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Abstract

In many practical situations, it is often desired to select a population (treatment, prod-
uct, technology, etc.) from a choice of several populations on the basis of a particular
characteristic that associated with each population, and then estimate the characteristic
associated with the selected population. The present paper is focused on estimating a
characteristic of the selected bivariate normal population, using a LINEX loss function.
A natural selection rule is used for achieving the aim of selecting the best bivariate nor-
mal population. Some natural-type estimators and Bayes estimator (using a conjugate
prior) of a parameter of the selected population are presented. An admissible subclass of
equivariant estimators, using the LINEX loss function, is obtained. Further, a sufficient
condition for improving the competing estimators is derived. Using this sufficient con-
dition, several estimators improving upon the proposed natural estimators are obtained.
Further, an application of the derived results is provided by considering the poultry feeds
data. Finally, a comparative study on the competing estimators of a parameter of the
selected population is carried-out using simulation.
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1. Introduction

The estimation of a characteristic after selection has been recognized as an important
practical problem for many years. The problem arises naturally in multiple applications
where one wishes to select a population from the available k (> 2) populations and then
estimate some characteristics (or parametric functions) associated with the population
selected by a fixed selection rule. For example, in modeling economic phenomenons, often
the economist is faced with the problem of choosing an economic model from k(> 2)
different models that returns a minimum loss to the capital economic. After the selection
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of the desired economic model, using a pre-specified selection procedure, the economist
may like to have an estimate of the return losses from the selected model. In clinical
research, after the selection of the most effective treatment from a choice of k available
treatments, a doctor may wishes to have an estimate of the effectiveness of the selected
treatment. The aforementioned problems are continuation of the general formulation of
the Ranking and Selection problems. Several inferential methods for statistical selection
and estimation related to these problems have been developed by many authors, see [1-8,
10,12,15-21,29-31].

The majority of prior studies on selection and estimation following selection problems
have exclusively focused on a selected univariate population, and very few papers have
appeared for a selected bivariate/multivariate population. Some of the works devoted to
the bivariate/multivariate case are due to [1] and [23]. In particular, Mohammadi and
Towhidi [23] considered the estimation of a characteristic after selection from bivariate
normal population, using a squared error loss function. The authors used this loss func-
tion and derived a Bayes estimator of a characteristic of the bivariate normal population
selected by a natural selection rule. The authors also provided some admissibility and
inadmissibility results. This paper continues the study of [23] by considering the following
loss function

L(6,0)=e*00 _q(6-0)—1. seD, §e0, (1.1)
where § is an estimator of the unknown parameter 6, a is a location parameter of the
loss function given in Equation (1.1), © denotes the parametric space, and D represents
a class of estimators of . The loss function in Equation (1.1) is generally called an
asymmetric linear exponential (LINEX) loss and is useful in situations where positive bias
(overestimation) is assumed to be more preferable than negative bias (underestimation)
or vice versa. Many researchers have used the above loss function, see among others
[3,14,24,32].

The normal distribution is the most important and used probability model in many nat-
ural phenomena. For instance, variables such as psychological, educational, blood pressure,
and heights, etc., follow normal distribution. One generalization of the univariate normal
distribution is the bivariate normal distribution. Consider two independent populations
71 and mo. Let Z; = (X;,Y;)"T be a random vector associated with the bivariate normal

population m; = N (B(i), 3)), where o) = (Gg(f), Qg(,i))T denotes the 2-dimensional unknown

Ozx Ogxy

mean vector (i = 1,2), and ¥ = { } denotes the common known positive-definite

Opy O
variance-covariance matrix. Suppos?é thay‘g a population is selected on the basis of their
X-variate which is a characteristic that is easy to observed or can be measured at the time
of selection, and Y-variate is an associated characteristic that is of main interest but can
not be measured at the time of selection or can be observed later. Then, based on available
information of the X-variate, we wish to draw some inferences about the corresponding
Y -variate. For example, an experiment is conducted to compare the effect of organic and
inorganic feeds in poultry. The aim of the study is to produce eggs with more weights
and less cholesterol levels. Here X represents weights of eggs and Y represents cholesterol
levels. A comprehensive details of this study is provided in Section 5. One more example
is that, X may be the grade of an applicant on a particular test and Y is a grade on a
future test. Then, based on the X-grade we want to see the behavior of the corresponding
Y-grade. Let X(;) and X(y) be the order statistics from X; and X5. Then, the Y-variates
induced by the order statistic X(;) is called the concomitant of X(;) and is denoted by

Yii (¢ = 1,2). Assume that the bivariate population associated with max {9;(,;1),055;2)} is
referred as the better population. For selecting the better population, a natural selection

rule v = (11, 1)2) selects the population associated with X 4y = max (X1, X2), so that, the
natural selection rule ¥ = (11,12) can be expressed as
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B 1, if X1 > Xy
lz) = { 0, if X; < Xo, (12)

and () = 1 —11(x). After a bivariate normal population is selected using the selection
rule v, given in Equation (1.2), we are interested in the estimation of the second component
of the mean vector associated with the selected population, which can be expressed as

03 (x) = 01y () + 0o ()
9;1), if X1 > Xy
0P, if X1 < X.

Note that 05 depends on the variables X and Xo, i.e., «95 is a random parametric function

of 92(,1), 91(,2), X7 and Xa. Our goal is to estimate 9}*? using the loss function given in Equation
(1.1).

Putter and Rubinstein [27] have shown that an unbiased estimator of the mean after
selection from univariate normal population does not exist. Dahiya [11] continued the
study of [27] by proposing several different estimators of mean and investigated their cor-
responding bias and mean squared error. Later, Parsian and Farsipour [26] considered
two univariate normal populations having same known variance but unknown means, us-
ing the loss function given in Equation (1.1). They suggested seven different estimators
for the mean and investigated their respective biases and risk functions. Misra and van
der Muelen [22] continued the study of [26] by deriving some admissibility and inadmissi-
bility results for estimators of the mean of the univariate normal population selected by a
natural selection rule. As a consequence, they obtained some estimators better than those
suggested by [26]. Recently, Mohammadi and Towhidi [23] extended the study of [11]
by considering a bivariate normal population. The authors derived Bayes and minimax
estimators and an admissible subclass of natural estimators were also obtained. Further,
they provided some improved estimators of the mean of the selected bivariate normal
population. This article continues the investigation of [23] by deriving various competing
estimators and decision theoretic results under the LINEX loss function.

Note that, using the loss function given in Equation (1.1) for estimating 95 , the es-
timation problem under consideration is location invariant with regard to a group of
permutation and a location group of transformations. Moreover, its appropriate to use
permutation and location invariant estimators satisfying 6 (Z1,Z3) = §(Z2,Z1) and
§(Z1+c¢,Zy+c) = 6(Z1,Z3) +ca, ¥V ¢ = (c1,c2)T € R? where R? denotes the 2-
dimensional Euclidean space. Therefore, any location equivariant estimator of 95 will be
of the form

0p(Z1,Z2) =Yg+ (X(l) = X(2), Yy — Y[z]) : (1.3)

where ¢(+) is a function of X (1) — X2y and Y[;;—Y]g. Let Q. represents the class of all equi-
variant estimators of the form (1.3). For notational simplicity, the following notations will

be adapted throughout the paper; Z = (Z1, Zs), 6, = max (99), 953)) — min (9&1), 9&2)),
6, = max (93(,1), 9;2)) —min (01(,1), 99), 0" = (0,,0,)7 € R2, where Ri denotes the positive
part of the two dimensional Euclidean space R?, and ¢(-) and ®(-) denote the usual pdf
and cdf of N(0,1).

We presented some natural estimators and Bayes estimator, under the loss function
given in a location parameter of the loss function given in Equation (1.1), of 95 in Section
2. In Section 3, an admissible subclass of natural type estimators is obtained. Further,

a result of improved estimators is derived in Section 4. In Section 5, an application of
the derived results is provided by considering the poultry feeds data. Finally, in Section
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6, using the LINEX loss function, risk comparison of the estimators of 05 is carried-out
using a simulation study.

2. Estimators of 95

In this section, we present various estimators of 95 of the selected population. First,
based on the maximum likelihood estimator (MLE), an estimator of 0}‘? is given by
on1(Z) =Y.
Similarly, based on the minimum risk equivariant estimator (MREE), an estimator of 95
is given by
1
In2(Z) = Yo — gaayy.

The third estimator of 9}*,9 that we propose is given by
1 _ Xy — X
Z) =Yg +=In|1+ (e(Vu—Ya) 1 @(”(ﬂ.
ons(Z) [2] T a n { + (e ) T
: : 1 abs abs
Note that the estimator dy,3 is based on the MLE of 2 In {E (e Y)}, where E (e Y) =

(1) _p(2)
6“952) [1 n (ea(ey -0, ) B 1) <I> (99(01)2—9562))]'

Another natural estimator of 95 , which is similar to the estimator studied by [11], is given
by

Y +Y] .
B Xy — X(g) > —¢v/2040

Y2, if Xq)— X@) < —cv2044,

where ¢ > 0 is a constant. The estimator dx 4 is called hybrid estimator and is same as
the estimator dn 1 for ¢ = 0.

ona(Z) :{

Theorem 2.1. Under the conjugate prior 11" (0(1), 0(2)) ~ No(p, ) and the loss func-
tion given in Equation (1.1), the Bayes estimator of 95 is given by
o p2(|E] +moyy) + mYig (M + 04a) + Mgy (p1 — X(Q))

onm (Z
n (Z) m? + Moy + moy, + ||

a m2a,, +m|2|

2 (m? + Moy, + moy, + |X])°

Proof. Suppose that 0" has a conjugate bivariate normal prior 11" (0(1), 9(2)) =

12:1 H% (O(i)) ~ No(p,9),i = 1,2, where p = (u1,p2)’, 9 = mlI, and I denotes an
identity matrix of order 2 and m is a positive real number. Then, the posterior distribution

of O(i), given Z; = z;, is

0)|z; ~ Ny (K (2—1@- T 19—1,L) ,K) L i=1,2, (2.1)

-1
where K = (2*1 + 19_1) .
The posterior risk of an estimator §; of Oz(,i) under the loss function given in Equation (1.1)
is

EL(5;(Z;),00) = ei(Z) {eaeé")

Zi = Zi:|

—a ((51 (Zl) —F (9751)]ZZ = ZZ>> — 1, (2.2)



Estimation after selection from bivariate normal population 1145

i = 1,2. It is not difficult to check that the Bayes estimator 6H?z)(Zi) of Hl(f), which

minimizes the posterior risk in Equation (2.2), is given by

=]

zi(—a)} , i=1,2, (2.3)

1 —a6®
61‘[2721)(21) = _E In |:E [6 afy

1
an{ 0y

(+) denotes the moment generating function (MGF) of Og(j)‘zi. It follows

Zi

where M
ey

from Equation (2.1) that Hz(/i)‘zi has univariate normal distribution N(p}, ), where

= p2(|E] + moyy) + mYi(m + 042) + mogy (1 — Xi)

1 )

m2 4+ Moy, + moyy + |3

and
g = iy + miY| i=1,2
C (P + Mo +moyy + |Z]) o
Therefore,
Me(o zi(_a) = e—apj—i-%aQq;" i=1,2. (2'4)

Combining Equations (2.3) and (2.4), we get
Oy (Z:) =

ﬂ2(‘2| + mayy) + m}/;(m + O-:ms) + ma’azy(,ul - X’L)
m2 4+ Moz, + moyy + ||

_a m2oy, +m|3| P19
2 (m? + mogy + moy, + |X])’ ’

It can be verified that the posterior risk of the Bayes estimator (511?;) (Z;) of 98), is given
by

a? (m?0y, + |X|m)

2 (%] +m2 + moyy + mog.)
Since the posterior risk in Equation (2.5) does not depend on Z;, i = 1,2, it follows form
Theorem 3.1 of Sackrowitz and Samuel-Cahn [28] that the posterior risk r (511% (Zi)),
given in Equation (2.5), is also the Bayes risk of 51-[% (Z;). Now an application of Lemma
3.2 of [28] leads to the result. O

r(0my (Z3)) = (2.5)

Remark 2.2. It can be easily checked that the estimator dy2 is a limit of the Bayes
estimators dpm (Z) as m — oo.

Remark 2.3. Following the procedures in the proof of Theorem 2.1, it can be verified
that, the estimator dx 2 is also a generalized Bayes estimator of 9$ , using the loss function

given in Equation (1.1) and the improper prior IT (0(1), 9(2)) =1, VoW eR? i=1,2.

3. Some admissibility results

An admissible subclass of equivariant estimators within the class Qg is obtained, using
the loss function given in Equation (1.1), where

4= {64:0a(Z1,Z2) = Yy +d, ¥V d € R},

here R denotes the real line. For obtaining the admissibility of the estimators within the
above class we require the following lemma.
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Lemma 3.1. Let W = Y}y — 05 and p = \/% Then, W has the pdf

pw Oz pw Oz
" 1 w Tyy + Oxx Tyy - Oxx
w(w|6) = gb( ) o | VT Ve ) g | VT Vo )L R,
Proof. For fixed 8* € R?, the cdf of W is given by

Fy (w) =P (Yig = 05 < w)
=P (Yo=Y <w, X1 < X,) + P (Vi = 0 <w, X1 > X5)

Oxzx

0z Ul > Uyt 22
_P<‘@@§w,U1SU2+F)—FP(VIWSwa 1> Uz )
Oxx

) &) vi—o()
WhereUl—X\l/i U = X\Q/%,Viz iﬁ and Vo = \/%

(Us, V) have bivariate normal distribution N ((0, 0), B p ] > It follows that

Clearly, (U1, V1) and

1

Fy (w) = /Oo l/uoo i /_\fﬁ o2 (ug,v2) Cl’UQd'U,Q‘| &(uq)duy

—o0 1— QL

N[

where ¢o(+,-) is the pdf of bivariate normal distribution N, ((0 0), [1 ﬂ), and ¢(-) is

the pdf of univariate standard normal distribution. Now, differentiating with respect to
w, we get

fww) = [~ [ L e <u2, ﬁ@) duQ] (s du

Vows
o (ul, \/%) dull o (uz2)dusg

NI

b (e ?
I — 2oyy [ 2(1—p2)< 2 W) du2] Qb(ul)dul

\/ﬂ\/l -

2
[e’e) [e’e) _ 1 w1 — pw
/ [/ 176 2(1_”2)< ' v"yy) du1] P(uz)dus
—00 u2+

/JW 2 (u1,v1)dvldu1] o(uz)dua,

1
N \/OyyV 2T

1 _
+ - e 20‘yy
/Oy V2T e V211 — P>

9 0o o [ pw
— \/ry:\/ﬂeﬁyy [/_oo (1 ) (ul (\/;Ti—;m))) o (uq)duy
0, _ _pw
+ /_O:o (1 —® (u2 i (winfm))) ¢(u2)du2]
! e_ZZUyQy {(1 _ [T o(up)® (UI _ ( ?fm i \/p(%)) dul)

 JowVer

00 u S
o)
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Using the identity (see [11]) [0 @ (“’—\}'5) o(u)du = ® ( 1“+b> , we have
1 w? pw \/eL pw \/HL
w) = e Zoyy | P Vyy Oza + P VOoyy Oxx )
fw(w) /Oy V2T 2 — p? V2 — p?
Hence the result follows. D

The following theorem establishes the admissibility of the estimators §; within the class
Qq.

Theorem 3.2. Let

oo { i) o

_a()’%’ lf O'ggygoa
and
_a‘Tny’ if O'xyZO
di =
—t g e m{e (B} i on <0

Let 64 € Qg be given estimators of (95?. Then,

(i) Within the class Qq, the equivariant estimators dq are admissible for dy < d < di,
under the loss function given in Equation (1.1),

(ii) The equivariant estimators 04 for d € (—oo,dy)U (d1,00) are inadmissible even within
the class Q.

Proof. For a fixed 8* = (6,,0,)7 € R, define ¥(8*) = —11n [Eg* (eawﬂ, where W =
Yo — 9§ . Then, for fixed 8* € R? , the risk function of the estimators &, is given by

R(34,07) = Bg+ [t 4=%) — g (Y +d — 65) — 1]

It is easy to verify that R(dq4,0") is minimized at d = U(0*) = —% In |:E0* (eaw)}. Using
Lemma 3.1, we have

ao. 1
(0) = — 7% _ "1y [H,(0,
(6) 5~ o Inl[Ha(6:)],
where for a # 0, Hy (0,) = @ (“2322 ) + @ (2222 ). Clearly, the behavior of Ho(0,)

depends on 6, € (0,00). To see the behavior of H, (0,), we will differentiate H, (6;) w.r.t
0. We have

1 a0 zy + 0 1 a0y — 0
H _ Ty z\ Ty x
“ (9:8) V 204 (b ( V 2024 ) \/2Umx ¢ ( \/2Urm ) >0

o (T) > ()

2
1 aocgy+Ox 1 aogy—HOgz
o e 2\ Voo > e 2\ V20zz

a2o'a2,:y+9:%+2ao'zy91 1 H42U:%y+9%72a0'zy01)
- 2021 ) 201
= e >e

aogy bz aogy bz

&S e 20z > e 20ua

N

& aogy < 0.

Therefore, for acyy > 0 (aoyy <0), Hy(6,) is a decreasing (an increasing) function of
6, € (0,00). Using the monotonicity of H, (), we conclude that for o, > 0 (0, < 0),
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VU (6) is an increasing (a decreasing) function of 6. Therefore, for o, > 0

inf ¥(0")=dp and sup ¥(0*)= lim ¥(0") = dj, (3.1)
H*ERi G*ERi 0z —00
and for o, <0
inf ¥(0*)= lim ¥(0*)=dy and sup ¥(0%)=d;. (3.2)
G*ERi 0y —00 0* cR2
+

(i) Since ¥(0*) is a continuous function of 8%, it follows from Equations (3.1) and (3.2)
that any value of d in the interval (dp,d;) minimizes the risk function R(d4,0") for some
0* ¢ R%r. Consequently, the estimators d4, for any value of d € (dp,d;) are admissible
within the subclass Q4. The admissibility of the estimators d4, and d4,, within the class
Qg, follows form continuity of R(d4,0").

(ii) For a fixed 8* € R2,, the risk function R(d,4, 6%) is a decreasing (an increasing) function
of d for d < ¥(0*) (d > ¥(8*)). Since dy < ¥(0*) < dp,V 6* € R2, it follows that the
equivariant estimators d4 are dominated by dg4, for d < dyp and 64, for d > d;. ]

Remark 3.3. The estimator dy 2 is a member of the class Qg for d = —%aayy. Then,
using Theorem 3.2, the estimator dy 2 is admissible within the class Q.

4. Some Results of Improved Estimators

In this section, using the loss function given in Equation (1.1), a sufficient condition for
improving equivariant estimators of Hf in the general class Q. is derived. The following
lemmas are needed for establishing the result.

_ _ _ S _ Ox
Lemma 4.1. Let T} = X(l) — X(g), T = Yv[l] — va]’ T3 = }/[2] — Qy, p = \/ﬁ, and
0" = (0,,0,)7 € R%— Forty <0, ty € R, the conditional pdf of T3 given Ty = t1,15 = to is

given by

Sy (13|11, T2)

[ ) Dl ) )

Ty Dy (t1,t2,0%) + D2 (t1,t2,0%)
where
t2 *ay . tl _090
DMmmeﬂ_¢C29y¢ o () - (45%)
and

to+6 . 0.
D2 (t17t279*) = ¢ (%) ¢ (p( zo—yj) (tl;;x“>
yy

(ii) Fort; <0 and t2 € R,

a20yy atg

where for t1 <0 and ts € R,

—aby

a0,
Dy (t1,t2,0%) ez + D (t1,t2,0%) e 2
Dy (t1,t2,0%) + Dy (t1,t2,0%) ’

At ts,0%) = (4.1)

V 6" € R2
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Lemma 4.2. Fort; <0 and ts € R, define

gO(tl,tQ,e*) = —2111 [E (eaT3’T1 = tl,TQ = tg)]

1
- %2 B ailﬂ — —In[A (t1,t2,0)] (Using Lemma 4.1 (ii)),
a

where A(+) is given by (4.1). Then, for t; <0 and ty € R,
Pr (t17t2) < @(tl)t270*) < ¥s (t1)t2)7 Vo e Rz )
where
%g_aijyy’ if tlf ,OtQ <0 and L‘Q—fptl < — Uw(l—pz)
¥ (tlth)
—00, otherwise,

and

%2 Mj%, if t1&— pta >0 and ta — Epty > — U“’ (1—p?)
ps (t1,t2) =
o0, otherwise,

where £ = /22,

Ozx

Now, we exploit the approach of [9] to obtain a sufficient condition for improving the
equivariant estimators of the form d, (Z) = Yjg + ¢ (11, T2), where T1 = X () — X(9) and
To =Yy — Y-

Theorem 4.3. Consider an equivariant estimator 6, (Z) = Yo + ¢ (11, T») 0f9 , where
©(+) denotes a function of Ty and Ty. Suppose that

P {p(T1,T2) < o1(T1, To) } U {p(T1, T2) > ¢s(T1,T2)}) > 0,

where ¢1(+) and gs(-) are as given in Lemma 4.2. Then, using the loss function given in
Equation (1.1), the estimator 6,(-) is improved by 6;,(Z) = Yjg + ¢*(T1,T2), where

er(Ty, Ta), if o(T1,T2) < @r(T1,T3)
¢ (11, 1) = ¢ o(T1,T2), if 1(Th, T2) < (T, Ts) < ps(T1, T2)
es(T1, Tz), if ¢(T1,T2) > ¢s(T1, T2).
Proof. (i) Consider the risk difference of the estimators é, and ¢;, and
R(0%,6,) — R(0%,6) = E [Kg+(T1, T2)],

Ko+ (t1,t2) = E [ea(éw(z%eys) —a(6,(2) - 05) — 1‘ Ty =t,Tp = tQ]
_E {ea(éz(z)—ef) —a (5;;(2) _ 9§> _ 1‘ Ti=t,Ts =t
- B [ea(év(Z)—ﬂg) a(a* (2)-63)

— 1, Ty = tg]

—aB [0,(2) - 55(2) ‘Tl =11, Tp =ty
=K [ o(Yiatelin t2)—05) _ pa(Yiay " (fa.t2)— {Tl =11, To = ta] —afe(t1,t2) — w*(tl,h)]
= [eaeltnts) — eae"tt)] (VW) = 11, o = 1) — a [p(t1, 1) — " (b1, 2)]

_ [erettnte) _ gos 0] oanl1020) _ [ (t1,13) — " (11, 2)].
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The last line of the above expression follows from Lemma 4.1 and Lemma 4.2. Now
suppose that p(t1,t2) < @r(t1,t2) (so that ¢*(t1,t2) = ¢r(t1,t2)), then

Ko-(t1,t2) = [ p(tista) _ gavr(ty, t2)} e—ap(tit2,0%) _ (o(t1,t2) — @r(t1,t2))
[ea‘p ft2) aW(tl’tz)} emaerlint2) _ g (p(t1,t2) — pr(t1,t2))

[ a{p(t1,t2)—pr(ti,t2)} _ } alp(ty,ta) — pr(ti,ta)].

Using the property e* > 1+ x,Vx # 0, we have Ky« (t1,t2) > 0,Va # 0. If
(pl(tlatZ) < So(tlatQ) < SOS(tth) (SO that @ (t17t2) - So(tlth))7 thena KB*(tl)tQ) = 0.
If go(tl,tg) > 905(751,752) (SO that (,0*(751, tQ) = ¢S(t17t2)), then,

Ko« (t1,t2) = [e““’(“@) —~ ea*’s(tl»tz)} = R0) — g (ot t2) — ps(t1, 12))

2 [QW(tl’t2) - €a¢3(t1’t2)} e sti2) — g (p(ty, t2) — @s(t, t2))

— [ea{w(tl,tz)—ws(tl,tz)} _ 1} —alp(ty,ta) — ps(t, t2)] .

Again using the property e* > 1+ x, Vo # 0, we have Ky (t1,t2) > 0, Va # 0. Now,
since P ({p(T1,T2) < p1(T1,T2)} U{p(T1,T2) > ¢s(T1,T2)}) > 0, we conclude that

R(0%,0,) — R(0%,0;,) >0, VO € Ri,
and the strict inequality holds for some 6* € Ri. Hence the result follows. O

Improved estimators

Here, we provide some improved estimators of 95 by using the result of Theorem 4.3.

Improved estimator 1: The estimator dn,1 = Y isa member of the class Q. (0, with ¢ = 0).
It follows from Theorem 4.1 that, the estimator dx; is improved by
(511\71’1 (Zl, ZQ) = Y’[Q] + g0N71(T1,T2), where

or(T1,T2), if 0 < or(T1,13)
on1(Th, Tz) =4 0, it ¢r(T1,T2) <0 < ps(T1,T2)

¢s(T1,Ta), if 0> ps(T1,T3),
and ¢7(T1,T3) and ¢g(T1,T3) are given in Lemma 4.2. For a > 0 and 0 < p < 1, the
estimator dx,1 is improved by
. Tt eow i Ty > 08 and o7y — a%(1 - p?) < Tp < G
0N1(Z1,2Z,) =

ON1s otherwise.

Improved estimator 2: For a < 0 and —1 < p < 0, the estimator dy,; is improved by

Y +Y] . :
SR 2% Ty < £2 and 2B < Ty < EpTy — a%g (1 p?)

ON1s otherwise.

051 (Z21,2,) = {

Improved estimator 3: For a > 0 (a < 0) and —1 < p <0 (0 < p < 1), the estimator
On,1 is improved by

Y; Y .
7[1]; 2 _ LZyy’ if T < pTT2 and LUZyy <Th) < épTl — agﬂ(l — p2)

511\%1 (Z1,25) = or 17 > ”TTQ and (way > Ty > EpT —agﬂ(l —p%)

ON1s otherwise.
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Improved estimator 4: For a < 0 and p = 0, the estimator dx,; is improved by

Y +¥a) _ Cw4yy if ‘WZyy <T, < _ agyy

N1 (Z1,Z9) = ? ’ ?
ON1s otherwise.

For a > 0 and p = 0, Theorem 4.3 fails to provide an improved estimator upon the
estimator oy 1.

Improved estimator 5: The estimator dy2 = Y}g — 2uy

2
(6, with ¢ = —232). Tt follows from Theorem 4.1 that, the estimator dy 2 is improved by

611\71,2 (Zla Z2> = Y[Q] + 90N72(T1,T2), where

is a member of the class Q.

or(Ty,Tp), if — 22 < i(Th,Ts)

ona(Ti, To) = —232, if or(Th,To) < =232 < pg(T1, o)
s(T1,Tp), if — 252 > pg(Th,Tb).

Fora>0(a<0)and 0 < p <1 (—1<p<0), the estimator dy 2 is improved by

Yi4Y: )
7[1]2 2 _ —a'zf’y, if T4 < p% and — MQ’“’ <T, < &pTy — Mny(l —p%)

511\71,2 (Z:1,2,) = or Th >%and — 2w > Ty > EpTy — a8 (1 — p?)
ON 2, otherwise.

Improved estimator 6: For a > 0 and —1 < p < 0, the estimator dy 2 is improved by

Y Tt o Ty < 22 and - % < Ty < EpT) — % (1 p?)
5N,2 (Z1,25) =
ON,2, otherwise.

For a < 0 (a # 0) and 0 < p <1 (p = 0), Theorem 4.3 fails to provide an improved
estimator upon the estimator dy o.
Improved estimator 7: For a > 0, 0 < p < 1, and 3 < @5 or 3 > g, where

w3 = éln {1 + (eaTQ — 1) P (\/%)}, and o7 and ¢g are as given in Lemma 4.2, the

estimator dy 3 is improved by
L];Ym — a‘j%, if Th < % and T < &pTy — a%(l —p%)
51]\/1,3 (Z1,2,) = or 11 > % and T > &pTy — a%(l —p?)

ON 3 otherwise.

Improved estimator 8: For a < 0 and 0 < p < 1 and ¢3 < 1, the estimator dy 3 is
improved by

Y +¥g

2 - ai%y, if Ty < ’%2 and Ty < £pTh _aaéﬂ(l —p2)

6]-[\]273 (Zla ZQ) =
ON 3, otherwise.

Improved estimator 9: For a # 0, —1 < p < 0 and @3 < 5 or @3 > @, the estimator
0n,3 is improved by

Y +Y] . .
e e I Y PIRS mln{%,ﬁpﬂ — a1 - pQ)}

511\%3(21’22): or max{%,fpﬂ—a%(l—f)} <17y

ON 3 otherwise.
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Improved estimator 10: For a # 0, p = 0 and o3 < ¢y, the estimator dy 3 is improved

by
Yi1+Y]
m;r 2 _ %% if Ty < 0and Tp < —93%
(21, 2Z,y) =
N,3( 1,22)
ON.3, otherwise.

Improved estimator 11: For a > 0 and 0 < p < 1, the estimator dy 4 is improved by

m e S A max{ 204z, pg} and T > EpTy — S5 (1 — 0%)

I1 _ ) Yty .
oNa(Z1,2Z2) = w — 2w if % < Ty < =204, and 232 > Ty > EpTh — 22 (1 — p?)
ON 4, otherwise.

Improved estimator 12: For a > 0 and —1 < p < 0, the estimator dy 4 is improved by
M — 2w i T > max{ /204, pgz} and Ty > £pTy — “2 (1 — p?)
L];Ym — %2 if Ty < min {fc\/m, "%} and 23 < Th < EpTy — 252 (1 — p?)

or p; < Ty < =204 and 5 > Ty > EpT1 — 52 (1 — p?)

5}\%4 (Z1,2Z>) =

ON 45 otherwise.

Improved estimator 13: For a < 0 and 0 < p < 1, the estimator dy4 is improved
by

Vi +Y; .
w — %%7 if —ev20.,<Ti < pT2 and Ty < €pTy — aoyy(l - %)

Yi+Y] ] . .
I B % — a'zl#, if 71 < min {—c\/20m7 PT?} and aouy <Ty <&pTh — aayu (1—-p%
ona(Z1,2Zs) =

or % < Ty < —c\/20,5 and 52 > Ty > EpTh — 252 (1 — p?)

ON 4, otherwise.

Improved estimator 14: For a < 0 and —1 < p < 0, the estimator dx 4 is improved by

Yut¥ia _ i — /205, <Ti < pT2 and Th < {pTy — 2 (1 — p?)
511\?%4 (Z1,2>) = m - T < min{—c\/Zom, /’%} and 2% < Ty < &pTy — a8 (1 — p?)
ON4, otherwise.

Improved estimator 15: For a < 0 and p = 0, the estimator dy 4 is improved by

Yi1+Y; .
7[”2 Ll _ —Mfy, if T > —c\/204, and Ty < — Myy

I5 _ ) vy .
ON4(Z1,2Z2) = w — 22 i T < —ey/20,, and S5 < Tp < -5

ON 4, otherwise.

For a > 0 and p = 0, Theorem 4.3 fails to provide an improved estimator upon the
estimator o 4.

5. An application to Poultry feeds data

In this section, a data analysis is presented using a real data set (reported in [25])
to demonstrate the computation of various estimates of 9§ . Olosunde [25] conducted a
study to compare the effect of two different copper-salt combinations on eggs produced
by chicken in poultry feeds. An equal number of chickens were randomly assigned to be
fed with each of the two combinations. A sample of 96 chickens were randomly selected
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from the poultry and were divided into two groups, of 48 chickens each. One group was
given an organic copper-salt combination and an inorganic copper-salt combination was
given to the another group. After a period of time, the weight and the cholesterol level of
the eggs produced by the two groups were measured. The observed data from the organic
and the inorganic Copper-Salt combinations are reported in [25] and presented in Table
1. The eggs with more weights and less cholesterol is preferable.

Table 1. Organic and Inorganic copper-salt combinations observed data.

Organic Copper-Salt Inorganic Copper-Salt
Weight Cholesterol Weight Cholesterol
56.08 56.34  60.73 66.03 | 52.67 53.17 164.23 167.42
56.61 56.87  71.33 76.63 | 53.67 54.17 170.60 173.78
57.13 57.39 81.86 81.93 | 54.67 55.17 176.96 180.14
57.65 57.92  81.93 87.16 | 55.67 56.17 183.32 186.51
58.18 58.44  92.46 92.52 | 56.67 57.17 189.69 192.87
58.70 58.96  97.76 97.82 | 57.67 58.17 196.05 199.24
59.23 59.45 103.06 103.11 | 58.67 59.17 202.42 205.60
59.75 60.01 108.36 108.41 | 59.67 60.17 208.78 211.96
60.27 60.54 113.66 113.70 | 60.67 61.17 215.14 218.33
60.80 61.06 118.96 119.00 | 61.67 62.17 221.52 224.69
61.32 61.58 124.26 124.30 | 62.67 63.17 224.85 227.88
61.85 62.34 129.56 129.60 | 63.43 65.15 228.03 231.06
62.11 61.85 134.86 134.89 | 65.67 63.43 228.01 224.83
61.58 61.32 140.16 140.19 | 62.93 62.43 221.65 218.46
61.06 60.80 1745.46 145.48 | 61.93 61.43 215.28 212.10
60.54 60.27 150.76 150.78 | 60.93 60.43 208.92 205.74
60.01 59.75 156.06 156.08 | 59.93 59.43 202.56 199.37
59.49 59.23 161.36 161.37 | 58.93 58.43 196.19 193.01
59.00 58.70 166.66 166.67 | 57.93 57.43 189.83 186.65
58.44 58.18 171.96 171.97 | 56.93 56.43 183.46 180.28
57.92 57.65 177.26 177.26 | 55.93 55.43 177.10 173.72
57.39 57.13 182.56 182.56 | 54.93 54.43 170.74 167.55
56.87 56.61 182.56 187.86 | 53.93 53.43 164.37 161.19
56.34 56.08 187.86 193.16 | 52.93 52.43 158.01 154.83

Let 71 and 7o represent the populations given an organic copper-salt combination and
an inorganic copper-salt combination, respectively. Let (X;,Y;) be a pair of observations
from the population 7;, ¢ = 1,2, where the X-variate denotes the average weights of eggs
and the Y-variate denotes the corresponding average cholesterol levels. A number of 48
observations corresponding to each measurement is available from the data obtained by
[25]. Since the sample sizes of the two populations are same, the pooled variance-covariance
matrix is used. The obtained data are assumed to have a bivariate normal distribution
with different means and common known variance-covariance matrix. To check the validity
of the bivariate normality assumption for the available data set, we apply the Royston’s
normality test, given in the R-software package “MVN" that provided by [13]. Royston’s
test combines the Shapiro-Wilk (S-W) test statistics for univariate normality and obtain
one test statistic for bivariate/multivariate normality. The Royston’s and Shapiro-Wilk
tests statistic with corresponding p-values are presented in Table 2.

From Table 2, we may conclude that the data set satisfy the bivariate normality as-
sumption at 0.05 level of significance. The estimated parameters of the bivariate normal
model (based on ML) are presented in Table 3.
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Table 2. Normality test, p-values, kurtosis and skewness.

Test Measure Statistic p-value  kurtosis Skewness  Normality
Royston st 5.878109 0.0529 Yes
S-W m1-weight 0.9569  0.0758 -1.256476 0.01487668 Yes
S-W mi-cholesterol ~ 0.9598 0.0988 -1.213823 -0.09288089 Yes
Royston T2 2.867 0.1051 Yes
S-W ma-weight 0.9679  0.2089 -1.110509  0.1015675 Yes
S-W ma-cholesterol ~ 0.9543 0.0592 -1.263555 -0.0816612 Yes

Table 3. Estimated parameters of the bivariate normal distribution.

Population = Measure Mean Variance Covariance
m weight 59.0997 8.1645 40.0655
cholesterol 131.4569 952.9425
T2 weight 58.3516 8.1645 40.0655
cholesterol 195.7275 952.9425

Recall that, the quality of a population is determined with regard to their X-variate,
while the corresponding Y-variate is of main interest. We say that the population m; =

N (0(1), 2) is better than the population m, = N (0(2), 2) if 99(31) > 09(62) and the popula-

tion 7 is considered better than the population 7 if 93(51) < 03(52), where 1) = (93(51), 91(/1))T

and 6 = (99(3), 9?52))T are the mean vectors of the populations 71 and 7o respectively.

From the data we have 8" — (59.0998,131.4569)7, 8 — (58.3517,195.7275)7, and

3 = { 48()"10664555 94502"09645255} It can be observed that the average weight of eggs from
chicken fed with an organic copper-salt combination is larger than the one with an in-
organic copper-salt combination. Therefore, using the natural selection rule ¥ given in
Equation (1.2), we may conclude that the population 7; is preferable over the population
mo. Also, the average cholesterol level for the population 7 is less than that for the pop-
ulation 7. Hence, based on the above observations, the organic copper-salt combination
is recommended. This result was also obtained by [25]. The various estimates of 05 of the
selected bivariate normal population are presented in Table 4.

Table 4. The various estimates of 05 for different values of a.

Estimators a=0.1 a=-0.1 a=0.01 a=-0.01 0.001 -0.001
N1 131.4569 131.4569 131.4569 131.4569  131.4569  131.4569
SN2 83.80977 179.104 126.6922 136.2216 ~ 130.9804  131.9334
N3 188.1252 137.7294 166.5778 137.7294  161.9665  160.9386
Sna(c) 1314569 (0.1) 131.4569 (0.15) 163.5922 (0.5) 163.5922 (1) 163.59 (v2) 163.59 (2)
7 131.4569 - 131.4569 - 131.4569 -
58 - 131.4569 - 131.4569 - 131.4569
SN2 83.80977 179.104 126.6922 136.2216  130.9804  131.9334
533 188.1252 137.7294 166.5778 137.7294  161.9665  160.9386
083 - 137.7294 - 137.7294 - 160.9386

04, (c) 1314569 (0.1) 131.4569 (0.15) 163.5922 (0.5) 163.5922 (1) 163.59 (v2) 163.59 (2)
08, (c) 1314569 (0.1) 131.4569 (0.15) 163.5922 (0.5) 163.5922 (1) 163.59 (v2) 163.59 (2)
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6. Risk comparisons of estimators

In this section, we compare the risk performance of the proposed estimators of 95 , using
the loss function given in Equation (1.1). For this purpose, a simulation study is performed
using MATLAB software to compute the values of risk of the various estimators. 20,000
simulation runs with different configurations of parameters are used to obtain the risk
values. Note that the estimator with the least average risk values is preferable. Further,
the natural selection rule v presented in Equation (1.2) is used for achieving the aim
of selecting the best bivariate normal population. It is easy to see that, the risk of the

proposed estimators of 9}‘? depend on the parameters o, oyy, p, @ and ) = (99(61), 9351)),

62 = (09(02),03(/2)) (only through 6, and 6,). So that, the risk functions are vary for
different combinations of these parameters. The computed values of risks of the various
estimators of 95 are presented in Tables 5-10, for different combinations of 6, 6 and
for 040 = 0yy = 2, p € {—1,0,1}, and a € {—1,1}. Note that the computation of risk
values was carried-out for other values of a and p but these values were omitted from the
tables because the same results were obtained. The risk values of the hybrid estimator
On,4 were calculated for ¢ = 1. In view of the risk values in Tables 5-10, we present the
following assessment of the estimators of H*yg .

(1) For a > 0 and 0 < p < 1, the improved estimators 5][\,1’1 and 5][\,%2 provide a
considerable improvement upon the estimators dy; and dx 2, respectively. The
improved estimators 511\}73 and 53’\,1’ 4, have the same performance with the estimators
On,3 and Oy 4, respectively, hence their risk values were omitted form Table 5. The
improved estimator 5]{,22 dominate all other estimators and has the least values of
risk among other estimators.

(2) For a > 0 and —1 < p < 0, the improved estimators 5N1, 5N2, 513 N3 and 512
perform better than their respective natural estimators. However among all these
estimators the improved estimator (5][\;9’71 has the best performance.

(3) For a > 0 and p = 0, the improved estimator 5][\;173 provides a significant improve-

ment upon the estimator dy 3. Also, the estimator 5][\;13 has better performance
than the estimators dx 2 and dn 4 when 6, < 0.2. But, when 0, > 0.2 the estimator
dn,2 performs better than 6][\;1’3. Further, the estimator dy 2 dominates the three
estimators dn,1, dn,3 and 4.

(4) For a < 0 and 0 < p < 1, the estimator dy4 dominates the estimators dn 2
and dy,3, but, when 0, and 0, are very close to zero, dn,3 dominates dn 4. The
estimator dy,; dominates all the estimators of «95 The improved estimators 643 N1

5! 273 and 51 N4 have the same values of risk with the estimators dn1 dn3 and dy 4,
respectively, hence their risk values were omitted form Table 8.

(5) For a < 0 and —1 < p < 0, the improved estimators 6N1, 5N2, o 33 and 6N4 pro-
vide considerable improvement upon their respective natural estimators. However
the improved estimator (51 2, has the least risk values among all these estimators.

1

(6) For a < 0 and p = 0, the 1mproved estimators d&} N.1s 5]1\;1’3 and 6][\,57 4 provide only
marginal improvement upon the estimators dy,1, dn,3 and dn 4, respectively. The
estimator 611\,5 4 dominates the other estimators when 6, and 60, are very close to

zero, but when 6, and 6, are not close to zero the estimator dy 2 dominates 647,

Based on the above observations, we conclude that, for ¢ > 0 and 0 < p < 1 the perfor-
mance of the estimator 5{\%2 is satisfactory, hence is recommended for practical purposes.
For a > 0 and —1 < p < 0, the estimator 6131 is recommended. For a > 0 and p = 0, the
estimator (5 N3 is recommended when 6, < 0.2 and the estimator dx 2 is recommended for
other values of 0, and 0,. For a <0, the use of the natural estimator dy,; is recommended
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for 0 < p <1 and the estimator 5{\%2 is recommended for —1 < p < 0. Also, for a < 0 and

p = 0, the estimator §1?, is recommended when 6, and 6, are very close to zero, and the
estimator dy 2 is recommended when 6, and 6, are not close to zero.

Table 5. Risk values of the various estimators of 67 for a =1, 0,0 = 0y =2, p= 1.

o1

92

ON,1

T1
N1

N

12
ON2

ON,3

ON,4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(0,0)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(0,0)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

2.6462
2.6458
2.6915
2.9213
2.7271
2.6445
2.8050
3.0249
2.7631
2.5929
2.5158

1.7312
1.6916
1.6833
1.7103
1.5697
2.6445
1.5987
1.7512
1.6928
1.6722
1.7084

0.9743
1.0069
1.0001
1.0110
1.0090
1.0463
0.9524
0.9608
0.9847
0.9783
0.9673

0.8315
0.8184
0.7655
0.7371
0.7050
1.0463
0.7978
0.8304
0.8421
0.8634
0.8592

3.7656
3.4462
2.9903
2.4982
2.5228
2.4251
2.6302
2.5218
2.5866
2.8642
3.4061

2.5723
2.7156
2.3291
2.2103
2.2934
2.3460
2.3102
2.3739
2.4471
2.5125
2.6093

Table 6.

Risk values of the various estimators of 95 fora=1, 04 = 0yy =2, p=0.

FIE)

92

ON,1

ON,2

ON,3

T4
ONn,3

ON,4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(0,0)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(0,0)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

1.8102
1.7510
1.7064
1.7238
1.6948
1.7815
1.7621
1.7868
1.8065
1.7162
1.7324

1.0294
1.0135
0.9899
1.0044
0.9882
0.9668
0.9876
1.0149
1.0233
1.0005
1.00108

2.8037
2.2707
1.7890
1.5421
1.4484
1.4718
1.4629
1.6371
1.8261
2.1955
2.7087

0.2382
0.2913
0.3291
0.5055
0.6394
0.7055
0.8513
1.1382
1.4093
1.8950
2.5046

1.7059
1.4270
1.2453
1.0612
1.0201
1.0048
1.0175
1.1297
1.2745
1.3780
1.6951

Table 7. Risk values of the various estimators of 67 for a = —1, 040 = 0y =4, p = 1.

o1

9(2)

ON,1

ON,2

ON,3

ON,4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(070)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(070)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

0.8470
0.7248
0.7089
0.7276
0.6622
0.7230
0.6552
0.7326
0.7397
0.7428
0.7429

1.0127
1.0865
1.0710
1.0884
1.0792
1.0702
1.0754
1.0777
1.0828
1.0912
1.0854

5.7682
2.5465
1.3354
0.8350
0.6940
0.8046
0.6857
0.8444
1.2542
2.5213
5.7609

0.8711
0.8804
0.8717
0.7409
0.7321
0.8953
0.7314
0.7707
0.7920
0.9157
0.9237




Table 8. Risk values of the various estimators of 0 for a = —1, 04y = 0y =4, p= —1.
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F1E))

02

On1

T2
N

On,2

T2
ON.2

ON,3

13
ON3

ON,4

11
ON.4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(0,0)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(0,0)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

2.5510
2.7091
2.6500
2.9947
2.6574
2.5950
2.7163
2.7172
2.6410
2.6376
2.5747

1.5050
1.5983
1.3048
1.5611
1.3893
0.9487
1.3609
1.4031
1.2674
1.5342
1.4634

0.9719
0.9564
0.8987
0.9747
0.8401
0.8343
0.8578
0.8875
0.8919
0.9428
0.9800

0.8279
0.7988
0.6791
0.6968
0.6219
0.5545
0.6191
0.6452
0.6566
0.7901
0.8183

5.4113
5.8670
5.9427
6.7696
6.1065
6.0156
6.2608
6.2037
5.8921
5.7970
5.5067

2.6828
2.7114
2.1990
3.0248
2.6089
1.3589
2.5868
2.7325
2.1696
2.6678
2.5940

2.2766
2.3859
2.3006
2.5833
2.2276
2.1910
2.2753
2.3345
2.2734
2.3202
2.2982

1.4729
1.4868
1.1539
1.4237
1.2886
0.8812
1.2710
1.2680
1.1366
1.4445
1.4377

Table 9. Risk values of the various estimators of 95

fora=1, 0pp =0yy =2, p=—1.

16

92

dn1

13
N

On,2

T1
On,2

ON,3

13
ON3

ON,4

T2
ON.4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(0,0)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(0,0)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

0.8444
0.8144
0.7200
0.6935
0.6668
0.6636
0.6759
0.6741
0.7262
0.8091
0.8739

0.8311
0.7603
0.6401
0.6061
0.5711
0.5244
0.5883
0.5921
0.6411
0.7601
0.8523

1.0076
1.0551
1.0794
1.1007
1.1303
1.1273
1.1219
1.0815
1.0883
1.0564
1.0286

0.9003
0.8648
0.7991
0.8165
0.7972
0.6705
0.8072
0.8039
0.7959
0.8658
0.9121

1.1567
1.0014
0.7685
0.6789
0.6010
0.5974
0.6331
0.6631
0.7793
0.9857
1.1834

1.0309
0.8922
0.7001
0.6317
0.5749
0.5728
0.6077
0.6163
0.7183
0.8826
1.0477

1.1740
1.0819
0.8720
0.8052
0.7359
0.7312
0.7545
0.7860
0.8866
1.0557
1.2171

1.0267
0.9385
0.7522
0.7123
0.6551
0.6167
0.6796
0.6968
0.7703
0.9217
1.0514

Table 10. Risk values of the various estimators of 95 fora=—1, 043 =0yy =4, p=0.

F1E))

92

On1

11
N1

ON,2

ON,3

ON,4

15
N4

(0.2,2)
(0.4,1.8)
(0.6,1.6)
(0.8,1.4)

(1,1.2)

(0,0)

(1.2,1)
(1.4,0.8)
(1.6,0.6)
(1.8,0.4)

(2,0.2)

(2,0.2)
(1.8,0.4)
(1.6,0.6)
(1.4,0.8)

(1.2,1)

(0,0)

(1,1.2)
(0.8,1.4)
(0.6,1.6)
(0.4,1.8)

(0.2,2)

1.6912
1.7057
1.7053
1.7269
1.6670
1.6932
1.7682
1.7416
1.6809
1.6833
1.6913

1.6477
1.6595
1.6616
1.6796
1.6183
1.6436
1.7364
1.7215
1.6567
1.6786
1.6913

0.9909
0.9975
0.9974
1.0031
0.9756
0.9835
1.0191
0.9995
1.0217
0.9869
1.0117

80.5726
63.5385
92.9430
39.0709
24.7978
24.7124
47.2484
34.1616
53.2835
136.5534
76.2712

1.3579
1.2313
1.1331
1.0501
1.0183
0.9684
0.9901
1.0370
1.1860
1.2239
1.4199

1.2440
1.1164
1.0304
0.9585
0.9209
0.8822
0.8853
0.9302
1.0729
1.0576
1.2616
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