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ABSTRACT 
 

In this note we investigate modules with the 𝐴𝑑𝑠 and the 𝑆𝐼𝑃-extending properties. Besides many results obtained, we show 

that the class of 𝑆𝐴-extending modules is not closed under direct sums. Further we deal with direct summands of an 𝑆𝐴-

extending module. We give necessary and sufficient conditions for a module to be an 𝑆𝐴-extending. It has been also shown 

that the concepts of 𝑈𝐶, 𝑆𝐴 and 𝑆𝐴-extending coincide when a module is distributive quasi continuous. 
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1. INTRODUCTION 
 

Throughout this article, all rings are associative with unity and 𝑅 signifies such a ring. All modules 

are unital right 𝑅-modules unless indicated otherwise. Let 𝑀 be a module. Thus 𝑁 ≤ 𝑀, 𝑁 ≤𝑒 𝑀, 

𝐸𝑛𝑑(𝑀), and 𝑟(𝑋) will stand for 𝑁 is a submodule of 𝑀, 𝑁 is an essential submodule of 𝑀, the 

ring of endomorphism of 𝑀, and the right  annihilator of a subset 𝑋 in 𝑀, respectively. For any 

other terminology or unexplained notions, we refer to [1, 2]. 

 
It is well known that a module is said to be 𝐶𝑆 or extending or said to satisfy the 𝐶1  condition 

if every submodule is essential in a direct summand. Extending modules and their several 

generalizations have been worked out extensively by many authors, see for example [3-6]. 

 

After Fuchs [7] defined the absolute direct summand property (briefly, 𝐴𝑑𝑠) for abelian groups in 

1970, Burgess and Raphael [8] defined the absolute direct summand property for modules and 

investigated these modules, A module 𝑀 is said to have the absolute direct summand property 

(briefly, 𝐴𝑑𝑠) if for every decomposition 𝑀 =  𝐴 ⊕ 𝐵 of 𝑀 and every complement 𝐶 of 𝐴 in 𝑀 we 

have 𝑀 = 𝐴 ⊕ 𝐶. A ring 𝑅 is said to have the right 𝐴𝑑𝑠 if as a right 𝑅-module 𝑅 has the 𝐴𝑑𝑠. 

  
In 1986, Wilson [9] defined the summand intersection property (briefly, 𝑆𝐼𝑃) for modules. A module 

is said to be 𝑆𝐼𝑃 or said to have summand intersection property (𝑆𝐼𝑃), if the intersection of every 

pair of direct summands of 𝑀 is a direct summand of 𝑀. Several generalizations of 𝑆𝐼𝑃 modules 

have been studied to date (for example, [10, 11]). One of the generalizations of the 𝑆𝐼𝑃 modules 

is 𝑆𝐼𝑃-extending module. A module 𝑀 is said to be an 𝑆𝐼𝑃-extending module if the intersection 

of any two direct summands is essentially contained in a direct summand. A ring 𝑅 is said to be an 

𝑆𝐼𝑃-extending ring if as a right 𝑅-module 𝑅 is an 𝑆𝐼𝑃-extending module. 

 

Since the date which these concepts were defined, studies on these two module property have been 

increasingly continuing. In 2015, Takıl Mutlu showed that these two concepts do not require each 

other, and the author called the modules with these two property as 𝑆𝐴-modules and examined this 

module class in detail (see, [6]). In 2018, the author examined the matrix rings with both the 𝐴𝑑𝑠 

https://orcid.org/0000-0002-0245-6920
https://orcid.org/0000-0002-8270-6239


Takıl Mutlu and Taştan / Eskişehir Technical Univ. J. of Sci. and Tech. B – Theo. Sci. 9 (2) – 2021 
 

55 

and the 𝑆𝐼𝑃 properties. In addition, some well-studied rings (such as semisimple rings, 𝑉-rings, 

regular rings) have been characterized in terms of 𝑆𝐴 modules in [12]. 

 

In this paper, 𝑆𝐼𝑃-extending modules with the 𝐴𝑑𝑠 property (briefly, 𝑆𝐴-extending module) which 

are a proper generalization of 𝑆𝐴-modules, are examined.  This module class has been studied 

specifically for direct sum and direct summand. A characterization of 𝑆𝐴-extending modules is 

provided in Theorem 2.3. We give examples showing that the 𝑆𝐴-extending condition is not carried 

over to direct sums.  A necessary condition for the equivalence of 𝑆𝐴 and 𝑆𝐴-extending conditions 

are given in Proposition 2.12 that if a module 𝑀 is distributive quasi-continuous, then 𝑀 is an 

𝑆𝐴-module if and only if 𝑀 is an 𝑆𝐴-extending module. We also proved that if A and B are both 

𝑆𝐴-extending R-modules with the property 𝑟(𝐴) + 𝑟(𝐵) = 𝑅, then 𝐴 ⊕ 𝐵 is an 𝑆𝐴-extending 

module. Also, it is proved that for fully invariant submodules 𝑀𝑖 of 𝑀,  𝑀 =⊕𝑖=1
𝑛 𝑀𝑖 is 𝑆𝐴-extending 

module if and only if each 𝑀𝑖 is 𝑆𝐴-extending and 𝑀𝑖 is ⊕𝑖≠𝑗 
𝑛 𝑀𝑗-injective for all 𝑖 = 1,2, … , 𝑛.  

 

2. RESULTS 

 

We begin the following examples which show that 𝑆𝐴-extending modules are proper generalization of 

𝑆𝐴-modules. 

Example 2.1. Let  𝑹 = [
ℤ𝟒 𝟐ℤ𝟒

𝟎 ℤ𝟒
]. Then all idempotents of 𝑹𝑹 are 𝒆𝟏 = [

𝟎 𝟎
𝟎 𝟎

], 𝒆𝟐 = [
𝟎 𝟎
𝟎 𝟏

] , 𝒆𝟑 =

[
𝟎 𝟐
𝟎 𝟏

] , 𝒆𝟒 = [
𝟏 𝟎
𝟎 𝟎

] , 𝒆𝟓 = [
𝟏 𝟐
𝟎 𝟎

] , 𝒆𝟔 = [
𝟏 𝟎
𝟎 𝟏

] and hence all direct summands of 𝑹𝑹 are 𝒆𝟏𝑹 =

[
𝟎 𝟎
𝟎 𝟎

], 𝒆𝟐𝑹 = [
𝟎 𝟎
𝟎 ℤ𝟒

], 𝒆𝟑𝑹 = {[
𝟎 𝟐𝒄
𝟎 𝒄

] : 𝒄 ∈ ℤ𝟒},  𝒆𝟒𝑹 = [
ℤ𝟒 𝟐ℤ𝟒

𝟎 𝟎
]  and  𝑹. Then we have 𝑹𝑹 =

𝒆𝟐𝑹 ⊕ 𝒆𝟒𝑹 = 𝒆𝟑𝑹 ⊕ 𝒆𝟒𝑹. All complements of 𝒆𝟐𝑹 are 𝒆𝟒𝑹 and {[
𝟐𝒂 𝟐𝒃
𝟎 𝟐𝒃

] : 𝒂, 𝒃 ∈ ℤ𝟒}, all 

complements of 𝒆𝟑𝑹 are 𝒆𝟒𝑹 and {[
𝟐𝒂 𝟐𝒃
𝟎 𝟐𝒃

] : 𝒂, 𝒃 ∈ ℤ𝟒} and all complements of 𝒆𝟒𝑹 are 𝒆𝟐𝑹, 𝒆𝟑𝑹 

and {[
𝟎 𝟐𝒃
𝟎 𝟐𝒃

] : 𝒃 ∈ ℤ𝟒}. Since 𝒆𝟐𝑹 ⊕ {[
𝟐𝒂 𝟐𝒃
𝟎 𝟐𝒃

] : 𝒂, 𝒃 ∈ ℤ𝟒} ≠ 𝑹𝑹, then 𝑹𝑹 is not an 𝑨𝒅𝒔 module. 

However, since 𝒆𝟐𝑹 ∩ 𝒆𝟑𝑹 is not a direct summand of 𝑹𝑹, 𝑹𝑹 is not an 𝑺𝑰𝑷 module. But 𝒆𝟐𝑹 ∩
𝒆𝟑𝑹 ≤𝒆 𝒆𝟐𝑹, then 𝑹𝑹 is an 𝑺𝑰𝑷-extending module.  

 

The following example appears in [14, Example1.5]. 

 

Example 2.2. Let  𝑻 the following matrix ring over a field 𝑭  

𝑻 = {[

𝒂 𝒃
𝟎 𝒄

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝒄 𝒅
𝟎 𝒂

] : 𝒂, 𝒃, 𝒄, 𝒅 ∈ 𝑭}. 

Then all idempotent elements of 𝐓 are the followings: 

 

for some 𝒙, 𝒚 ∈ 𝑭. All complements of the direct summand 𝒆𝑻 are 𝑰 = [

𝟏 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟏

] 𝑻  and 

  J= [

𝟏 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟏
𝟎 𝟎 𝟎 𝟏

] 𝑻. On the other hand, all complements of the direct summand 𝒇𝑻 are  
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𝑲 = [

𝟎 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 𝟎

] 𝑻 and  𝑳 = [

𝟎 𝟏
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 𝟎

] 𝑻 . 

Also 

𝑻 = 𝒆𝑻 ⊕ 𝑰 = 𝒆𝑻 ⊕ 𝑱 = 𝒇𝑻 ⊕ 𝑲 = 𝒇𝑻 ⊕ 𝑳.  
Hence 𝑻 is an 𝑨𝒅𝒔 module. However, if we take 

𝒈𝟐 = 𝒈 = [

𝟎 𝟏
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 𝟎

] and 𝒉𝟐 = 𝒉 = [

𝟎 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 𝟎

], 

then 𝒈𝑻 ∩ 𝒉𝑻 is not a direct summand of 𝑻. So 𝑻 is not an 𝑺𝑰𝑷 module. But routine calculations show 

that 𝑻 is an 𝐒𝑰𝑷-extending module. 

 

The following theorem is useful for checking whether a module is 𝑆𝐴-extending module. The first part 

of this theorem was proved by Takıl Mutlu [6] and the second part of its was proved by Karabacak and 

Tercan [10]. 

 

Theorem 2.3. A module 𝑀 is an 𝑆𝐴-extending module if and only if the following statements are 

satisfied: 

(i) for any decomposition 𝑀 =  𝐴 ⊕  𝐵, any complement 𝐶 of 𝐴 in 𝑀 and the projection map 𝜋: 𝑀 →
𝐵, the restricted map 𝜋|𝐶 : 𝐶 → 𝐵 is an isomorphism. 

(ii) for any two direct summands 𝑀1 and 𝑀2, if 𝜋: 𝑀 → 𝑀1 is the projection map, then the kernel of the 

restricted map 𝜋|𝑀2
: 𝑀2 → 𝑀1 is essential in a direct summand of 𝑀. 

 

It is well known that both of the extending property and the 𝑆𝐴 property are inherited by direct 

summands (see [6, Lemma 2.7]). These results bring to mind the following natural question: 

 

Is a direct summand of an 𝑆𝐴-extending modules again an 𝑆𝐴-extending module? 

 

In [10], the authors gave a positive answer to this question under the condition that the direct summand 

is the unique closure for each of its essential submodules. So we can directly give the following 

proposition. 

 

Proposition 2.4. Let 𝑀 be an SA-extending module. If a direct summand 𝐾 of 𝑀 is the unique closure 

in 𝑀 for each of its essential submodules, then 𝐾 is also an 𝑆𝐴-extending module. 

 

The following example shows that the direct sum of two 𝑆𝐴-extending modules is not an 𝑆𝐴-extending 

module in general. 

 
Example 2.5. (i) Let 𝑀 = ℤ as a right ℤ-module. Since 𝑀 is indecomposable, it is an 𝑆𝐴-extending 

module. But, 𝑀 is not quasi-injective and hence 𝑀 ⊕ 𝑀 is not an 𝑆𝐴-extending module. 

(ii) Consider 𝑀 = ℤ2 ⊕ ℤ8 as a right ℤ-module. It is clear that ℤ2 and ℤ8 are uniform right ℤ-modules 

and hence both of them are 𝑆𝐴-extending modules. All direct decomposition of 𝑀 are 

 

𝑀 =  <  (1, 0) > ⊕ <  (0, 1) > = <  (1, 0) > ⊕ <  (1, 1)  >

=  <  (1, 1) > ⊕ <  (1, 4) > = <  (0, 1) > ⊕ <  (1, 4)  >. 

It can be shown that < (1, 2) > is one of the complement of < (1, 0)>. But < (1, 2)> is not a direct 

summand of 𝑀. Hence 𝑀 is not an 𝑆𝐴-extending module. 
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(iii) Let 𝐾 be a field and 𝑅 = [
𝐾 𝐾
0 𝐾

]. Then 𝑁 = [
0 𝐾
0 𝐾

] and 𝐿 = [
𝐾 𝐾
0 0

] are right 𝑅-modules. Let 

𝑀=R/L  and 𝑈 = 𝑀 ⊕ 𝑁. Although 𝑈 is not 𝐴𝑑𝑠 module from [6, Example 2.3], it is not an 𝑆𝐼𝑃-

extending module from [14, Example 13]. Hence 𝑈 is not an 𝑆𝐴-extending module. On the other hand, 

since 𝑀 = 𝑅/𝐿 is a field and 𝑁 is indecomposable, 𝑀 and 𝑁 are both 𝑆𝐴-extending. 

 

We give a condition under which the direct sum of 𝑆𝐴-extending modules is an 𝑆𝐴-extending module. 

 

Theorem 2.6. Let 𝑀 and 𝑁 be two 𝑆𝐴-extending modules such that 𝑟(𝑀) + 𝑟(𝑁)  = 𝑅. Then 𝑀 ⊕ 𝑁 

is an 𝑆𝐴-extending module. 

 

Proof.  𝑀 ⊕ 𝑁 is an 𝐴𝑑𝑠 module by [6, Theorem 2.10]. We show that 𝑀 ⊕ 𝑁 is an 𝑆𝐼𝑃-extending 

module. Let 𝐴 and 𝐵 two direct summands of 𝑀 ⊕ 𝑁. By [13, Proposition 3.9], 𝐴 =  𝑀1 ⊕ 𝑁1 and 

𝐵 =  𝑀2 ⊕ 𝑁2, where 𝑀1 and 𝑀2 are submodules of 𝑀, 𝑁1 and 𝑁2 are submodules of 𝑁. Since 𝐴 and 

𝐵 are direct summands of 𝑀, there exists two submodules, namely 𝐴′and 𝐵′, such that 𝑀 ⊕ 𝑁 = 𝐴 ⊕
𝐴′ = 𝐵 ⊕ 𝐵′. By the modular law 

 

𝑀 = 𝑀 ∩ (𝑀 ⊕ 𝑁) = 𝑀1 ⊕ (𝑀 ∩ (𝑁1 ⊕ 𝐴′))

= 𝑀2 ⊕ (𝑀 ∩ (𝑁2 ⊕ 𝐵′)).
 

Thus 𝑀1 and 𝑀2 are direct summands of 𝑀. Similarly, 𝑁1 and 𝑁2 are direct summands of 𝑁. By 

assumption, there exist a direct summand 𝑀′ of 𝑀 and a direct summand 𝑁′ of 𝑁 such that 𝑀1 ∩
𝑀2 ≤𝑒 𝑀′ and 𝑁1 ∩ 𝑁2 ≤𝑒 𝑁′. Now 

 

(𝑀1 ∩ 𝑀2) ⊕ (𝑁1 ⊕ 𝑁2) = (𝑀1 ⊕ 𝑁1) ∩ (𝑀2 ⊕ 𝑁2) = 𝐴 ∩ 𝐵. 
Thus 

𝐴 ∩ 𝐵 = (𝑀1 ∩ 𝑀2) ⊕ (𝑁1 ∩ 𝑁2) ≤𝑒 𝑀′ ⊕ 𝑁′ 
and hence 𝑴 ⊕ 𝑵 is an 𝑺𝑨-extending module. 

 

Theorem 2.7. Let 𝑀 =⊕𝑖=1
𝑛 𝑀𝑖 be a direct sum of fully invariant submodules 𝑀𝑖. Then 𝑀 is an 𝑆𝐴-

extending module if and only if each 𝑀𝑖 is an 𝑆𝐴-extending and 𝑀𝑖 is ⊕𝑖≠𝑗
𝑛 𝑀𝑗-injective for all 𝑖 =

1,2, … , 𝑛. 
 

Proof. By [15, Theorem 9] and [16, Proposition 2.16]. 

 

Recall that a ring 𝑅 is called abelian if every idempotent of it is central. Now, we give the following 

result for 𝑆𝐴-extending abelian rings. 

 

Corollary 2.8. Let 𝑀𝑅 be an 𝑆𝐴-extending module with the abelian endomorphism ring 𝐸𝑛𝑑(𝑀𝑅). Then 

any direct summand of 𝑀 is an 𝑆𝐴-extending module. 

 

Proof. Let 𝑀𝑅 be an 𝑆𝐴-extending module and 𝑁 a direct summand of 𝑀𝑅. From the assumption that 

𝐸𝑛𝑑(𝑀𝑅) is abelian, 𝑁 is a fully invariant direct summand of 𝑀𝑅. By Theorem 2.7, 𝑁 is an 𝑆𝐴-extending 

module. 

 

Proposition 2.9. An abelian ring 𝑅 is an 𝑆𝐴-extending module if and only if the polynomial ring over 

𝑅, 𝑅[𝑥] is an 𝑆𝐴-extending module. 

 

Proof. Assume that 𝑅 is an 𝑆𝐴-extending module . Then every idempotent of 𝑅[𝑥] is in 𝑅 by [17, 

Lemma 8]. Then 𝑅[𝑥] is an 𝑆𝐴-extending module. The converse is clear. 
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Definition 2.10. A right 𝑅-module 𝑀 is called a multiplication module if for each submodule 𝑁 of 𝑀, 

𝑁 =  𝑀𝐼 for some ideal 𝐼 in 𝑅. 

 

Corollary 2.11. Let 𝑀 be an 𝑆𝐴-extending module and 𝑁 a direct summand of 𝑀. Then 𝑁 is an 𝑆𝐴-

extending module if 𝑀 satisfies one of the following conditions: 

(i) 𝑀𝑅  =  𝑅𝑅 and 𝑅 is an abelian ring. 

(ii) 𝑀 is a multiplication module and 𝑅 is a commutative ring. 

 

Proof. (i) It is clear from Corollary 2.8. 

(ii) Note that in a multiplication module, every submodule is fully invariant. Then, Theorem 2.7. yields 

the result. 

 

Recall that a module 𝑀 is called a 𝑈𝐶-module if every submodule has a unique closure in 𝑀 (see, [18]). 

 

Proposition 2.12. Let 𝑀 be a distributive quasi-continuous module. Then the following conditions are 

equivalent. 

(i) 𝑀 is a 𝑈𝐶-module. 

(ii) 𝑀 is an 𝑆𝐴-module. 

(iii) 𝑀 is an 𝑆𝐴-extending module. 

 

Proof. (𝑖) ⇔ (𝑖𝑖) This implication follows from [6, Theorem 2.20]. 
(𝑖𝑖) ⇒  (𝑖𝑖𝑖) It is obvious. 

(𝑖𝑖𝑖) ⇒ (𝑖) Let 𝑀 be an SA-extending module and 𝑁 a submodule of 𝑀. Suppose that 𝐾 ≤ 𝑀 and 𝐿 ≤
 𝑀 such that 𝑁 ≤𝑒 𝐾 ≤𝑐  𝑀 and 𝑁 ≤𝑒  𝐿 ≤𝑐  𝑀. Then there exist submodules 𝐾′and 𝐿′ of 𝑀 such that 

𝑀 =  𝐾 ⊕  𝐾′ = 𝐿 ⊕ 𝐿′. By assumption, there exist submodules 𝑇 and 𝑇′of 𝑀 such that 𝐾 ∩
𝐿 ≤𝑒 𝑇 and 𝑀 =  𝑇 ⊕ 𝑇′. Since 𝑁 ≤𝑒  𝐾 ∩  𝐿 ≤𝑒 𝑇, 𝑁 ∩ 𝑇′ ≤𝑒 𝑇 ∩ 𝑇′ = 0 and hence 𝑁 ∩ 𝑇′ = 0. 

Therefore, 𝐾 ∩  𝑇′ = 0 and 𝐿 ∩ 𝑇′ = 0. Thus  
𝐾 = 𝐾 ∩ 𝑀 = 𝐾 ∩ (𝑇 ⊕ 𝑇′) = 𝐾 ∩ 𝑇,

𝐿 = 𝐿 ∩ 𝑀 = 𝐿 ∩ (𝑇 ⊕ 𝑇′) = 𝐿 ∩ 𝑇
 

and hence 𝐾 ≤  𝑇 and 𝐿 ≤  𝑇. Now,  𝑁 ≤𝑒  𝐾, 𝑁 ≤𝑒 𝐿, and 𝑁 ≤𝑒 𝑇 imply 𝐾 ≤𝑒  𝑇 and 𝐿 ≤𝑒 𝑇. Since 

𝐾 and 𝐿 are direct summands of 𝑀, 𝐾 =  𝑇 =  𝐿, as desired. 
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