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Abstract: We generalize several topological indices and introduce the general degree distance of a connected
graph G. For a,b € R, the general degree distance DD, (G) = ZUEV(G)[degg(v)]“Sg(v), where
V(@) is the vertex set of G, degg(v) is the degree of a vertex v, S&(v) = Zwev(c)\{v}[dG(v’w)]b
and dg (v, w) is the distance between v and w in G. We present some sharp bounds on the general
degree distance for multipartite graphs and trees of given order, graphs of given order and chromatic

number, graphs of given order and vertex connectivity, and graphs of given order and number of
pendant vertices.
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1. Introduction

We denote the vertex set and edge set of a graph G by V(G) and E(G), respectively The number
of vertices of G is called the order. For v € V(G), the degree of v, dega(v), is the number of vertices
adjacent to v. The distance between two vertices v and w in G, denoted by dg (v, w), is the number of
edges in a shortest path between v and w. We denote the complete graph and the star of order n by K,
and S, respectively.

Topological indices are molecular descriptors which have been studied due to their extensive appli-
cations. These graph invariants play an important role in engineering, materials science, pharmaceutical
sciences and especially in chemistry, since they can be correlated with many chemical and physical prop-
erties of molecules. Graph theory can be used to characterize these chemical structures.

One of the most well-known distance-based topological indices is the degree distance. The degree
distance of a connected graph G,

DD(G)= > (dega(v)+ dega(w))da (v, w),
{v,w}cv(G)
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was introduced independently by Dobrynin and Kochetova [5] and Gutman [6]. Bounds on the degree
distance for graphs with given vertex connectivity were obtained in [2], bounds for graphs with given edge
connectivity in [1], bounds for graphs of minimum degree in [13], bounds for cacti in [20] and bounds
for bicyclic graphs in [3]. The degree distance for unicyclic graphs with prescribed matching number
was investigated in [10] and graph products were studied in [19] and [16]. Relations between the degree
distance and the eccentric distance sum were investigated in [9] and relations between the degree distance
and the Gutman index in [4].

The reciprocal degree distance

dega (v) + degg (w)
de (v, w)

RDD(G)= )

{v,w}cV(G)

of a connected graph G has been widely studied too. Bounds on the reciprocal degree distance for graphs
with cut edges or cut vertices were given in [12], bounds for bipartite graphs and outerplanar graphs
in [11]. The reciprocal degree distance of graph products was studied in [15] and the Steiner reciprocal
degree distance in [17]. The generalized degree distance was first presented in [8] and studied for example
in [7] and [14].

For a,b € R, we introduce the general degree distance of a connected graph G as

DD(G) = 3 (Megel) S lda(v,w)))

veEV(Q) weV (G)\{v}
= Y ([dega()]* + [dega(w)]*)[de (v, w)]".
{v,w}CV(G)

Let S%(v) = Y wev@n (v} lda (v, w)]®. Then we can write

DDuy(G) = Y [dega(v)]*S&(v).
veV(G)

If a = 1, then DD, ;(G) is the generalized degree distance. If a = 1 and b = 1, we get the classical
degree distance. If a = 1 and b = —1, we get the reciprocal degree distance. If a = 0 and b = 1, then
DDy 1(G) = 2W(G), where W(G) is the Wiener index. If a = 0 and b = —1, then DDy _1(G) = 2H(G),
where H(G) is the Harary index. We present several bounds on the general degree distance of graphs.

2. Preliminary results

Lemmas 2.1 and 2.2 are used in the proofs of some main results. Note that (a,b) # (0,0) means that
not both @ and b are 0.

Lemma 2.1. Let G be any connected graph such that u; and us are non-adjacent vertices in G. Then
fora <0 and b > 0, where (a,b) # (0,0),

DDaJ)(G + U1U2) < DDa,b(G>'

Proof. Let G’ be the graph G + ujus. Then for any two vertices v,w € V(G), we get dg/(v,w) <
de(v,w) and [de(v,w)]* < [dg(v,w)]’, where b > 0. Therefore, S, (v) < S&(v) for each v € V(G),
where b > 0. For v € V(G) \ {u1,uz2}, we have degg (v) = dega(v), thus [degg: (v)]* = [dega(v)]* and
[dege: (v)]*S8, (v) < [dege(v)]*SE(v) for a < 0 and b > 0.

Now we consider the vertices u; and ws. Since 1 = dg(ug,u2) < dg(ui,us), we obtain
[dar(u1,u2)]® < [dg(ui,uz)]® for b > 0. Thus S& (u;) < S%(u;) for i = 1,2. Note that if b = 0,
then S&, (u;) = S&(w;).
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For the degrees, we have deggs (u;) = dega(u;) + 1. For a < 0, we obtain [deggs (u;)]* < [dega(u;)]®,
and for a = 0, we have [degc/(u;)]* = [dega(u;)]* = 1. Tt follows that [degg:(ui)]® S& (wi) <
[dege (u;)]*S8 (u;) for a < 0 and b > 0, where (a,b) # (0,0). Thus

2

DDoy(G') = Y [deger (ui)]*Se (ui) + > [degar (v))* S (v)

i=1 veV(G)\{u1,uz}
2
<Y ldega (u)]*SE () + > [dega (v)]* 5S¢ (v)
i=1 veV(G)\{u1,uz2}
= DDmb(G/).

O

Lemma 2.2. Let G be any connected graph such that u; and us are non-adjacent vertices in G. Then
for a >0 and b <0, where (a,b) # (0,0),

DDa,b(G + U1u2) > DDa,b(G).

Proof. Let G’ be the graph G + ujus. Then for any two vertices v,w € V(G), we get dg/(v,w) <
dg(v,w) and [dg (v, w)]® > [dg(v,w)]®, where b < 0. Therefore, S&, (v) > S&(v) for each v € V(G),
where b < 0. For v € V(G) \ {u1,us}, we have degg/ (v) = degg(v), thus [degg: (v)]* = [dega(v)]* and
[degg: (v)]*SE, (v) > [dega(v)]*SE(v) for a > 0 and b < 0.

Now we consider the vertices u; and us. Since 1 = dg/(u1,u2) < dg(ui,us), we obtain 1 =
[dar (u1,u2)]® > [dg(u1,uz)]® > 0 for b < 0. Thus SZ (u;) > S%(u;) for i = 1,2. Note that if b = 0, then
St (us) =S¢ (us).

For the degrees, we have deggs (u;) = dega(u;) + 1. For a > 0, we obtain [degg (u;)]® > [dega(us)]®,
and for a = 0, we have [degc(u;)]* = [dega(u;)]* = 1. Tt follows that [degg:(ui)]® S& (ui) >
[dega (u;)]*S% (u;) for a > 0 and b < 0, where (a,b) # (0,0). Thus

2

DD, u(G') = [deger (ui)]* St (us) + > [degar (v)]2S% (v)
i=1 veV (G)\{u1,uz2}
2

> ) ldege ()] St (i) + Y. ldega(v)]*SE(v)

i=1 veV(G)\{u1,usz}
= DDa’b(Gl).

The proof is complete. O

Lemma 2.3 was presented in [18]. We use it in the next section to compare the DD, ; indices of
some graphs.

Lemma 2.3. Let 1 <x <y andc>0. Fora>1 and a <0, we have

(x+0)* =2 < (y+o)* —y“.

3. Main results

From Lemma 2.1, we know that among graphs of order n, the complete graph K, is the graph having
the smallest general degree distance for a < 0 and b > 0, where (a,b) # (0,0). Similarly, by Lemma 2.2,
among graphs of order n, K, is the graph having the largest general degree distance for a > 0 and b < 0,
where (a, ) # (0,0).
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For an integer k > 2, a k-partite graph is a graph such that we can divide its vertices into k disjoint
sets, where any vertices in the same set are non-adjacent. A 2-partite graph is called a bipartite graph.
The complete k-partite graph with partite sets of orders ni,na,...,ny is denoted by Ky, n,,...n,.. Any
two vertices which are not in the same partite set of Ky, n,, . n, are adjacent. If n; and n; differ by at
most 1 for every 7, j, where 1 < ¢ < j < k, then the graph K, ,. ... n, of order n is called the Turan
graph and it is denoted by T'(n, k). We show that T'(n, k) has the smallest DD, ;, index among k-partite
graphs with n vertices.

Theorem 3.1. Let G be any k-partite graph of order n, where 2 < k < mn. Then for a <0 and b > 0,
where (a,b) # (0,0), we have

DDa)b(G) Z D-Da,b(T(nv k))

with equality only if G is the Turdn graph T(n, k).

Proof. Let G' be a graph having the smallest DD, ; index among k-partite graphs of order n. By
Lemma 2.1, any two vertices in different partite sets must be adjacent. Thus G’ is Ky, p,, .. n, for some
positive integers n1,n2,...,n,. We prove by contradiction that n; and n; differ by at most 1 for every
1,7, where 1 <i < j <k.

Assume that n; and n; differ by at least 2 for some 7,7, where 1 < ¢ < j < k. Without loss of
generality, assume that n; > ng + 2. We compare the DD, ; indices of G' = Ky, pn,....n, and G" =
Knl—l,n2+1,...,nk~

For every vertex v from the first partite set and v’ from the second partite set of K,
have

1,n2,..,nk WE

degar(v) =n —ny, S&(v) =1°(n—ny) +2%(ny — 1)
and
degG/(v/) =N — Ny, Sg/ (’Ul) = 1b(n - n2) + Qb(nz — 1)

For every vertex w from the first partite set and w’ from the second partite set of Ky, 1 ny+1,....ny, WE
have

deggr(w) =n — (n1 — 1),  S&,(w) = 1°(n — (ny — 1)) +2°(ny — 2)
and
degarn(w') =n — (ng +1), S&, (w') =1°(n — (ng + 1)) + 2n,.
For any other vertex z, we have degg/ (2) = degar(z) and S&, (z) = S&.,(2). For b > 0,

S (v) — S (w) = 22 —1>0,
S (w) — S (w') = 2°(ng —no —2) —ny +ng+2=(2"—1)(ny —ny —2) >0,
SbG// w/) - Sg/ (U/) = 2b -1 > 07

therefore
0< Sg/ (U’) < Sg// (w/) S Sg;// (UJ) < Sg/ ('U)
For b = 0, we obtain S%, (v') = S&, (w') = S%, (w) = S% (v) =n — 1. Since ny — 1 > ny + 1, we have

O<(n—ma)*<(n—m2—1)°<(n—n+1)*<(n—mny)"
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for a < 0. Obviously, for a =0, we get (n—n2)* =(n—ny—1)* = (n—n1+1)* = (n —nq)* = 1. Thus,
for a <0 and b > 0, where (a,b) # (0,0), we have

DDy y(G') — DDy u(G") = ny(n —ny)*S& (v) + na(n — ng)*SL (v')
— (ny = 1)(n —ny +1)28%, (w) — (ng + 1)(n — ng — 1)*S%., (w')

— (1)1 — ) S (0) + (2 + 1) — )" S8 (o)

+ (n =) (v) — (n —na)*S¢ (v')

— (n1 = 1)(n —ny +1)°S%, (w) — (ng + 1)(n — ny — 1)°S%. (w')
> (1= 1)(n —n1)"S¢ (v) + (n2 +1)(n — n2)" S (v')

= (= 1)(n — 1+ 1)2Sgu (w) — (n2 +1)(n — np — 1)*S¢ (w')
— (1)1 — 7)) + (2 + 1)1 — 2) S ()
+ (= 1) — m)7[SE (0) — St (w)]
= (n2 +1)(n — n2)*[Sg (w') — g (v")]
— (n1 — 1)(n —ny +1)28%. (w) — (ng + 1)(n — ng — 1)8%, (w')
(n1 = 1)(n = n1)*Se (w) + (n2 + 1)(n — n2)*Sen (w')
(1 — 1) — 71+ 1) () — (ma+ 1) — o — 1) ()
(m1 — 1) ()] — )" — (n— ma + 1)
+ (ma 4 )8 ()](n— )" — (n— m — 1)
(n2 +1)8&w (w")[(n — n1)® = (n — ny +1)%]
+ (n2 +1)Sgu (w')[(n = na)* = (n —ng —1)7]
> 0,

Y

v

since for a = 0, we obtain (n —n1)*— (n—n1+1)* =0 and (n —ng)*— (n—n2 — 1) =0, and for a < 0,
by Lemma 2.3,

(n—n9)*—(n—nay—1)*>Mn—-—n1+1)*—(n—n1)%,
thus
m—n2)*—(n—na—1)°*+Mn—-—n1)*—(n—n1+1)*>0.
Hence DD, ,(G') — DDy (G”) > 0 and DD, ,(G’) > DD, ,(G"). So G’ is not a graph with the smallest

DD, index and we have a contradiction. Therefore, n; and n; differ by at most 1 which means that G’
is the Turan graph T'(n, k). O
We can use k = 2 in Theorem 3.1 to get the following corollary for bipartite graphs.

Corollary 3.2. Let G be any bipartite graph of order n, where n > 2. Then for a <0 and b > 0, where
(a,b) # (0,0), we have

DDan(G) 2 DDay(Kr41.13))
with equality only if G is K[%H%J'

The chromatic number of a graph G is the minimum number of colors needed to color the vertices
of G so that no two adjacent vertices have the same color. Let us present a bound on the general degree
distance for graphs with given chromatic number.

Theorem 3.3. Let G be any connected graph of order n and chromatic number x, where 2 < x < n.
Then for a <0 and b > 0, where (a,b) # (0,0), we have

DDoy(G) = DDap(T(n, x))

with equality only if G is the Turdn graph T(n,Xx).

111
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Proof. Let G’ be any graph having the smallest DD, ;, index in terms of order n and chromatic number
X. There is no edge between the vertices in the same color class, therefore G’ must be a y-partite graph.
Then, by Theorem 3.1, G’ is T'(n, x). O

The union H = H; U Hy and join F = H; 4+ Hs of the graphs H; and Hs have the vertex sets
V(H) =V(F) = V(Hy)UV(Hs). The edge set E(H) = E(Hy) U E(Hz). The set E(F) contains the
edges in E(H) and the edges connecting each vertex in V(H;) and each vertex in V(Hs). We show that
(Kp—r—1UK1)+ K, has the extremal DD, ,(G) index for graphs of given vertex connectivity, where a > 1
and b < 0. The vertex connectivity of G is the minimum number of vertices whose removal disconnects

G.

Theorem 3.4. Let G be any connected graph of order n and vertex connectivity k, where 1 < kK < n — 2.
Then fora>1 and b <0,

DDa,b(G) S DDa,b((Kn—n—l U Kl) + KK)
with equality only if G is (Kp—x—1 UKy) + K.

Proof. Let G’ be any graph with the largest DD, j, index with respect to order n and vertex connectivity
k. So there is aset A C V(G') of cardinality &, such that G’ — A is disconnected (where G’ — A is obtained
from G’ be the removal of the vertices in A and the removal of each edge of G’ incident with a vertex in
A). We can divide the vertices in V/(G’) \ A into the sets A; and A, where no vertex in A; is adjacent
to a vertex in As. By Lemma 2.2, there is an edge connecting each pair of vertices in A, each pair of
vertices in Ay and the degree of each vertex in Aisn —1in G'.

Let |A1] = ny and |A3] = ny. Without loss of generality, assume that ny > ng > 1. We get
n—kK=n1 +nz and G’ is (K,, UK,,) + K,,. We prove that ny = 1.

Assume to the contrary that ng > 2 (where ny > ng). We compare the DD, ; indices of G’ =
(Kn1 U an) + [(,kg and G// = (Kn1+1 U Kn2_1) —|— K,Q.

For each z € A, we get dege/(z) = deggr(2) = n — 1 and S% (2) = S%.(z) = n — 1. For each
veV(Ky,),

deger(v) = k+ny —1 and S (v) = 1°(k +ny — 1) 4 2%ns.
For each v’ € V(K,,), we obtain

dege (V') =k +ny —1 and S (v') = 1°(k 4+ ny — 1) + 2%n;.
For each w € V(K,,,+1), we have

degan(w) =k +ny and S (w) = 1°(k +ny1) + 2°(ng — 1).
For each w' € V(K,,_1), we get

degor(w') = Kk +ngo —2, and SZ.(w') = 1°(k +ngy — 2) + 2°(ny + 1).

For b <0,
Sg// (w/) - Sg/ (U/) = 2b - ]. S 0,
S&(v) — S&(v) = 2°(ny —ng) —n1 +ng = (2° = 1)(ng —ng) <0,
Sg/ ('U) — Sgu (7,U) = 2b —1 S 07
therefore

0 < S (w') < 8% (v') < 8% (v) < S%(w).
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Note that
O0<(k+n2—2)<(k+ny—1)*<(k+mn; —1)* < (k+mny)"
for a > 1. Thus for a > 1 and b < 0, we have

DDop(G') = DDap(G") = ni(k+n1 —1)S& (v) + na(k + ng — 1)*Sg (v')
— (n1 4+ 1)(k + 1) S (w) = (n2 = 1)(k + nz = 2)*Sg (w')
= (k4 n1 = 1)*Sg (v) + na(k + ng — 1)°5¢ (v")
— n1(k +n1)"Sgn (w) = na(k + ny — 2)*S&u (w')
() St (1) + (5 -+ o — 2)SE ()
< ny(k+ny —1)%8% (v) + na(k +ny — 1)%SE, (v
— n1(k +n1)*S% (w) — no(k + ng — 2)285, (w
= ny(k4n —1)2S% (v) + na(k + no — 1)28%, (')
— ny (k4 n1)*S% (v) — na(k + ng — 2)*S% (V')
— a4 ) S8 (1) — S8 ()] + a4 s — 2)°[SE () — S )]
< ny(k+ny —1)°S% (v) + na(k +ng — 1)78%, (')
— n1(k +n1)*S% (v) — no(k + ng — 2)258, (v)
= m18& (0)[(k + 11 = 1) = (k+n1)"]
+ 1258 (V)[(5 +n2 —1)* = (k +ny — 2)%]

)
)

< n1Sg (V)[(k +n1 —1)* — (k4 n1)"]
+ n1Sg (V) [(k +nz — 1)* — (K + n2 — 2)°]
< 07

since for a = 1, we obtain (k +n1 — 1)* — (k +n1)* + (K +n2 — 1) — (k + ng — 2)* = 0 and for a > 1,
by Lemma 2.3,

(K4+ny—1D)*—(k+n2—2)* < (k+mn1)*—(k+ny —1)%,
thus
(k+ni—1D)*—(k+n)*+(k+n2—1)* = (k+n2—2)* <0.

Hence DD, (G') — DD, (G") < 0 and DD, ,(G') < DD, ,(G"). So G’ is not a graph with the largest
DD, index and we have a contradiction.

We obtain ne = 1 and consequently, ny =n — k — 1. Thus G" is (K,_x—1 U K;) + K. O

A pendant vertex is a vertex of degree one. Let K, _j x Sky1 be obtained by joining k pendant
vertices to one vertex of K,_;. We study the DD, ; index for graphs with pendant vertices and show
that K, _x x Sk41 is the extremal graph.

Theorem 3.5. Let G be any connected graph having order n and k pendant vertices, where 1 < k < n—3.
Then for a > 1 and b < 0, where (a,b) # (1,0),

DD, (G) < DDy p(Kp—k * Sk+1)
with equality only if G is Kp_k * Sk41.

Proof. Let G’ be a graph with the largest DD, ; index with respect to order n and k pendant vertices.
Let A be the set of pendant vertices of G'. By Lemma 2.2, there is an edge connecting each pair of
vertices in V(G') \ A. So G’ contains K,,_j as a subgraph. We prove that one vertex of that K, _j is
adjacent to all the k pendant vertices in G’.

113
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Suppose to the contrary that K, _j contains two vertices v and w, such that each of them is adjacent
to a pendant vertex in G’. Let us denote the pendant neighbors of v by v; where i = 1,2,...,n1, and the
pendant neighbors of w by w; where j = 1,2,...,ng. Clearly, nq,no are positive integers and n; +no < k.
Without loss of generality, assume that n; > ny. We compare the DD, ;, indices of the graphs G’ and
G" having the same vertex sets, where E(G") = {vwy, vwa, ..., 0wy, } U E(G’) \ {wwy, wwa, ..., wwy,, }.

We obtain dege(z) = deger(z) and S&,(z) = S, (2) if 2 is not v, w,v;, w;, where i = 1,2,...,n4
and j =1,2,...,n2. Let s =n—k —1. Then s > 2. We have degg' (v) = s + n1, degg(w) = s + na,
degg(v) = s+ ny + ng and degg (w) = s. We obtain

Sg, (v) = (s+mn1)+2°(k —nq),
Sg, (w) = (s+mn2)+2°(k —ny),
S, (v) = (s+mny+n)+2°(k —ny —ny),
SbG// (U)) = S + 2bk7
S&i(vi) = 1+2%s+ny —1) +3°(k —ny),
Se(w;) = 14+2%(s+ng — 1) +3°(k — ny),
Sen(vi) = S&u(wy) =1+2%s+ny +ng—1) +3°(k —ny —na).
For b <0,
Sg/ (Ut) — Sg// ('Uz) = n2(3b — 2b) S 0,
Sg/ (w]) — Sg// (w]) = n1(3b Qb) S 0.
For b < 0,
SbG// (w) - Sg/ (U}) = n2(2b - ].) < 0,
S, (w) — S (v) = (ng —n1) +2°(ny —ng) = (2° = 1)(ny —ng) <0,
Sg/ (U) - Sg// ('U) = n2(2b — 1) < 0,
therefore

0 < S&(w) < S& (w) < S& (v) < S& (v).
If b= 0, obviously 0 < 5%, (w) = S& (w) = S& (v) = S&, (v). Note that
0<s"<(s+mn2)*<(s+mn1)*<(s+mn1+n2)
for a > 1. Thus, for ¢ > 1 and b < 0, we obtain

DDy y(G') = DDup(G") = [deger (v)]* S (v) — [degar (v)]* Sg (v)
+ [deger (w)]* S¢ (w) — [degar (w)]* S (w)

+Y([degar (v:)]* St (v:) — [degen (v))* S&n (v:))

i=1
+ Y ([degar (w;)]* St (w;) — [degar (w;)]* St (wy))
j=1
= (54+m1)*S& (v) — (s + 11 + n2)*S& (v) + (s + n2)*Ster (w)
— 5"Sgu (W) + 11 [Sg (v:) — g (v)] + 12[S& (w;) = Sgen (w;)]
= (s+11)"Sg (v) = (5 + 1+ n2)* g (v) + (s + 1) St (w)
— 5958 (w) + (s + 11 + n2)*[St (v) — S (v)]
+ 5[SE, (w) — 8% (w)] 4+ 2n1ng (30 — 2°)
(5 4+ n1)"S¢ () = (s +n1 +n2)"Sg (v)

IN
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(s + 1) Sl (w) — 55 (w)

S8 (0)[(s + 11)" = (54 n1 +n9)"] + S (w)[(s + na)® — s°]
S8 (0)[(s + 11)" = (54 n1 +19)"] + S (0)[(5 + na)” — 5°]
Oa

ININ

since for a = 1, we have (s +n1)* — (s + ny +n2)* + (s + n2)* — s* = 0 and for a > 1, by Lemma 2.3,
(s+n2)*—s*<(s+n1+n2)*—(s+n1)%,
thus
(s4+n1)*=(s+n1+mn2)+(s+n2)—s*<0.

S0 DDy (G') — DD,y (G") <0 for a > 1 and b < 0.
For a > 1 and b < 0, we have

S8 (0) — S (0) = St (w) — b (w) = na(2" — 1) <0,
thus
(5 + 1 +12)?[S% (0) — S8 ()] + (8% () — St (w)] < 0
and we again get DD, ,(G') — DD, ,(G") < 0.

Therefore, DD, ,(G') < DD, (G") for a > 1 and b < 0, where (a,b) # (1,0). Thus G’ is not a
graph with the largest DD, index and we have a contradiction. Hence G’ is K,,_j * Sk41. O

The problem studied in the previous theorem is trivial for a = 1 and b = 0. All graphs G with n
vertices and m edges have the same DD o(G) index. We obtain

DD y(G) = Z ([degc;(v)]1 Z [dg(v,w)]0> =(n-1) Z degg(v) = 2m(n —1).

veV(G) weV (G)\{v} veV(G)

So, by Lemma 2.2, each graph containing K,_j and k pendant vertices is a graph with the largest DD o
index with respect to order n and k£ pendant vertices.

Finally, we consider connected graphs without cycles called trees. In the following proof, we show
that the diameter of the extremal tree T' of given order is at most 2, which means that T is a star. Note
that the distance between any two furthest vertices v and w is called the diameter of T" and a shortest
path between v and w is a diametral path.

Theorem 3.6. Let T be any tree of order n > 4. Then for a > 1 and b < 0, where (a,b) # (1,0), we
have

DDa,b (T) < DDa’b (Sn)

with equality only if T is S,,.

Proof. Let T be a tree of order n with the largest DD, 3 index. We prove that 77 is S,,. If n < 3,
clearly T is S, so we study trees for n > 4.

Assume to the contrary that 7" is not S,,. Thus the diameter of 7" is d > 3. We denote a diametral
path of T by woujusg ...ug4, where degr/(u1) = ny and degy: (ug) = ny. Clearly, ni,ne > 2. So uy is
adjacent to nq — 1 pendant vertices, say v1,va, ..., U, —1 (one of them is ug).

We compare the DD, ; indices of the trees 7" and T" having the same vertex sets, while the edge
set E(T") = {ugvy, ugva, ..., ugn,—1 U E(T")\ {uv1, uive, ..., u1v,,—1}. We have degr»(ui) =1 and
degri(uz) =ny+ng—1. Fori=1,2,...,nq7 — 1,

dri(ui,v;) = dpo(ug,v;) =1 and dpr(uy,v;) = dpr(ug,v;) = 2,
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thus for b < 0,

St (ur) = Sgu(wr) = (m —1)(1° =2%) > 0,

St (ug) = Sgu(uz) = (n1 —1)(2° —1%) <0.

Since dp(u1, z) = dpi(ug, z) + 1 for each z € V(T") \ {u1,u2,v1,v9,...,0n,—-1}, We get
[dr (u,2)]° < [drr(us, 2)]° and S5 (u1) < S5 (usg)

for b < 0. Obviously,
(o1, 2))" = [dpo (uz, 2)]* and S(ur) = Sho (uz)

for b = 0. For any z other than uy,us and v;, where ¢ = 1,2,...,n1 — 1, we have degr/(z) = degr(2)
and dgi(z,z) > drv(z,2), where x € V(T'). For b < 0, we obtain [d/(z,7)]" < [dr~(z,2)]° and
Sh,(2) < Sk, (), therefore

[degr (2)]* 57 (2) < [degr (2)]*S7w (2).
Similarly, [degz (v;)]*S% (v;) < [degr (v;)]*S%, (v;). Then, for @ > 1 and b < 0,

DDop(T') = DDy (T") < [degr: (u1)]*Sp (ur) — [degrr (u1)]*Spn (ur)
+ [degr: (u2)]* St (us) — [degrr (u2)]* St (us)

= n{Sp(ur) = 1%Squ (ur) + n§Sq (uz) — (n1 + ng — 1)*S5 (us)

= n{Sp (1) = S (u1) + 1S (ug) — (n1 + ng — 1)* S (ug)
+ [S%0 (ur) = S (wn)] + n§ ST (u) — S (uz)]
n§ St (ur) = S3 (ur) + 155 (uz) — (n1 4 ng — 1) S (us)
= Spi(u)[ng = 1] + S (ug)[ng — (n1 +na — 1)°]
S (ug)[nf — 1] + S (uz)[ng — (n1 +ng — 1))
0,

IAIA

since for @ = 1, we have n{ — 1+ ng — (ny +ng —1)® = 0 and for @ > 1, by Lemma 2.3,
nd —1% < (ny + ng — 1) — ng,
thus
n{ —1+n5—(ni+ne—1)% <0.

S0 DDy (T") — DD, ,(T") < 0 for @ > 1 and b < 0.
For a > 1 and b < 0, we have S, (u;) < S%, (us), thus

St (ur)[n§ — 1] < Spu(uz)[ng — 1]

and we again get DD, ,(T") — DD, ,(T") < 0.

Therefore, DD, ,(T") < DD, ,(T") for a > 1 and b < 0, where (a,b) # (1,0), which is a contradic-
tion. Hence G’ is S,,. O

Let us note that if @ =1 and b = 0, then all trees T" of order n have the same DD index, since

DDy o(T) = Z ([degT(v)]1 Z [dr (v, w)] ) (n—1) Z degr(v) = 2(n — 1)%

veV(T) weV (T)\{v} veV(T)
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4. Conclusion

We presented some bounds on the general degree distance for multipartite graphs and trees of given
order, graphs of given order and chromatic number, graphs of given order and vertex connectivity, and
graphs of given order and number of pendant vertices.

There is a huge space for further research, since one can study lower and upper bounds on the DD, ;
index for general graphs or special classes of graphs for various invariants of graphs. Let us state the
following problems.

Problem 4.1. Find sharp upper and lower bounds on the DD, index for general graphs with respect to
the order in combination with other graph invariants.

Problem 4.2. Find bounds on the DD, index for special classes of graphs such as bipartite graphs,
trees and unicyclic graphs with respect to the order and one other graph invariant.

Acknowledgment: This work is based on the research supported by the National Research Foun-
dation of South Africa (Grant Number 129252).
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