2 (e - 2 0)(*5)
_ @ n_ B
= a—B(1+a) 5(1+B)

By considering the well-known equalities 14+ a = a2, 1+ 8 = 42 and again the equation (1.6),
we obtain claimed result.

ii1) By considering the equation (1.3) and the Binet formula of Fibonacci numbers, we get

> <Z> (-DFCHF, = (Z) (—1)" (Fy + Fioy1i + Fypoh + Fiysih)

k=0 k=0

- _(:)( o)
(Z) o(—a) (—5)k)
332 () (o

3

() (Pt - -6)t)
) (Z (a® (=) - 8%(-)").
By taking account the equalities a + 8 = 1, aff = —1 and Definition 1, we obtain
> (Z) (<1)'CHF}, = —Fy+ Fy1i— Fyoh+ Fy_sih
k=0
= (=1)"CHF_,.
In the same way, the other parts of the theorem can be proved. O

We present the binomial summations of the circular-hyperbolic Lucas quaternions in the following
proposition. Because the proof of these summations are similar to the circular-hyperbolic Fibonacci
quaternions in above theorem, we omit the proof.
Proposition 1. Forn € N, the equalities are satisfied:

) Zk 0( CHL = CHLo,,
CHLy 1 = CHL2,41,
(~1)*CHLy, = (~1)"CHL_,,
(CHL4k = 3"CHLo,,
"~kCHLs), = 5"CHLo,,

7k(CHL6k = 8"CHLo,,
( 2)*CH Ly, = (—1)"CHLs,,,
Zk o (1) (—2)FCHLs; = (—5)"CHLs,,.
We obtain the generalized summations of the CHF LQ in the following theorem.

Theorem 6. For n,m > 1 and j > 0 integers, the identities are hold:
B T 01 CHF iy j = (=1)™CHF 4 j—m—CHF iy j—(—1)™CHF; _,, +CHF ;

~
<
??‘
O
NN AN AN AN N

SEFIFIFIFIFTIFTIFTI

\_/\_/\_/\_/\_/\_/\_/\_/

(=)™ —Lm+1 ’
. D)™CHLmntj—m—CHLypt j—(—1)™CHL;_,,+CHL;
i) Z?:ol CHLmitj = — - (—1)m—21n+(1 : . t
Proof. We omit Fibonacci case since the proof is quite similar. From the equation (1.7), we write
n—1 n—1
ZCHLMH-]' = Z (&amz-f—] +66mz+])
i=0 i=0
o™ — /an _
= aod —— + (e
a™m 56 Bm —
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By considering the well-known equality a8 = —1 and the Binet formula of Lucas numbers, we get
n—1 & ((_1)mamn+jfm —amnti Oéjﬁm + Oéj) + B ((_1)m6mn+jfm _ anJrj _ am/@j + B])
> CHLpiy; = :
par (-1)m — L, +1
From again the equation (1.7), we obtain
= (—=1)"CHLymnsj—m — CHLyp1j — (—1)™CHL;_,, + CHL;
> CHLpiyj = (CU" — Ly + 1 '
i=0 m
O
If we take m = 1,j = 0 in Theorem 6, we obtain the following results:
Corollary 6. The identities are hold:
i) Y" ) CHF; = CHF,, — CHF},
ii) Y0 CHL; = CHLy4 — CHL.
If we take m = 2,5 = 1 in Theorem 6, we get the following results:
Corollary 7. The identities are hold:
i) S CHF9;11 = CHF3, — CHFY,
ii) S " CHLg; 1 = CHLs, — CHL.
If we take m = 2,j = 0 in Theorem 6, we obtain the following results:
Corollary 8. The identities are hold:
i) Y0, CHFy; = CHFg,_y — CHF_4,
ii) Sy CHLy; = CHLy,  — CHL_;.
Here we acquire the exponential and Poisson generating functions for the CHF LQ).
Theorem 7. i) The exponential generating function for the circular-hyperbolic Fibonacci quater-
nions 1s
. .
tn Aot Bt
Z CHF, — = u’
— n! a—f
i1) The exponential generating function for the circular-hyperbolic Lucas quaternions is
[e'S) m A
> CHL,— = & + BePt,
o n!
iii) The Poisson generating function for the circular—hyperbolic Fibonacci quaternions is
e tm (a—1)t _
Z CHF,, _ ae Bel? ,
n! a—pf
iv) The Poisson generating function for the circular-hyperbolic Lucas quaternions is
7ttn R
Z(CHL Gel@ Dt 4 Be(B-1)¢,
Proof. i) From the equation (1.6) and the MacLaurin expansion for the exponential function,

we have

0 tn B e 5611 tn
%CHFHTL! = Z(a—ﬁ) .

n=0
A > nun A n4n
a at 6™t
N a—ﬁz n! _a—ﬁz
n=0

a—p3
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i1) By using the equation (1.7) and the MacLaurin expansion for the exponential function, we get

g;)(CHLnZ: - i (&a" + Bﬁ”) i—n,

n=0
= & Z , Z
= deo‘t + Be.
i7i) From the equation (1.6) and the MacLaurin expansion for the exponential function, we have
et o An 2N —tyn
t — t
Sonr,Sf = 3 (S 6.
= a—p n!
(a 1)t ﬁe
= o
iv) By using the equation (1.7) and the MacLaurin expansion for the exponential function, we get
_ttn e . A e_tt”
Z(CHL = Z(aa —i—ﬂﬁ) ]

n=0
_ de(a—l)t_i_/@e(,b’—l)t.

Conclusion

In this paper, the CHF L(Q have been investigated. Many of the properties of these quaternions
are proved by the fundamental algebraic operations and simple matrix algebra. Actually, the results
presented here have the potential to motivate further studies of the subject of the circular-hyperbolic
Horadam quaternions including the CHF LQ.
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