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Abstract

We prove the existence and uniqueness of mild solutions for initial value problems of nonlinear hybrid first
order Caputo fractional integro-differential equations. The main tool employed here is the Krasnoselskii and
Banach fixed point theorems. An example is also given to illustrate the main results. In addition, the case
of the Higher order Caputo fractional integro-differential equations is studied.
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1. Introduction

Fractional differential equations arise from a variety of applications including in various fields of science
and engineering. In particular, problems concerning qualitative analysis of fractional differential equations
have received the attention of many authors, see [1]-[14], [16]-[20] and the references therein.

Hybrid differential equations involve the fractional derivative of an unknown function hybrid with the
nonlinearity depending on it. This class of equations arises from a variety of different areas of applied
mathematics and physics, e.g., in the deflection of a curved beam having a constant or varying cross section,
a three-layer beam, electromagnetic waves or gravity driven flows and so on [6], [7], [9]-[11], [16], [17].
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Recently, Dhage [7] discussed the following first order hybrid differential equation with mixed perturba-
tions of the second type

4 [MOZMEO)] — g (10 (1)), £ € [forto +al].
u(tg) = xg € R,

where [to, to + a] is a bounded interval in R for some tg,a € R with a > 0, f : [to,to +a] x R — R\ {0} and
k,g: [to,to + a] x R — R are continuous functions. He developed the theory of hybrid differential equations
with mixed perturbations of the second type and provided some original and interesting results.

Zhao et al. [20] discussed the following boundary value problem of nonlinear fractional differential
equations with mixed perturbations of the second type

a u(t)—k(t,u(t o _
DG, MU D] = g (tu(®), t e T=[0,T],

w(O)=k(tu(t)) WO -ku)]
“{ ) Lz(ﬁ b[ FEu) L:T—Cv

where 0 < o < 1, CD3+ is the Caputo fractional derivative, f : J x R — R\ {0} and k,g: J x R — R are
continuous functions, a, b and c are real constants with a +b # 0. They established an existence theorem for
the boundary value problem under mixed Lipschitz and Carathéodory conditions by using the fixed point
theorem in Banach algebra due to Dhage.

In [I], Ardjouni and Djoudi studied the existence and approximation of solutions for the following initial
value problem of nonlinear hybrid Caputo fractional integro-differential equations

D8 (s ) = f o), e T~ f0.d,

t)—&-mfo(t—s)ﬁ Lo(s,u(s))ds
u(0) =p(0)0,

where 0 < a<1,0<8<1,0€R, g, f:JxR— R are continuous functions and p : J — R is a continuous
function. By using the Dhage iteration principle, the authors obtained the existence and approximation of
solutions under weaker partially continuity and partially compactness type conditions.

In this paper, we discuss the existence and uniqueness of mild solutions for the following initial value
problem of nonlinear hybrid first order Caputo fractional integro-differential equations

Cna u(t)—f(tu(t)) -
D (e e i ) = @), € .11,

ﬁO
u(0) = ( u(0)) +p(0)0,

where CDS‘+ denotes the Caputo fractional derivative of order € (0,1), 8 € (0,1),0 € R, p:[0,T] — R and
f,9,h :[0,T] x R — R are continuous functions with p (¢) + I§+g (t,u(t)) # 0. To show the existence and
uniqueness of mild solutions, we transform into an integral equation and then use the Krasnoselskii and
Banach fixed point theorems. Also, we provide an example to illustrate our obtained results. Finally, we
study the Higher order Caputo fractional integro-differential equations.

(1)

2. Preliminaries

Let C'([0,7],R) be the Banach space of all real-valued continuous functions defined on the compact
interval [0, 7], endowed with the norm

Jul| = sup |u(?)].
t€[0,T]

L' ([0,T],R) denotes the space of Lebesgue integrable functions on [0,7] equipped with the norm |||,

defined by
T
umD=A ()] ds.
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We consider the following set of assumptions.
(A1) There exists a constant Ky > 0 such that

[f (G u) = £ ()] < Kf|u— v

for all t € [0,T] and u,v € R.
(Ag) There exist functions H, G € L' ([0,7],R) such that

|h (t,u)] < H (t) and |g(t,u)| < G (t), t €[0,T].
(As) There exists a constant K, > 0 such that
Ip(t2) —p(t1)] < Kp|ta —t1]| for all ¢1,t2 € [0,T].
(A4) There exist constants K, K, > 0 such that
| (t,u) —h(t,v)] < Kp|lu—v| and |g(t,u) —g(t,v)] < Kg4|u—v|

for all t € [0,T] and u,v € R.
We introduce some basic definitions and necessary lemmas related to fractional calculus and fixed point
theorems that will be used throughout this paper.

Definition 2.1 ([13]). The left sided Riemann-Liouville fractional integral of order o > 0 of a function
u:[0,T] = R is given by

1% (1) :r(la)/o (t — 5)° L u(s) ds,

where I' denotes the gamma function.

Definition 2.2 ([I3]). Let n — 1 < a < n. The left sided Riemann-Liouville fractional derivative of order «
of a function u : [0,T] — R is defined by

DS u(t) = ﬁfﬂ Y (t) = 1dn/t(t— e (s)ds, t> 0
0F '(n—a)dt™ /, ° 863, ’

dgn ot
provided the right side integral is pointwise defined on [0,T]. In particular, if 0 < a < 1, then

d 1 d (" u(s)
D§u(t) = dﬂ u(t) = F(1_04)6#/(t_s)ads,wo.

Definition 2.3 ([13]). Let n — 1 < a < n. The left sided Caputo fractional derivative of order o > 0 of a
function u € C™([0,T],R) is given by

1 t
C na _ n—a,.(n) — o \n—a—1_(n)
Dgix (t) = Iy “x'" (t) F(n—a)/o(t s) x\" (s)ds, t > 0.
In particular, if 0 < a < 1, then
1 bl (s)
C l—a, /
D =7 t) = ds, t > 0.
e (1) = o ) r<1—a>/o (=™ "7

Moreover, the Caputo derivative of a constant is equal to zero.

Lemma 2.4 ([13]). Let & > 0 and u € C™ ([0,T],R). Then
1) “D8 I8 u (t) = u(t).
oC " u)(0)
2) I()+ D0+u< ) u<t) - z 7lt

In particular, when a € (0,1), I&,9 D¢ u(t) = u (t) — u(0).
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From the definition of the Caputo derivative, we can obtain the following lemma.

Lemma 2.5 ([13]). Letn—1 < a <n andu e C"([0,T],R). Then
IS‘+CD8‘+u (t) = u(t) + co + c1t + ot + ... + cp_1t" L,

for somec, € R, k=0,1,2,....,n— 1.
In particular, when o € (0,1), I(‘)"+CD8‘+U (t) = u(t) + co.

The following Krasnoselskii’s fixed point theorem is useful in the proof of our main results.

Theorem 2.6 (Krasnoselskii’s fixed point theorem [15]). Let M be a non-empty closed bounded conver subset
of a Banach space (B, ||.||). Suppose that A and B map M into B such that

(i) Ax + By € M for all x,y € M,

(1) A is continuous and compact,

(i1i) B is a contraction with constant r < 1.
Then there is z € M, with Az + Bz = 2.

3. Main results

In this section, we discuss the existence and uniqueness results for the initial value problems .
Let us start by defining what we mean by a mild solution of the problem .

Definition 3.1. A function u € C ([0, T],R) is said to be a mild solution of the problem if u satisfies
the corresponding integral equation of ,

For the existence and uniqueness of solutions for the problem , we need the following lemma.
Lemma 3.2. u € C([0,T],R) is a mild solution of (1)) if u satisfies

w®) = (p)+ 155 [ =97 gl as)

1 ! a—1
X (F(a)/o (t—s) h(s,u(s))ds—i—@) + f(tu(t)). (2)

Proof. Let u be a solution of the problem . Applying the Riemann-Liouville fractional integral If on
both sides of , by Lemma then we obtain

w(t) = f (tu(b)
() + i Jo (6 — )" g (s,u(s) ds

for some ¢ € R. So, we get

=I5 h(tu(t)) +c,

w0 = (0 + 155 [ =97 g (sl as)
1

« <F(a) /Ot (t—s)o‘_lh(s,u(s))ds—i—c) FF (). 3)
Substituting ¢ = 0 in the above equality, we have
u(0) =p(0)c+ f(0,u(0)).
The condition 1 (0) = f (0,4 (0)) + p (0) @ fmplies that
c—0. (4)

Substituting in we get the integral equation (2). O
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Now we will give the following existence and uniqueness theorems for the initial value problem .
Theorem 3.3. Assume that hypotheses (A1)-(As) hold. Furthermore, if
Ky <1, (5)
then the initial value problem has a mild solution defined on [0,T].
Proof. Set B = C ([0,T],R) and define a subset M of B by
M={ueB, |ul| <N},

where

PGl \ (T 1H ||
N = KN + F K, T

with Fy = supycpo, ) |f (¢,0)]. Clearly, M is a closed, convex and bounded subset of the Banach space B.
Define two operators A, B : M — B by

o) = (p0+ 5 [ =9 oo as)

L'(B)
X L t — ) T h(s,u(s))ds
<F(a)/0(t )L (s, (s)) d +0),t€ 0,7, (6)
and
(Bu)(t) = f (t,u(t), t €[0,T]. (7)

Now, is equivalent to the operator equation
u(t) = (Au)(t) + (Bu)(t), t € [0,T].

We shall use Krasnoselskii’s fixed point theorem to prove there exists at least one fixed point of the operator
A+ B in M. The proof will be given in several steps.
Step 1. We prove that B is a contraction with constant Ky < 1. Let u,v € M. Then by (A1), we get

((Bu)(t) = (Bu)(t)] = |f (&, u (@) = f (0 (@)] < Ky lu(t) —v ()]
< Ky [lu—v
for all ¢t € [0, T]. Taking supremum over ¢, then we have
[Bu = Bo|| < K [lu — v

for all u,v € M. Thus, by , B is a contraction operator on M with constant Ky < 1.
Step 2. We prove A is a compact operator on M into B. It is enough to prove that A(M) is a uniformly
bounded and equicontinuous set in B. On the one hand, let u € M be arbitrary. Then by (As), we get

(Au)(t)] < <|p )] + F(lﬁ) /0 (t— 57" g (s,u(s)) ds)

X

—_— t — ) h(s,u(s))|ds
v [ = el ds +10])

IN

Kyt + |p(0)] + 1 /0 (t—s)°71G ()] ds)

(
(

(o [ a—or i las+10)
(

TG 1\ (T H| 11
KT+ O+ T g s ) (et + ol

IN

I'(a+1)
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for all ¢t € [0,T]. Taking supremum over ¢, we obtain

TG, (T H],
Aul < (KT + o O+ Ty it ) (Tl et + ol

for all w € M. This shows that A(M) is uniformly bounded on M.
On the other hand, let t1,t3 € [0,7T] be arbitrary with ¢; < t. Then for any u € M, we get

|(Au)(t2) = (Au)(t1)]

)
. +F(15)/0 (tl—s)ﬁ—lg(s,u(s)ms)
)

IR — )" Y h(s,u(s))ds
rig [ G- sl as o)

(
< (It + 1 [ 12— 97 g oo o) ds)
(

Thus,

< <|p (t2)] + r?@)/j (ts— )71 G (s) ds) r(fim /:H(s) ds
4 (Kp ity — 1] + F(Ei 5 : G (s) ds)
« <F(1a) /Otl (b1 — )" H (s)ds + yey)
ot )
4 (Kp lts — t1] + r(;ﬁH) :G(s) dSD <Tra(lfi”f) 4 \9)
= (it + T ) o) - p o)
(FlBlee 1) (ot a1+ gy o )= 1)

where p(t) = [ G (s)ds and o (t) = [ H (s)ds. Since the functions p and o are continuous on compact
[0, 7], they are uniformly continuous. Hence, for £ > 0, there exists a 6 > 0 such that

|t2 — tl‘ <) = |(.AU)(t2) — (.Au)(tl)] <é€
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for all ¢1,t2 € [0,T] and w € M. This shows that A(M) is an equicontinuous set in B. Now the set A(M)
is uniformly bounded and equicontinuous set in B, so it is a relatively compact by Arzela-Ascoli theorem.
Thus, A is a compact operator on M.

Step 3. We prove A is a continuous operator on M into B. Let {u,} be a sequence in M converging to
a point © € M. Then by the Lebesgue dominated convergence theorem, we obtain

i (u)0) =t [(p0)+ 5 [ =9 g ) )

T )
« <F(1a) /Ot (t— )" h (s, un (s))ds+0>]
= (p0+ i [ =97 i g (s (o)) )
X <F(1a) /Ot (t—s)aflnlggoh(s,un (s))d5+9>
- (v F(lﬁ) [ gt as)
v <F1a)/0 (t—s)o‘lh(s,u(s))ds—i-Q)
— (Au)(t)

for all t € [0,T]. This shows that {Au,} converges to Au pointwise on [0, T]. Moreover, the sequence {Au, }
is equicontinuous by a similar proof of Step 2. Therefore {Au,} converges uniformly to Au and hence A is
a continuous operator on M.

Step 4. We show Au + Bv € M for all u,v € M.

For any u,v € M and ¢ € [0,T], we have

|(Au) (£) + (Bv) (1))
L t —s)P g (s,u(s))ds
<0+ iz [ ¢ et

! t — ) h(s,u s v
(e | -0 ns e ds ) 4 £iro ()
L t —Sﬁl S,uls S
< (Wl g [ 0= o utonlas)
1 ! a—1
(g [ =9 Inutslds +161) + 17 o )
! t — 5’7 1G (s)ds
< (Kt + b1+ i [ - Gl as)
(g [ =9 H s 4101) 417 (o) = £ 0] +17 1.0)
' (@) Jo
TGl (T2 1Hl
<(KpT+ (O)’+F(B+f)><r(a+f) +|0|>+Kf||vy+FU
< N.

This shows that Au + Bv € M for all u,v € M.
Thus, all the conditions of Theorem are satisfied and hence the operator equation Az + Bz = z has
a solution in M. Therefore, the initial value problem (|1)) has a mild solution defined on [0, . O
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Theorem 3.4. Assume that (A1)-(A4) are satisfied and

TP G|\ TOK

[(K”“'Z’(O)'* <5+f>>r<a+h1>
T

+(F( T ") TG+D

Then the initial value problem has a unique mild solution defined on [0,T].

+Kf:| =<1 (8)

Proof. From Theorem it follows that the initial value problem has a mild solution in M. Hence, we
need only to prove that the operator A + B is a contraction on M. In fact, for any u,v € M, we have

[((A+B)u) () = (A + B)v) (1)

< (|p O+ iz [ (6= s ds>

x (F(la) /Ot (t— )2 A (s,u(s)) — (5,0 (5)) ds)

+ (i [ 69" o)~ g0 ()1 as)
<t [ =9 o)l + o)

FIF (tu(®) — £ (60 (0)

[(srvir £12) 2%,

+ (% + WI) Fj(zljgl) +Kf] [lu— ol

Thus,
A+B)u—(A+B)v|| < AJu—1].

Hence, the operator A+ B is a contraction mapping by . Therefore, by Banach’s fixed point theorem, the
initial value problem has a unique mild solution in M. O

Example 3.5. Let us consider the following initial value problem

1 1
Cp2 u(t)—g sinu(t) 1 ot 0.1
o+ <7r+smt+1,(1/3) fo(t 5)~2/3sinu(s)ds 7COSU< )7 € [ ) ]7 (9)

u(0) = &sinu(0) +m,

where a = 3, 8= L, T = 1,0 = 1, f(t.u(®) = bsinu(®), p(t) = 7 +sint, g(t,u(®)) — bsinu(t),
=3 K,=1,G(t)=3, H(t) = % Then hypotheses (A1)-(Asz) hold. Since

hence (@ holds. Therefore, by Theorem the initial value problem (@ has a mild solution. Also, we have

1
Ky =g, Kn= and A=~ 0.957 <1,

then (A4) and (§) hold. So, by Theorem[3.4, (9) has a unique mild solution.
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4. Higher order Caputo fractional integro-differential equations

The method in Section 3 can be extended to the following initial value problem of nonlinear hybrid higher
order Caputo fractional integro-differential equations

“De u(t)—f(tu(t)) B
D, <p(t)+r(1ﬁ> fg(t_s)ﬁlg(s,u(s))ds> = h(t,u(t)), t€0,T7,

k
u(t)— £ (bu(t)) "
PO+ 1y Ja (=) g(su(s))ds

where « € (n—1,n), 5 € (n—1,n), Oy € R, p: [0,7] — R and f,g,h : [0,7] x R — R are continuous
functions with p (¢) + I(?Jrg (t,u(t)) #0.

(10)

=0, k=0,...,n—1,
t=0

Lemma 4.1. u € C ([0,T],R) is a mild solution of (10) if u satisfies
u(t) = (p<t>+-11a3)]ﬁt<t——s>ﬁ-1g<s,u<s>>ds)

x(r(la)/o(t—s)alhsu d5+z )+ftu()) (11)

The proof is similar to that of Lemma [3.2] and hence, we omit it.
Theorem 4.2. Suppose that hypotheses (A1)-(As) and (8]) hold. Then (10) has a mild solution.
The proof is similar to that of Theorem [3.3] and hence, we omit it.

Theorem 4.3. Suppose that (A1)-(A4) are satisfied and

TG\ T*Kp
K&E+@m”+rw+ﬁ>rm+n

n—1
T || H|| 1 10kl i\ _T7K,
w5+ ST | a7 + K
<r<a+1) ];Ok! rg+1

=A< (12)

Then (@ has o unique mild solution.

The proof is similar to that of Theorem and hence, we omit it.

5. Conclusion

In the current paper, we have studied the existence and uniqueness of mild solutions for initial value
problems of nonlinear hybrid Caputo fractional integro-differential equations. We have presented the exis-
tence and uniqueness theorems for the initial value problems and under some sufficient conditions
due to the Krasnoselskii and Banach fixed point theorems. The main results have been well illustrated with
the help of an example. Our results in this paper have been extended and improved some wellknown results.
Acknowledgements. The authors are grateful to the referees for their valuable comments which have led
to improvement of the presentation.
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