Igdir Universitesi Fen Bilimleri Enstitiisii Dergisi, 11(4): 3063-3071, 2021
Journal of the Institute of Science and Technology, 11(4): 3063-3071, 2021
ISSN: 2146-0574, elSSN: 2536-4618
Matematik / Mathematics DOI: 10.21597/jist.937483
Arastirma Makalesi / Research Article

Gelis tarihi / Received: 16.05.2021 Kabul tarihi / Accepted: 09.07.2021
To Cite: Halici S, 2021. On Some lIdentities Involving Cauchy Products of Central Delannoy Numbers. Journal of the
Institute of Science nd Technology, 11(4): 3063-3071.

On Some Identities Involving Cauchy Products of Central Delannoy Numbers

Serpil HALICI

ABSTRACT: In this paper, we have examined Cauchy products of central Delannoy numbers.
Moreover, using their recurrence relation we have derived some important identities such as the Cassini
and Catalan's identities which contain these products.
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INTRODUCTION

Delannoy Numbers, d
equation for i,j € Z
dij=diqj+tdij1+diqj1.
do, = 1 and for negative values i or j itis d; ; = 0. The number d; ; gives geometrically the number of

lattices that can be drawn from point (0,0) to point (i, j). For detailed information about these numbers,
the studies of (Sulanke, 2003; Banderier et al, 2005; Wang et al, 2019; Deveci at al, 2021) can be viewed.
Diagonal elements d,, ,, are called central Delannoy numbers while n > 0.

Asymmetric Delannoy numbers d~m’n give starting from the origin point to (m, n + 1) the number
paths. Some asymmetric Delannoy numbers can be listed as

{don} ., =1{1,2,4,816,32,-},

{din} ., =11,3,820,48,112,-},

{don} ., =1{1,4,13,38,104,272, - }.
The numbers d,, ,, = D(m) are called central Delannoy numbers (Qi, 2019). The generating function
of these numbers is given by

G(x) = Zpoo D(M)x* = 14 3x +13x2 + 63x° + - = —— .

For k € N, these numbers are calculated by the following determinant (Qi et al, 2016).

i,j» were defined in the 19th century by H. Delannoy using the following

ag 1 0 -0 0 0
a a, 1 -0 0 0
.0 0 0

D(k) = (-1)*

Ag-2 Ag-30k-4~ a1 1 0
Ak-1 Ag—20k-3 Az a7 1
Ak Ag—10g—2+ A3 Az Ay

Here the terms a,, are

_(_1)k+1 Kk @r=-3)"
a, = 6k l=1(_1)l621 DN (k—l)'

When the above calculation is continued, the elements of the sequence D (k) can be listed and some
central Delannoy numbers, for 1 < k < 11, as follows:

{1,3,13,63,321,1683,8989,48639, 265729, 1462563,8097453, ... }.
Since the Cauchy product of the two sequences such as (a,, ), (b,, ) is defined by a discrete convolution.
For the central Delannoy numbers, this product can be also defined as

¢k = Xieo DD (k = D).
In (Qi et al, 2016)], the authors have given the following useful identities, including explicit formulas
that give these numbers with the help of the generating function of central Delannoy numbers D (k) and
Cauchy products of these numbers.

i) For k = 0, the Cauchy product of the numbers D (k) is calculated as
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k (—1) k l
ZD(DDU‘ D= Z(_l)%ﬂ (k - l)'

i) For k > 2, the Cauchy product of central Delannoy numbers provides the following
property:

k k—1 k-2
D(OD(k-1)—6 ) DIOD(k—-1-1)+ ) D(OD(k—-1-2)=0.

iii) For k > 1, the Cauchy product of central Delannoy numbers can be calculated by the
following k order tridiagonal determinant:

—-6100 0 00

1 -610 0 00

0 1-61 0 00
(—DF =

0 00O —6 10

0 000 1-61

0 000 0 1-6

MATERIAL AND METHODS

Since each recurrence relation can be expressed as a difference equation, some authors use
difference equations and recurrence relations interchangeably. The solution method of difference
equations is used in the solution of recurrence relations. The coefficient of x™ in the power series of the
function g(x) obtained as the generating function for the given repeated relation can be obtained g(x)
can be solved algebraically, and g(x) is expressed as a power series to obtain the term a,,. In other
words, the recurrence relations can be solved with the help of the corresponding generating function. In
[Qi(2019)], the matrix M, (c) related to central Delannoy numbers is defined and given generating
function for the numbers D, (c). In this section, with the properties of the recurrence relations, we give
some important identities. For c € C and k € N, this matrix is

c100---000
1 c10- --000
0 1c1- --000

M (c) =
0000 --c10
0000 --1c1
0000 --01c kxk

Then, using the determinant of the matrix M, (c) we get the following sequence
{Dr(O}is1 = {c,c?—1,¢3=2¢, ¢*—3c?+1,---,D,(c), }.
Note that the terms of the above sequence satisfy in the below relation
Dy(c) = cDy_1(c) — D_5(c), k = 2.
For the roots of the characteristic equation, @ + f = ¢, af = 1 can be written. For k > 0, using the
generating function definition the following equations can be written.
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Y0 Dr(©)x* = Dy(c) + Dy(c)x + Dy (c)x? + -+,
x? Yk=0 Dk(C)xk = DO(C)xZ + Dl(c)x3 + DZ(C)x4 + -,
—cx Y% o Di(0)x* = —Do(c)x — D1 (c)x? — Dy(c)x3 — ---.
If the recurrence relation is used and the necessary operations are performed, the generating function
can be easily obtained:
1

Z;:;O Dy (c) xh = xZ—cx+1 "
In (Qi, 2019), the authors also gave the following recursive formula for ¢ € C and k >0 with the help
of the generating function:

a,k+1 _ Bk+1
(Z——,B’ C * i2
Dy(c) =

k+1, c=2
=Dk +1), c=-2

RESULTS AND DISCUSSION

Since recursive relations are very advantageous, we used them to find the Cauchy products and
examine the properties of the sequence we just constructed.

As known that the Cassini's identity is a special case of Catalan's identity and gives information
about the nth term of the sequence. In the following theorem, we give Cassini’s identity involving the
terms of the sequence D (c) .

Theorem 1. For k > 1, the following identity is true.

Dy—1(c)Dy41(c) — Di(c)* = —1.

Proof. While showing the accuracy of this equation, we use the recurrence relation. Since we need to
examine the proof according to the cases c, let's first show the accuracy of this equation when ¢ # +2.
Then,

Dye-1(€)Diesr (€) = Die(€)? = (

2ak+1Bk+1—akﬁk+2—Bkak+2)
’

(a=p)?
Di-1(€)Dg41(€) = D(€)* = ﬁakﬁk(az —2apf + B?),
Die-1(€)Diss (6) = Die()? = s (@) (e = ) = 1.

is obtained. Now, let us show the same equation when ¢ = 2. The equations
Di-1(2) =k, Dy1(2) =k+2, D,R2)=k+1
if we write down equations, then
D1 (2)Dye41(2) = D (2)> = k(k +2) — (k + 1)> = -1
is obtained. For ¢ = —2, using the following facts
Dg-1(=2) = (=) Uk, Dyya(=2) = (=1)**" "k + 2, Dp(-2) = (-D)*k + 1
we get
Die-1(=2)Djes1(=2) = Di(=2)% = (1) (k? + 2k) — (=12 (k2 + 2k + 1)) = —1.
So, Cassini’s identity ensures the following equality for each value c.
Dy—1(c)Dy41(c) — Dk(C)Z = -1
For example, k = 2, 3 if we examine the last equation respectively, then
6(6 _ a234- —B2a4 +B6 _ a6 + 2&333 _36
D;(c)D5(c) — Dp(c)? = ( )

(@=p7
~@p)@— ) __
CEO

D;1(c)D3(c) = Dy(c)* =
and
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8 _ 4385 — B35 + B8 — aB + 2aqB* — B8
Dz(C)D4(c)—D3(C)2=<a a°p ﬁa(;_ﬁﬁ)za + 2a*p ﬁ)y

—a3p3(B? — 2ap + a?
DL©D () — Dy(e)? = —F (gx — ﬁ)f )=
is obtained. We would like to specifically point out that the following results are obtained with the help

of Cassini's identity. For sequences with positive terms, if the inequality

ti? = ty—1tksr
is satisfied while k = 1, 2, 3, ... such type sequences are called logarithmic concave sequences. Thus,
with the help of the Cassini identity, the sequence of Cauchy products of central Delannoy numbers
becomes logarithmic concave:

) D?(c) = Dy_1(c)Dyy1(0).

i) Two consecutive Dy, (c) numbers are prime between them:(D,lc (c) ,Dk+1(c)) =1.

iii) Dy () — Dj—1%(c) — cDy(c)Dg—1(c) = 1.

In the following corollary, we give the positive powers of the roots of the related equation of
sequence Dy (c).
Corollary 1. For the roots a and g the following equalities are satisfied.

i) a™ = aDp_41(c) = Dy—(c)

ii) B = BDy-1(c) — Dn—2(c)
Proof. i) From the characteristic equation of the numbers D, (¢), we write a? = ca — 1. If we multiply
both sides of this equality by a and also

D,(c) =¢,D,(c) =c?—1,D3(c) = c3 — 2¢
using the equations, respectively

a® = aD,(c) — D;(c) ve a* = aD;(c) — D,(c)
obtained. For n = k, we assume the claim is true:

ak = aDy_1(c) — Dy (c).
We look for n = k + 1, then we have

af*t = qa® = a(aDy_1(c) — Dy_5(c)) = aDy(c) — Dy_1(c).
The other claim can be seen similarly. So, the proof ends.

In the following theorem, we give the Catalan’s identity which is a generalization of Cassini’s
identity.
Theorem 2. For n > k, the following equality is true.

—Dy_1%(0), c+ 12

Duss@Dy€) =Dyt = { (@ emEE
Proof. We first show the correctness for ¢ # +2. For this, let's write the following equations using the
recurrence relation.

Dy (€)Dy_i(¢) — Dy (c)?* = <

We get

an+lﬂn+1(2—akﬁ_k—ﬁka_k)

(a=p)?
If the relationships between roots are used and the necessary simplification is done, then
kpk 2k 2k
— (2“ il ) = ~D1*(©).

(a—p) (apB)

For c = 2, let's give the proof. Then, we get

2a,n+1‘3n+1 _ an+k+lﬁn—k+1 _ 'Bn+k+1an—k+1>

(a = pB)?
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Dpix(2)Dy_x(2) =D, 22) =+ k+1D)(n—k+1)—(n+1)% = —k2
Finally, for ¢ = —2, the value D,,,;(—2)D,,_x(—=2) — D,;*(=2) is equal to this:
(—D*"(n? —nk+n+kn—-k?+k+n—-k+1)— ((-D?"(n® + 2n + 1).
Thus, we get
Dy (—=2)Dp—y (—2) — Dnz(_z) = —k?.
We derive the VVajda’s identity provided by the terms of the sequence we are working on in the
following theorem.
Theorem 3. For positive numbers n, m, k the following equality is true.

Dyp-1(c)Dg-1(c), ¢ # %2
Dpym(€)Dyyi(€) = Dy () Dpymai (€) = mk, c=2
(D)™ rmk, c=-2

Proof. First, we show that equality is correct, ¢ # +2. If the recurrence relation is used for the first side
of the equation given in the theorem, then the second side of the equation follows.
an+1ﬁn+1(ﬁm+k + am+k _ amﬁk _ ak'Bm)
k k k ( cfc - B)Zk k |
Dn+m(C)Dn+k(C) - Dn(C)Dn+m+k(C) = . (Of _[z 03:5)2(“ £ ) = (“ —ﬁga)_((;)z—ﬁ );
Drym(€)Dnyr(€) = Dp(€)Dpymar (€) = D1 (€)Dy—1 ().
We show the correctness for ¢ = 2:
Dp4m(2) Dy (2) — Dn(2) Dy (2) is equal to this
m+m+1n+k+1D)—-+1D(n+m+k+1) =mk.
And so, from this fact we get
Dp+m(2) Dy (2) — Dn(2)Dpymk (2) = mk.
Finally, c = —2, let's show that the claim is true.
Dn+m(_2)Dn+k(_2) - Dn(_Z)Dn+m+k(_2) is
D"+ m+ D)D" 4+ k+ 1) — (—D*(n+ (D" (n+ m + k)
— (_1)2n+m+k(mk) — (_1)m+k(mk) — (_1)m+kmk.
Thus, the proof is completed.
Teorem 4 (D’Ocagne’s identity). Forn > —1 and m > —1, we have
amﬁn _ anﬁm

Dn+m(C)Dn+k(C) - Dn(C)Dn+m+k(C) =

o , c+ 12
D (¢)Dry1(€) = Dp(c)Dipyq(c) = m-—n, c=2
(_1)m+n+1m —-n, c=-2

Proof. First, let's show the truth of the equation for the case ¢ # +2.
D,,,(¢)Dy4+1(c) — D, (c)D, 41 (c) equal to the following value:
an+1’3m+1('3 _ a) _ am+lﬁn+1(ﬂ _ a)

D (€)Dpyq(c) — Dp(c)Dipyqr(c) =

(a— )2 :
D (D1 (6) = DDy (€) = — 2™ ﬁ)(“( of ﬁﬁ) —amap"s)

Dm(C)Dn+1(C) - Dn(c)Dm+1(C) = o — ,3

which is the desired result. When ¢ = 2 we have
D (2)Dp41(2) = Dp(2)Dpy1(2) = (m+ D(n+2) — (n + D(m + 2),
Dm(Z)Dn+1(2) - Dn(Z)Dm+1(2) =m-—n

And let us take ¢ = —2. The formula D,,,(—2)D;,+1(—2) — D,(—2)D,,,+1(—2) is
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D"™m+ DD (n+2) — (D*(n+ (D)™ (m + 2).
Thus, we have

D (=2)Dpy1(=2) = Dp(=2)Dppy1(=2) = (=)™ (m — n).
Thus, the proof is completed.

The formula for integer sequences was given by E. Gelin and proved by E. Cesaro in 1880. In the
following theorem, we have given the Gelin-Cesaro formula for the elements of the sequence {D,(¢)},
which are defined and studied for the first time.

Teorem 5 (Gelin-Cesaro identity). For n > 2, we have
Dy _3(c)Dy_1(€)Dpy1(€)Dpya(c) — Dn4(c) is
{ c2— (1 —-c®)D,%(c); c#+2
—5n2—-10n—1; c=2,c=-2
Proof. Let us first examine cases ¢ #2 and ¢ # - 2 to show the accuracy of the equation. If we use the
Catalan identity for this purpose, then we write

Dy—1(€)Dp41(c) = Dp(c)? = —Dy(c)?

Dn—Z(C)Dn+2(C) - Dn(C)Z = —Dy (C)Z
We write these equations in the following equation

Dy_5(¢)Dp_1(c)Dpy1(c)Dpya(c) — Dn4(C)
then, we have

(Dn(€)2=D1(c)?) (D (c)* = Do(c)?) — Dp*(c)

= Dy"(c) = Dn*(c)Do” (€)=D1*(€) D (¢) + D1 *(c)Do” (¢) = Dp* (0.

Here, the values Dy(c) = 1, D;(c) = c are written the following equation is obtained.

—Dy?(€)Do*(€)=D1*()Dy?(¢) + D1*(c)Do* () = —Dp*(c) — c2Dp*(c) + 2.

If necessary arrangements are made

Dn—Z(C)Dn—l(c)Dn+1(C)Dn+2(C) - Dn4(c) = CZ - (1 + CZ)DnZ(C)
is obtained which is the desired result. If we write ¢ = 2, then we get

Dn—2(2)Dn—1(2)Dn11(2)Dny2(2) = Dp*(2) = (n— Dn(n + 2)(n +3) — (n + 1)*

Dn—Z(Z)Dn—l(Z)Dn+1(2)Dn+2(2) - Dn4(2) = _5n2 —-2n—-1
which is the desired result. If we write c = —2, then we get

Dp—2(=2)Dn-1(=2)Dp41(=2)Dny2(=2) = D *(=2)

=(D"2n—- DD DI+ 2)(- D)2 (n+ 3) — (D™ (n + 1)4,
=m*+4n3+n?-6n)-Mm*+4n3+6n?+4n+1) = -5n®> - 2n-—1.
Thus, the proof is completed.

We have given the Honsberger’s identity provided by the terms of the sequence we are working
on in the following theorem.

Theorem 6. Fork > 1, n > 0thevalue Dy_,(c)D,(c)+ Dy(c)D,,1(c)is

(an+1(ak + ak+2 _ Z,Bk) + ,Bn+1(,8k + ’3k+2 _ 20(")_

(a—p)? '
k(2n+3)+ (n+ 2); c=2

c+ 12

I
\ (—DR i 2n+3) + (n+2); ¢ =—2
Proof. For ¢ # 2, the following equation can be written for the right side of the claim.
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)

a,k+n+1 + ﬁk+n+1 + ak+n+3 + ﬁk+n+3 _ 20(",8”“ _ 2[3"0{”“)
(a—p)?
a +1(ak+ak+2—Zﬁk)+ﬁn+1(ﬁk+ﬁk+2 Zak)

(a-p)?

Dy—1(c)Dy(c) + Dy () Dpy1(c) = <

Dk—l(C)Dn(C) + Dk (C)Dn+1(c)

And for ¢ = 2, we write
Dy_1(2)D,(2) + D (2)Dpi1(2) =k(n+ D+ (k+1D)(n+2) = k(2n+3)+ (n+2)
Forc = -2, Dy_1(—2)D,,(—=2) + D;,(—2)D,,,,(—2) is follows:
Dy—1(=2)Dp(=2) + Dy (=2)Dp11(=2) = (=D* "k (=D)"*(n + 1) + =D*(k + DD (n +2)
Dy—1(=2)D,(=2) + Dy (=2)Dp 1 (=2) = (1) (=kn — k — kn — 2k —n — 2).
Thus, we get
Dy—1(=2)Dp(=2) + Dy (=2)Dpy1(=2) = (=D**"*k(2n +3) + (n + 2).
Thus, the proof is completed.
Theorem 7. For k > 1, ¢ = +2, the following equality is satisfied.
Dy41(c) + Dy—1(c) = cDy(c).
Proof. If we write,
k+2 ﬁk+2 — ((l + ﬁ)((lk+1 ﬁk+1) + ﬁk _ ak
and write this equality in the formula, then we obtain

<(a + B)(ak+1 _ Bk+1) + ﬁk _ ak) N <ak _ ﬁk>

Dy41(c) + Dy_1(c) =

a—p a—p
k+1 _ pk+1 k _ ok k _ pk
Dy41(c) + D—1(c) = (a+'8)(5 3 i )+<ﬁa—; )‘l‘(aa_f; ),
Dyy1(c) + Dr—1(c) = (a+ﬁ)(0;k+; ﬁkﬂ),

Dy41(¢) + Dy_1(c) = cDy(c).
Thus, the proof is completed.
Theorem 8. For k > n, the following equality is satisfied.

Dk+n(c) + Dk—n(c) = C(Dk—1+n(c) + Dk—l—n(c)) - (Dk—2+n(c) + Dk—z—n(c))'

Proof. If we write the following facts

ak+n+1 _ Bk+n+1 — (a + ﬁ)(dk+n _ ﬁk+n) + ﬁk+n—1_ak+n—1_
and

a,k—n+1 _ ﬁk—n+1 — (a + ﬁ)(ak—n _ ﬁk—n) + 'Bk—n—l_ak—n—l

k+n+1_ pk+n+1 k—-n+1_ pk—-n+1

altnt ﬁ +n+ )+ (a + ﬁ + )’

in the formula D, (c) + Dy_,(c) = (

a-p a-p
then we get
(a + B)(ak+n _ ,Bk+n) + ﬁk+n—1 k+n—-1 (a + ﬁ)(ak n ﬁk—n) + ﬁk—n—l_ak—n—l
a—p a—p '
And if we make the necessary simplifications, then we have
k+n_ﬁk+n ak+n—1_ﬁk+n 1 k n_ﬁk n ak—n—l_'gk—n—l
(a+p) - +(a+p)= -

a—-pf a-pf

From here, we get

Dk+n(c) + Dk—n(c) = C(Dk+n—1(c) + Dk—n—l(c)) - Dk+n—2(c) - Dk—n—z (C)
which the proof is completed.
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CONCLUSION

In this study, using the studies on the central Delannoy numbers D (k) in the literature, we have
examined the sequence formed by the Cauchy products of these numbers and some basic properties of
this sequence. We have also derived some important identities, such as Cassini’s, Catalan’s, d'Ocagne’s
identities that contain elements of this sequence. Further different properties of the Central Delannoy
numbers and their Cauchy products can be derived using this work in subsequent studies.
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