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Abstract: The rings considered in this article are commutative with identity. For an ideal I of a ring R, we
denote the annihilator of I in R by Ann(I). An ideal I of a ring R is said to be an exact annihilating
ideal if there exists a non-zero ideal J of R such that Ann(I) = J and Ann(J) = I. For a ring R,
we denote the set of all exact annihilating ideals of R by EA(R) and EA(R)\{(0)} by EA(R)*. Let R
be a ring such that EA(R)* # (. With R, in [Exact Annihilating-ideal graph of commutative rings,
J. Algebra and Related Topics 5(1) (2017) 27-33] P.T. Lalchandani introduced and investigated an
undirected graph called the exact annihilating-ideal graph of R, denoted by EAG(R) whose vertex
set is EA(R)™ and distinct vertices I and J are adjacent if and only if Ann(I) = J and Ann(J) = 1.
In this article, we continue the study of the exact annihilating-ideal graph of a ring. In Section 2 , we
prove some basic properties of exact annihilating ideals of a commutative ring and we provide several
examples. In Section 3, we determine the structure of EAG(R), where either R is a special principal
ideal ring or R is a reduced ring which admits only a finite number of minimal prime ideals.
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1. Introduction

The rings considered in this article are commutative with identity which are not integral domains.
Let R be a ring. For an element a € R, the annihilator of a in R, denoted by Anng(a) or simply by
Ann(a) is defined as Ann(a) = {r € R | ra = 0}. Recall from [12] that an element x € R is said to be an
exact zero-divisor if there exists y € R\{0} such that Ann(z) = Ry and Ann(y) = Rz. It is clear that
any exact zero-divisor of R is a zero-divisor of R. We denote the set of all zero-divisors of a ring R by
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Z(R) and Z(R)\{0} by Z(R)*. As in [15], we denote the set of all exact zero-divisors of R by EZ(R) and
EZ(R)\{0} by EZ(R)*. Let R be a ring such that EZ(R)* # (). Recall from [15] that the ezact zero-
divisor graph of R, denoted by ET(R) is an undirected graph whose vertex set is FZ(R)* and distinct
vertices x and y are adjacent in ET(R) if and only if Ann(z) = Ry and Ann(y) = Rx. Several properties
of the exact zero-divisor graph of a commutative ring were investigated in [15, 16]. Let R be a ring. Recall
from [7] that an ideal I of R is said to be an annihilating ideal if there exists r € R\{0} such that Ir = (0).
As in [7], we denote the set of all annihilating ideals of R by A(R) and A(R)\{(0)} by A(R)*. The concept
of annihilating-ideal graph of a commutative ring was introduced and investigated by M. Behboodi and Z.
Rakeei in [7]. Let R be a ring. Recall from [7] that the annihilating-ideal graph of R, denoted by AG(R)
is an undirected graph whose vertex set is A(R)* and distinct vertices I and J are adjacent in this graph
if and only if IJ = (0). Motivated by the interesting results proved on the annihilating-ideal graph of
a ring in [7, 8], several researchers contributed to the study of annihilating-ideal graphs of commutative
rings (for example, refer [1], [2], [11]). Inspired by the above mentioned work on annihilating-ideal graphs
of rings and by the work on exact zero-divisor graphs of rings in [15, 16|, in [17], P.T. Lalchandani
introduced and studied the concept of the exact annihilating-ideal graph of a commutative ring. Let R
be a ring. Recall from [17] that an ideal I of R is said to be an exact annihilating ideal if there exists a
non-zero ideal J of R such that Ann(I) = J and Ann(J) = I, where for an ideal A of R, the annihilator
of A in R, denoted by Anng(A) or simply by Ann(A) is defined as Ann(A) = {r € R|rA = (0)} [4,
page 19]. As in [17], we denote the set of all exact annihilating ideals of a ring R by EA(R) and we
denote EA(R)\{(0)} by EA(R)*. It is clear that for any ring R, EA(R)* C A(R)*. Let R be a ring such
that EA(R)* # 0. Recall from [17] that the ezact annihilating-ideal graph of R, denoted by EAG(R) is
an undirected graph whose vertex set is EA(R)* and distinct vertices I and J are adjacent in EAG(R)
if and only if Ann(l) = J and Ann(J) = I. The graphs considered in this article are undirected and
simple. For a graph G, we denote the vertex set of G by V(G) and the edge set of G by E(G). For a
ring R with EA(R)* # 0, it is clear that V(EAG(R)) = EA(R)* C A(R)* = V(AG(R)). Observe that
if I,J € EA(R)* are such that I and J are adjacent in EAG(R), then Ann(I) = J and Ann(J) = I.
Hence, IJ = (0) and so, I and J are adjacent in AG(R). Therefore, EAG(R) is a subgraph of AG(R).
The aim of this article is to continue the study of the exact annihilating-ideal graph of a commutative
ring which was carried out in [17].

Throughout this article, we consider rings R such that EA(R)* # 0 (it is noted in a remark which
appears just preceding the statement of Corollary 2.2 that for a ring R, EA(R)* # 0 if and only if R
is not an integral domain) and study the interplay between the graph-theoretic properties of EAG(R)
and the ring-theoretic properties of R. This article consists of three sections including the introduction.
In Section 2 of this article, we discuss some results on the exact annihilating ideals of R, where R is a
commutative ring which is not an integral domain. Let I € A(R)*. It is proved in Lemma 2.1 that the
statements (1) I € EA(R)*; (2)I = Ann(J) for some non-zero ideal J of R; and (3) Ann(Ann(I)) =1
are equivalent. For a ring R, we denote the set of all proper ideals of R by I(R) and I(R)\{(0)} by I(R)*.
Many examples of rings R are provided in Section 2 such that I(R)* = A(R)* = EA(R)* (see Examples
2.3, 2.8, Lemmas 2.4 and 2.6). We denote the cardinality of a set A by |A|. Whenever a set A is a subset
of a set B and A # B, then we denote it by A C B. It is well-known that for a ring T, |A(T)*| = 1 if and
only if (T, Z(T))) is a special principal ideal ring (SPIR) with (Z(T))? = (0)|7, Corollary 2.9(a)]. For a
ring R, we denote the set of all prime ideals of R by Spec(R) and the set of all maximal ideals of R by
Max(R). Let I be a non-zero proper ideal of a ring R. Motivated by [7, Corollary 2.9(a)], it is shown
in Theorem 2.9 that the statements (1) EA(R)* = {I} and (2) I € Spec(R),I? = (0), and Z(R) = I
are equivalent. In Example 2.14, a ring R is provided to illustrate that (2) = (1) of Theorem 2.9 can
fail to hold if the assumption that I = Z(R) is omitted. It is verified that the ring R given in Example
2.14 is such that |[EA(R)*| = 2. Inspired by this example, it is natural to try to determine necessary and
sufficient conditions on the ideals I, J of a ring R such that EA(R)* = {I, J}. It is well-known that the
set of all nilpotent elements of a ring R is an ideal of R [4, Proposition 1.7] and is called the nilradical
of R. We denote the nilradical of a ring R by nil(R). A ring R is said to be reduced if nil(R) = (0).
We denote the set of all units of R by U(R). We denote the set of all minimal primes ideals of a ring R
by Min(R). For non-zero proper ideals I,J of a reduced ring R which is not an integral domain, it is
proved in Theorem 2.16 that the statements (1) EA(R)* = {I,J}; (2) J = Ann(I), I,J € Spec(R); and
(3) Min(R) = {I,J} are equivalent. Let R be a ring. Let p € Spec(R) be such that p = Rp is principal,
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n > 2 is least with the property that p” = (0), and p = Z(R). Then it is shown in Proposition 2.10 that

EA(R)* = {p’|i € {l,...,n—1}} and moreover, it is verified in Proposition 2.10 that A(R)* = EA(R)*

if and only if p € Max(R). Let R be a reduced ring. Let n > 2 and let Min(R) = {p; |i € {1,2,...,n}}.

Let C denote the collection of all non-empty proper subsets of {1,2,...,n}. It is proved in Proposition

2.15 that EA(R)* = { ][] pi | A € C}. Moreover, it is verified in Proposition 2.15 that A(R)* = EA(R)*
i€A

if and only if p; € Maxz(R) for each i € {1,2,...,n}. Let T be a unique factorization domain (UFD). It
is shown in Theorem 2.17 that the statements (1) For each prime element p of T A(TLPQ)* = ]EA(TLPZ)*;
(2) T is a principal ideal domain (PID); and (3) For each I € I(T)* with I ¢ Max(T), A(%)* = EA(L)*
are equivalent. Let T be a UFD with at least two non-associate prime elements. It is proved in Theorem

2.18 that the statements (1) For all non-associate prime elements pq,ps of T, A(TpTlm )= I[-EA(TpTlp2 )"

(2) T is a PID; and (3) For any I € I(T)* with I ¢ Maxz(T), A(%)* = EA(T)* are equivalent. Let R be
a von Neumann regular ring which is not a field. It is shown in Corollary 2.19 that |EA(R)*| < oo if and
only if there exist n > 2 and fields F}, F, ..., F, such that R = F; x F5 x --- X F, as rings.

Let R be a ring such that EA(R)* # ). The aim of Section 3 of this article is to discuss some results
regarding the properties of EAG(R). Let I,J € EA(R)* be such that I # J. It is proved in Proposition
3.1 that there is a path in EAG(R) between I and J if and only if I and J are adjacent in EAG(R). If
I—J is an edge of EAG(R), then for any A € EA(R)*\{I, J}, it is shown in Lemma 3.2 that I and A are
not adjacent in EAG(R) and J and A are not adjacent in EAG(R). As a consequence of Lemma 3.2, it is
deduced in Corollary 3.3 that if g is any component of EAG(R), then g is a complete graph with at most
two vertices. Let R be a ring. Let p € Spec(R)\{(0)} be such that p? = (0), and Z(R) = p. It is noted
in Proposition 3.4 that EA(R)* = {p} and moreover, it is verified in Proposition 3.4 that its conclusion
holds for a SPIR (R,m) with m # (0) but m? = (0). For a real number x, we denote the integer part of
x by [z]. Let R be aring. Let p € Spec(R) be such that p = Rp is principal. Let n > 3 be least with the
property that p” = (0) and Z(R) = p. Then it is proved in Proposition 3.5 that the following statements
hold: (1) If n is odd, then EAG(R) has exactly [§] components and each component is a complete graph
with two vertices. (2) If n > 4 is even, then EAG(R) has exactly 5 components gi,...,g2 _1,gn such
that g; is a complete graph with two vertices for each j € {1,...,% — 1} and gz is a complete graph
on a single vertex. Moreover, it is noted in Proposition 3.5 that the statements (1) and (2) hold for a
SPIR (R,m) with the property that m™ = (0) but m"~! # (0). Let R,p = Rp = Z(R) be as in the
statement of Proposition 3.5. Let n > 2 be least with the property that p™ = (0). Then it is shown
in Theorem 3.7 that the statements (1) EAG(R) = AG(R) and (2) (R,p) is a SPIR and n € {2,3} are
equivalent. It is verified in Example 3.8 that the ring R provided by D.D. Anderson and M. Naseer in [3,
page 501] is such that EAG(R) # AG(R) which illustrates that (2) = (1) of Theorem 3.7 can fail to hold
if the hypothesis that p is principal is omitted. Let R be a reduced ring which is not an integral domain.
It is shown in Lemma 3.9 that each component of EAG(R) is a complete graph with two vertices. It
is proved in Corollary 3.10 that EAG(R) is connected if and only if |Min(R)| = 2 and it is shown in
Corollary 3.11 that EAG(R) = AG(R) if and only if R = F} x F, as rings, where F} is a field for each
i € {1,2}. If [Min(R)| = n > 2, then it is proved in Corollary 3.12 that EAG(R) has exactly 271 — 1
components. Let R be a ring such that EA(R)* # 0. It is shown in Theorem 3.14 that the statements (1)
EAG(R) = AG(R) and (2) Either R & F} x F as rings, where F; is a field for each i € {1,2} or (R, m)
is a SPIR and if n > 2 is least with the property that m™ = (0), then n € {2,3} are equivalent. Let R be
a ring. The Krull dimension of R is simply referred to as the dimension of R and is denoted by dim R.
Let R be a ring such that dim R = 0. If EAG(R) is connected, then it is proved in Proposition 3.16 that
|[Max(R)| < 2 and if |Max(R)| = 2 then it is shown in Corollary 3.17 that EAG(R) is connected if and
only if R 2 F} x F, as rings, where Fj is a field for each ¢ € {1,2}. Let R be a ring such that EA(R)* # 0.
It is noted in Corollary 3.20 that girth(EAG(R)) = co and EAG(R) is perfect.

2. Some basic properties of EA(R)*

As mentioned in the introduction, the rings considered in this article are commutative with identity.
Let R be a ring such that EA(R)* # (). The aim of this section is to discuss some basic properties of the
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exact annihilating ideals of R.

Let R be a ring which is not an integral domain. Let I € A(R)*. In Lemma 2.1, we provide a
necessary and sufficient condition for I to be in EA(R)*.

Lemma 2.1. Let R be a ring and let I € A(R)*. The following statements are equivalent:
(1) I € EA(R)*.

(2) I = Ann(J) for some non-zero ideal J of R.

(3) Ann(Ann(I)) = 1.

Proof. (1) = (2) We are assuming that I € EA(R)*. Hence, by definition, there exists a non-zero ideal
J of R such that Ann(I) = J and Ann(J) = I.

(2) = (3) We are assuming that I = Ann(J) for some non-zero ideal J of R. Note that Ann(Ann(I)) =
Ann(Ann(Ann(J)) = Ann(J) = 1.

(3) = (1) We are assuming that Ann(Ann(I)) = I. Let us denote Ann(I) by J. Since I € A(R)* by
hypothesis, Ann(I) # (0). Thus J # (0) and is such that Ann(I) = J and Ann(J) = I. This proves that
I € EA(R)". O

Let R be a ring which is not an integral domain. Then A(R)* # 0. Let A € A(R)*. Then
Ann(A) # (0) and as A(Ann(A)) = (0), it follows that Ann(A) € A(R)*. It follows from (2) = (1) of
Lemma 2.1 that Ann(A4) € EA(R)*. The above arguments imply that for a ring R, EA(R)* # 0 if and
only if R is not an integral domain.

Corollary 2.2. Let R be a ring such that A(R)* # (). The following statements are equivalent:
(1) A(R)* = EA(R)*.

(2) If I € A(R)*, then I = Ann(J) for some non-zero ideal J of R.

(3) For any I € A(R)*, Ann(Ann(I)) = 1.

Proof. The statements (1) = (2) a (2) (3) follow respectively from (1) = (2) and (2) = (3)
of Lemma 2.1. For any ring T, as ]EA( )* € A(T)*, the proof of (3) = (1) follows immediately from
(3) = (1) of Lemma 2.1. O

We illustrate Corollary 2.2 with the help of the example provided by D.D. Anderson and M. Naseer
in [3, page 501]. We verify that I(R)* = A(R)* = EA(R)* for the ring R provided in [3, page 501] in
Example 2.3. For any n > 2, we denote the ring of integers modulo n by Z,.

Example 2.3. Let T = Z4[X,Y,Z] be the polynomial ring in three variables X,Y,Z over Z4. Let I
be the ideal of T generated by {X? —2,Y? — 2,722 XY, YZ —2,XZ,2X,2Y,2Z}. Let R = % Then
I(R)* = A(R)" = EA(R)*.

Proof. 1t is convenient to denote X + I,Y + I, Z + I by x,v, z, respectively. It was already noted in
[3, page 501] that R is local with m = Rz + Ry + Rz as its unique maximal ideal, m? = {0 + I,2 + I},
m3 = (0 + I), and |R| = 32. Observe that Z(R) = m and from m? = (0), we get that each proper ideal
of R is an annihilating ideal of R. Therefore, I(R)* = A(R)*. The ring R was also considered in [8,
Proposition 2.1] and it was noted there that I(R)* = {(2+ 1), (z), (v), (2), (x+y), (y+2), (z+2), (e +y+
2), (x,y), (Y, 2), (z,2), (x,y+ 2), (v, 2+ ), (2, z+y), (x +y,y + 2), (x,y, 2) }. From the multiplication table
provided in [3, page 503], it follows that Ann(24+1) = m, Ann(z) = {0+1,2+1,y,y+2, 2, 242, y+z,y+ 2+
2}, Ann(y) = {041,241, 2,242, y+2,y+2+2, 2+y+z,2+y+2+2}, Ann(z) = {0+1,2+1, 2,242, 2,2+
2,74z, x+2+2}, Ann(z+y) = {0+1,2+ 1, y+2,y+2+2, 2+, 2+2+2, 2+y, s +y+2}, Ann(y+2) = {0+
1,241, x, 242, y, y+2, x+y, x+y+2}, Ann(z4x) = {0+1,2+1, 2, 2+2, x+y, v+y+2, z+y+2z, x+y+2+2},
and Ann(z+y+2) ={0+1,2+Lc+z,z+2+2,y,y+2,c+y+z,2+y+ 2+ 2} Note that
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zx+z)=ylz+2)=z2y+2) =z(x+y) =xz(x+y+2z) =2+ I. From the above given arguments,
it is clear that Ann(m?) = m, Ann(m) = m2, Ann(Rz) = Ry + Rz, Ann(Ry + Rz) = Rz, Ann(Ry) =
Rz + R(y + z), Ann(Rx + R(y + 2z)) = Ry, Ann(Rz) = Rz + Rz, Ann(Rx + Rz) = Rz, Ann(R(z +y)) =
Ry+2z)+ R(z+z), Ann(R(y+ z) + R(z+x)) = R(z +y), Ann(R(y +z2)) = Rx + Ry, Ann(Rx + Ry) =
R(y+z), Ann(R(z+x)) = Rz+R(z+y), Ann(Rz+R(z+y)) = R(z+x), Ann(R(x+y+2)) = Ry+R(z+z),
and Ann(Ry + R(z + 2)) = R(z + y + 2).

From the above discussion, we obtain that I(R)* = A(R)* and each proper A of R is such that
Ann(Ann(A)) = A. Hence, we obtain from (3) = (1) of Corollary 2.2 that A(R)* = EA(R)*. Therefore,
I(R)* = A(R)* = EA(R)*. O

Recall that a principal ideal ring R is said to be a special principal ideal ring (SPIR) if R has a
unique prime ideal. If m is the unique prime ideal of R, then it follows from [4, Proposition 1.8] that
nil(R) = m. Since m is principal, we get that m is nilpotent. Suppose that R is not a field. Then m # (0).
Let n > 2 be least with the property that m™ = (0). Then it follows from the proof of (iii) = (i) of [4,
Proposition 8.8] that {m® | i € {1,...,n — 1}} is the set of all non-zero proper ideals of R. If R is a SPIR
with m as its only prime ideal, then we denote it by the notation (R, m) is a SPIR. Let (R, m) be a SPIR
which is not a field. We verify in Lemma 2.4 that I(R)* = A(R)* = EA(R)*.

Lemma 2.4. Let (R,m) be a SPIR which is not a field. Then I(R)* = A(R)* = EA(R)*.

Proof. Letn > 2 beleast with the property that m™ = (0). Note that I[(R)* = {m’ |i € {1,...,n—1}}.
From m" = (0), it follows that I(R)* = A(R)*. Let i € {1,...,n — 1}. Observe that Ann(m’) = m"~*
and so, Ann(Ann(m?)) = Ann(m™~%) = m’. Therefore, we obtain from (3) = (1) of Corollary 2.2 that
A(R)* = EA(R)*. This proves that I(R)* = A(R)* = EA(R)*. O

Corollary 2.5. Let T be a PID which is not a field. Let m € Max(T). Let n > 2 and let R = L. Then
I(R)* == A(R)* = EA(R)".

Proof. Let m € m be such that m = T'm. Observe that R is a principal ideal ring. Note that
o€ Spec(R). Let P € Spec(R). Then P = E- for some p € Spec(T) with p O m”™. This implies that
p 2 m and so, p = m. Therefore, P = . Thus R is a principal ideal ring with Spec(R) = { % }. Hence,
(R, %) is a SPIR. Therefore, we obtain from Lemma 2.4 that I(R)* = A(R)* = EA(R)*. O

) mn

We provide some more examples in Example 2.8 to illustrate Corollary 2.2. We use Lemmas 2.6 and
2.7 in the verification of Example 2.8.

Lemma 2.6. Let n > 2 and let R; be a ring for each i € {1,2,...,n}. Let R = Ry X Ry X -+ X R,,.
Suppose that for any i € {1,2,...,n} and any ideal I; of R;, Anng,(Anng,(L;)) = I;. Then I(R)* =
A(R)* =EA(R)*.

Proof. Let I € I(R)*. Then for each i € {1,2,...,n}, there exists an ideal I; of R; such that I =
Iy x Iy x -+- x I,. Since I # R, it follows that I; # R; for at least one i € {1,2,...,n}. If I, = (0),
then I(Re;) = (0) x (0) x --- x (0), where e; is the element of R whose i-th coordinate equals 1 and
whose j-th coordinate equals 0 for all j € {1,2,...,n}\{i}. As Re; is a non-zero ideal of R and I(Re;)
equals the zero ideal of R, it follows that I € A(R)*. Suppose that I; # (0). Then from the hypothesis,
Anng, (Anng,(I;)) = I;, we get that I; € A(R;)* and so, I € A(R)*. This shows that I(R)* C A(R)*
and so, I(R)* = A(R)*. Let I = 1) x Iy x --- x I, € I[(R)* = A(R)*. Observe that Ann(Ann(I)) =
Anng, (Anng, (I1)) X Anng, (Anng,(I2)) x - -x Anng, (Anng, (I,)) = I; x Iy x - - - x I,, = I. Thus for each
I € A(R)*, Ann(Ann(I)) = I. Hence, we obtain from (3) = (1) of Corollary 2.2 that A(R)* = EA(R)*.
Therefore, I(R)* = A(R)* = EA(R)*. O

Lemma 2.7. Let R be a ring and let m € Max(R). Let q be a m-primary ideal of R. Then % = I;: as
rings.
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Proof. This is well-known. We provide a proof of this lemma for the sake of completeness. Let
[+ R = Ry be the usual homomorphism of rings defined by f(r) = 7. Using the hypothesis that g
is m-primary, it can be shown that f~!(qm) = q. Hence, f induces an injective ring homomorphism
f: % — % defined by f(r +q) = f(r) + qm. We verify that f is onto. Let Y be any element of
I;‘“. Then there exist 7 € R,s € R\m such that ¥ = * + qn. Since s € R\m and m € Max(R),

we get that m + Rs = R. Hence, \/q + VRs = R and so, we obtain from [4, Proposition 1.16] that

q + Rs = R. Therefore, there exist z € R and ¢ € q such that ¢ + s = 1. Hence, r = rq + rzs and so,

Y=1+qn= r‘:# + qm = 5 + qm, since 4 € q. Thus YV :Rf(rx + q). This shows that f is onto.
m R ~ m

Hence, f : % - = is an isomorphism of rings. Therefore, il
m m

as rings. O

Example 2.8. (1) Let n > 2. Let R=F; X Fy X -+ X F,,, where F; is a field for each i € {1,2,...,n}.
Then I(R)* = A(R)* = EA(R)*.

(2) Let T be a Dedekind domain and let I be a non-zero proper ideal of T such that I ¢ Max(T). Let
R=121. ThenI(R)* = A(R)* = EA(R)".

(3) Let T be a principal ideal domain. Let I be a non-zero proper ideal of T such that I ¢ Max(T). Let
R=12Z. ThenI(R)* = A(R)* = EA(R)*.

Proof. (1) Letie {1,2,...,n}. Observe that F; and (0) are the only ideals of F; and for each ideal I;
of F;, Annp,(Anng,(I;)) = I;. Now, it follows from Lemma 2.6 that I(R)* = A(R)* = EA(R)*.

(2) Since T is a Dedekind domain, T is Noetherian, dimT = 1, and T is integrally closed. Thus any
non-zero prime ideal of T is maximal. It follows from [4, Corollary 9.4] that there exist distinct maximal

n
ideals my,...,m, of T and positive integers ki,...,k, such that I = [] mf Observe that for each
i=1
i€ {l,...,n}, \/m" =m; € Max(T) and so, we obtain from [4, Proposition 4.2] that m"* is a m;-primary
ideal of T. We know from Lemma 2.7 that —%— = ( 7,:':‘) as rings. We know from (i) = (i) of [4,
m; - m;)m;

Theorem 9.3] that Ty, is a discrete valuation ring and so, it is a PID. Now, for all distinct ¢, € {1,...,n},
mb 4 \/mfj = T and so by [4, Proposition 1.16] that m* + m?’ = T. Hence, we obtain from [4,

Proposition 1.10] that £ & - x...x m71:71 . Note that for each i € {1,...,n}, (m;)m, is the unique maximal
mj n

: ki — ki ; T ~ Tm Ty,

ideal of Ty, and (m;" ), = ((m;)m,)"". Therefore, we obtain that 7 = W X X e @8

m

rings. Let i € {1,...,n} and let us denote the ring ((mT)i)k by R; and the unique maximal ideal (m;)y,

of Thn, by n;. If k; =1, then R; is a field. If k; > 2, then as T}y, is a PID, we obtain from the proof of
Corollary 2.5 that (R;, %) is a SPIR. From the proof of Lemma 2.4, we know that Anng, (Anng,(I;)) = I;

for each ideal I; of R;. 1N0w, R >~ Ry X -+ X R, as rings. Suppose that n = 1. Since I ¢ Maxz(T) by
hypothesis, k1 > 2 and so, it follows from Lemma 2.4 that I(R)* = A(R)* = EA(R)*. Suppose that
n > 2. As Annpg,(Anng, (I;)) = I; for each ideal I; of R; and for each ¢ € {1,2,...,n}, we obtain from
Lemma 2.6 that I(R)* = A(R)* = EA(R)*.

(3) If T is a PID which is not a field, then we know from [4, Example (1), page 96] that T is a Dedekind
domain. Therefore, the conclusion of (3) follows immediately from (2). O

Let R be a ring such that A(R)* # (). It was shown in [7, Corollary 2.9(a)] that A(R)* = {I} if and
only if (R,I) is a SPIR with I = (0) (see also, [19, Lemma 2.6]). Let R be a ring and let I € A(R)*. In
Theorem 2.9, we determine necessary and suffcient conditions on I such that EA(R)* = {I}.

Theorem 2.9. Let R be a ring and let I be a non-zero ideal of R. The following statements are equivalent:
(1) EA(R)" ={I}.
(2) I € Spec(R),1? = (0), and Z(R) = 1.
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Proof. (1)= (2) As I € EA(R)*, I € A(R)* and Ann(I) € A(R)*. Hence, we obtain from (2) = (1)
of Lemma 2.1 that Ann(I) € EA(R)* = {I} and so, Ann(I) = I. This proves that I? = (0). We next
verify that I € Spec(R). It is clear that I # R. If B is any non-zero ideal of R with Ann(B) # (0),
then Ann(B) € A(R)* and it follows from (2) = (1) of Lemma 2.1 that Ann(B) € EA(R)* = {I}.
Hence, Ann(B) = I. Let a,b € R be such that ab € I = Ann(I). This implies that Tab = (0). Suppose
that a ¢ I = Ann(I). Then Ia # (0) and from I(Ia) = (0), it follows that Ann(la) # (0). Hence,
Ann(la) = I. From b € Ann(la), we get that b € I. This proves that I € Spec(R). As any member of
A(R) is a subset of Z(R), it follows that I C Z(R). Let r € Z(R)*. Then there exists s € R\{0} such
that rs = 0. As Rs # (0) and Ann(Rs) # (0), it follows that Ann(Rs) = I. From rs = 0, we obtain that
r € I. This shows that Z(R) C I and so, Z(R) = I.

(2) = (1) We claim that for any non-zero ideal J of R with J C I, Ann(J) = I. Let r € Ann(J). Then
rJ = (0). From J # (0), it follows that » € Z(R) = I. This shows that Ann(J) C I. From I? = (0)
and J C I, we get that JI C I? = (0). This shows that I C Ann(J). Therefore, Ann(J) = I and so, in
particular, Ann(I) = I. Hence, I € EA(R)*. Let A € EA(R)*. Then there exists a non-zero ideal B of R
such that Ann(A) = B and Ann(B) = A. This implies that AB = (0) and so, AUB C Z(R) = I. Hence,
Ann(A) = Ann(B) = I. From Ann(B) = A, we obtain that A = I. This proves that EA(R)* = {I}. O

Let R be a ring such that it admits p € Spec(R) with p = Rp is principal, p # (0) but p is nilpotent.
Let n > 2 be least with the property that p" = (0). If Z(R) = p, then we prove in Proposition 2.10 that
EAR)* ={p'|ie {1,...,n—1}}.

Proposition 2.10. Let R be a ring. Let p € Spec(R) be such that p = Rp is principal, p # (0) but p is
nilpotent, and Z(R) = p. Let n > 2 be least with the property that p™ = (0). Then EA(R)* = {p" | i €
{1,...,n—1}}. Moreover, A(R)* = EA(R)* if and only if p € Maz(R).

Proof. Lleti € {1,...,n—1}. As p = Rp, we get that p’ = Rp’. From p" = 0, it follows that
p"~t € Ann(Rp®). Hence, Rp"~* C Ann(Rp®). Let r € Ann(Rp®). Then rp’ = 0. As p' # 0, we obtain
that » € Z(R) = Rp. We claim that » € Rp™~*. This is clear if r = 0. Suppose that r # 0. It is possible
to find j € {1,...,n — 1} such that r € Rp?\Rp’*!. Hence, there exists s € R\Z(R) such that r = ps.
From 7p’ = 0, we get that sp'*7 = 0. As s € R\Z(R), it follows that p'™/ = 0. Since n is least with the
property that p” = 0, we obtain that i + j > n and so, j > n — i. Therefore, r € Rp? C Rp"~*. This
proves that Ann(Rp') C Rp"~* and so, we obtain that Ann(Rp') = Rp"~*. Asn—i € {1,...,n—1}, it
follows that Ann(Rp™~%) = Rp'. Thus for any i € {1,...,n — 1}, Ann(p?) = p"~% and Ann(p"~%) = p’.
This proves that {p’ | i € {1,...,n—1}} CEA(R)*. Let A € EA(R)*. Then there exists a non-zero ideal
B of R such that Ann(A) = B and Ann(B) = A. From AB = (0), we get that AUB C Z(R) = Rp. It is
possible to find j € {1,...,n — 1} such that B C Rp’ but B € Rp’™!. Note that Rp"~7 C Ann(B) = A.
Let b € B\Rp'*l. As B C Rp/, it follows that b = sp’ for some s € R\Z(R). From AB = (0), we obtain
that for any a € A, a(sp’) = 0 and so, ap’ = 0. This implies that a € Ann(Rp’) = Rp™~. This shows
that A C Rp"~/ and so, A = Rp"~J. Hence, EA(R)* C {p’ | i € {1,...,n — 1}}. Therefore, we obtain
that EA(R)* = {p’ |i e {1,...,n—1}}.

We next verify the moreover part of this proposition. Assume that A(R)* = EA(R)*. As EA(R)* =
{p* | i€ {1,...,n — 1}}, we obtain that A(R)* is finite. Hence, R satisfies descending chain condition
(d.c.c.) on A(R)*. Therefore, it follows from [7, Theorem 1.1] that R is Artinian and so, we obtain from
[4, Proposition 8.1] that p € Maz(R). We also include a direct argument to show that p € Max(R). Let
m € Max(R) be such that p C m. Let m € m. If pm = 0, then m € Z(R) = p. Suppose that pm # 0.
Note that Rpm € A(R)*. Therefore, Rpm = p* = Rp® for some i € {1,...,n—1}. If i = 1, then p = rpm
for some r € R. Hence, p(1 —rm) = 0. This implies that 1 —rm € Z(R) =p C m and so, 1 € m. This is
impossible and therefore, i > 2. From p” = 0 and Rpm = Rp?, it follows that p"~i1m = 0. As i > 2, it
follows that p"~“*! =£ 0. Hence, m € Z(R) = p. This proves that m C p and so, p = m € Maz(R).

Conversely, assume that p € Max(R). Let P € Spec(R). Now, P D (0) = p™. This implies that
B D p. Since p € Max(R), it follows that P = p. Therefore, Spec(R) = Maxz(R) = {p}. Now, p = Rp is
principal and n > 2 is least with the property that p™ = (0). Hence, we obtain from the proof of (iii) = (i)

ot



S. Visweswaran, P. T. Lalchandani / J. Algebra Comb. Discrete Appl. 8(2) (2021) 119-138

of [4, Proposition 8.8 that {p’ = Rp’ | i € {1,...,n — 1}} is the set of all non-zero proper ideals of R.
Therefore, it follows that (R, p) isa SPIR and so, I(R)* = A(R)* = EA(R)* ={p" | i € {1,...,n—1}}. O

We provide Example 2.12 to illustrate Theorem 2.9 and Proposition 2.10. We use Lemma 2.11 in
the verification of Example 2.12.

Lemma 2.11. Let p be a prime element of an integral domain T. Letn > 2. Let R =
Then EA(R)* = {p* |i € {l,...,n—1}}.

. Letyp =

Proof. By hypothesis, p is a prime element of T'. Hence, Tp € Spec(T') and so, p = T > € Spec(R =

Tgn ). It is clear that p = R(p + Tp™) is principal. Observe that n > 2 is least with the property that

p™ = (0 + Tp™). Note that Tp™ is a Tp-primary ideal of T. Hence, the zero ideal (0 4+ Tp") of R is a
p-primary ideal of R. Therefore, we obtain from [4, Proposition 4.7] that Z(R) = p. Now, it follows from

Proposition 2.10 that EA(R)* = {p® |i € {1,...,n — 1}}. O
Example 2.12. Let T = Z[X] be the polynomial ring in one variable X over Z. Let n > 2 and let
R = 1. Let p = 2%, Then EA(R)* = {p’ | i € {1,. —1}}L AR ={I € (R)* | I Cp}, and

A((R) # EA(R)".

Proof. Note that T is an integral domain. Indeed, T is a unique factorization domain and X is a
prime element of 7. Therefore, we obtain from Lemma 2.11 that EA(R)* = {p® | i € {1,...,n—1}}. Let
I € I(R)* be such that I C p. Note that p»~! # (0+7TX") and Ip"~! = (0+TX"). Hence, I € A(R)*.
Let A € A(R)*. As any annihilating ideal of a ring is contained in its set of zero-divisors, we get that
A C Z(R) = p. This proves that A(R ) = {I € I(R)* | I C p}. Observe that I = R(2X +TX™) C p,
I# (0+TX"),and I ¢ {p*|i € {1,...,n—1}}. Hence, I € A(R)*\EA(R)*. Therefore, A(R)* #
EA(R)*. O

In Example 2.13, we illustrate that (2) = (1) of Theorem 2.9 can fail to hold if the assumption that
I? = (0) is omitted.

Example 2.13. Let R be as in Example 2.3. In the notation of Example 2.3, R is a local Artinian ring
with unique mazimal ideal m = Rz + Ry + Rz, m® = (0), and Z(R) = m. It is already verified in the
verification of Example 2.8 that R has 16 non-zero proper ideals and I(R)* = A(R)* = EA(R)*.

In Example 2.14, we illustrate that (2) = (1) of Theorem 2.9 can fail to hold if the assumption that
Z(R) = I is omitted.

Example 2.14. Let T = K[X,Y] be the polynomial ring in two variables X,Y over a field K. Let
A=TX?>+TXY. Let R =%4. Letp = LX. Then p = R(X + A) is principal, p?> = (0 + A), and
BA(R)"| =2,

Proof. As X is a prime element of T, it follows that TX € Spec(T) and so, p = X € Spec( = R).

It is clear that p = R(X + A) is principal and from X? € A, we obtain that p? = (0 + A). Observe that
ﬁ >~ K as rings. From K is a field, it follows that TX + TY € Max(T) and so, m = w €
Maz(R). It is convenient to denote X + A by « and Y + A by y. Note that m = Rz + Ry. Observe
that A=TX N(TX?+TY). As VITX2+TY =TX +TY € Max(T), we obtain from |4, Proposition
4.2] that TX? + TY is a TX + TY -primary ideal of 7. Hence, A = TX N (TX? + TY) is a minimal
primary decomposition of A with TX is a T X-primary ideal of T and TX2+TY is a TX + TY -primary
ideal of T'. Therefore, (0 4+ A) = % N TX%TY is a minimal primary decomposition of the zero ideal of
R with % is a p-primary ideal of R and TX2+TY is a m-primary ideal of R. Hence, it follows from [4,
Proposition 4.7] that Z(R) = p Um = m, since p C m. Note that mp = (0 + A) and so, m C Ann(p).
From m € Maz(R) and Ann(p) # R, it follows that Ann(p) = m. From pm = (0 + A), we get that
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p C Ann(m). Let r € Ann(m). Then rm = (0 + A) C p. As p € Spec(R) and m Z p, we obtain that
r € p. This proves that Ann(m) C p and so, Ann(m) = p. Thus the non-zero ideals m,p of R are such
that Ann(p) = m and Ann(m) = p. Hence, p,m € EA(R)* and so, [EA(R)*| > 2. Let C € EA(R)*. We
claim that C' € {p,m}. As C' € EA(R)*, there exists a non-zero ideal D of R such that Ann(C) = D
and Ann(D) = C. Observe that CD = (0+ A) C p. From p € Spec(R), it follows that either C' C p or
D C p. Suppose that C C p. Then m = Ann(p) C Ann(C) = D. From D # R, we get that D = m and
so, C' = Ann(D) = p. If D C p, then it follows similarly that C' = m. Therefore, C' € {p, m}. This proves
that EA(R)* = {p,m} and so, |[EA(R)*| = 2. O

Let R be a ring such that EA(R)* # ). Inspired by Theorem 2.9 and Example 2.14, we try to char-
acterize ideals I, J of a ring R such that EA(R)* = {I,J}. In Theorem 2.16, we are able to characterize
ideals I,J of a reduced ring R such that EA(R)* = {I,J}. We use Proposition 2.15 in the proof of
(3) = (1) of Theorem 2.16.

Let R be a reduced ring which is not an integral domain. Suppose that |[EA(R)*| < oo. Let
A C Z(R)* be such that zy = 0 for all distinct x,y € A. Note that for each z € A, x # 0, Ann(z) € A(R)*,
and it follows from (2) = (1) of Lemma 2.1 that Ann(z) € EA(R)*. Let z,y € A be such that
x # y. Observe that y € Ann(z). Since R is reduced and y # 0, it follows that y ¢ Ann(y). Hence,
Ann(z) # Ann(y). From the assumption that |EA(R)*| < oo, we get that A is finite. Hence, we obtain
from (4) = (3) of [6, Theorem 3.7] that Min(R) is finite. This shows that if |[EA(R)*| < oo for a reduced
ring R, then |Min(R)| < oo. Let R be a reduced ring with |Min(R)| = n > 2. Then we prove in
Proposition 2.15 that [EA(R)*| = 2" — 2.

Proposition 2.15. Let R be a reduced ring which is not an integral domain. Let |Min(R)| = n and
let Min(R) = {p1,...,pn}. Then |EA(R)*| = 2" — 2. Moreover, A(R)* = EA(R)* if and only if
pi € Max(R) for each i € {1,2,...,n}.

Proof. Tt is known that any prime ideal p of a ring T' contains a minimal prime ideal of T' [14, Theorem

10]. Since R is reduced, nil(R) = (0). We know from [4, Proposition 1.8] that (0) = nil(R) = () p.
peSpec(R)
Since any prime ideal of R contains at least one minimal prime ideal of R, we obtain that N p=1(0).
peMin(R)

n

As Min(R) = {p1,...,pn}, we obtain that [ p;, = (0). It is clear that n > 2, since R is not an integral
i=1

domain. Note that distinct minimal prime ideals of a ring R are not comparable under the inclusion

relation and hence, it follows from [4, Proposition 1.11(i7)| that for any proper non-empty subset A of

{1,2,...,n}, [ pi # (0). Let A C {1,2,...,n} with A # 0. Let us denote () p; by I4. Observe that
i€A i€A

forany A C {1,2,...,n} with A # 0, A° C {1,2,...,n} and A° # (), where A° = {1,2,...,n}\A and it is

easy to verify that Ann(I4) = I4c. Hence, I4 € A(R)* and note that Ann(Ann(I4)) = I4. Therefore, we

obtain from (3) = (1) of Lemma 2.1 that I, € EA(R)*. This proves that {I4 |[A C {1,2,...,n},A# 0} C

EA(R)*. Let I € EA(R)*. As I € A(R)*, Ir = (0) for some r € R\{0}. Since () p; = (0), r ¢ p; for
i=1

at least one 7 € {1,2,...,n}. From Ir = (0) C p; € Spec(R), we get that I C p;. Since I # (0), there
exists at least one j € {1,2,...,n} such that I Z p;. Thus there exists A C {1,2,...,n}, A # 0 such that
I Cyp;foreachie Aand I Zp; for any j € {1,2,...,n}\A. From IAnn(I) = (0) C p; for any j € A°,
we obtain that Ann(I) C p; for each j € A°. Thus I C I4 and Ann(I) C Iac. From Ann(I) C Ise, it
follows that Iy = Ann(Ise) C Ann(Ann(I)). Since I € EA(R)*, we obtain from (1) = (3) of Lemma
2.1 that Ann(Ann(I)) = I and so, I4 C I. Hence, I = I4 for some A C {1,2,...,n} with A # (. This
proves that EA(R)* C {I4 | AC{1,2,...,n},A # 0} and so, EA(R)* ={Ia| AC {1,2,...,n}, A # 0}.
If Ay, A are distinet non-empty proper subsets of {1,2,...,n}, then it is clear that I4, # I4,. Since
HA C{1,2,...,n},A# 0} =2" — 2, it follows that [EA(R)*| = 2" — 2.

We next verify the moreover part of this proposition. Assume that A(R)* = EA(R)*. Hence,
|A(R)*| = 2™ — 2 < co. Therefore, R satisfies d.c.c. on A(R)* and so, we obtain from [7, Theorem 1.1]
that R is Artinian. We know from [4, Proposition 8.1] that Spec(R) = Max(R). Therefore, p; € Max(R)

~
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3]

for each ¢ € {1,2,...,n}. We also include a direct argument to show that p, € Maz(R) for each

i € {1,2,...,n}. First, we show that p; € Max(R). Let m € Maxz(R) be such that p; C m. Since

distinct minimal prime ideals of a ring are not comparable under the inclusion relation, it follows from
n

[4, Proposition 1.11(i7)] that there exists z € () p;)\p1. Let m € m. Suppose that zm # 0. As
j=2

x € Z(R)*, it follows that am € Z(R)*, and so, Rem € A(R)*. It is shown in the previous paragraph
that EA(R)* = {Ia | AC{1,2,...,n}, A # 0}, where for a non-empty proper subset A of {1,2,...,n},
I, = () p;- From the assumption A(R)* = EA(R)*, it follows that Rem = I4 for some non-empty
icA
proper subset A of {1,2,...,n}. From zm € () p;)\{0} and () p; = (0), we get that 1 ¢ A. Hence,
j=2 i=1

A C{1,2,...,n}\{1}. It follows from the choice of = that € I4. Therefore, z € Rxm. This implies
that (1 — rm) = 0 for some r € R. As z ¢ p;, we obtain that 1 — rm € p; C m. This implies that
1 € m and this is impossible. Therefore, xm = 0. Hence, m € py, since p; € Spec(R) and = ¢ p;. This
proves that m C p;. Therefore, p1 = m € Maxz(R). Similarly, it can be shown that p; € Maxz(R) for
each j € {2,...,n}.

Conversely, assume that p, € Max(R) for each i € {1,2,...,n}. Note that p;+p,; = R for all distinct
i,j € {1,2,...,n} and () p; = (0). Hence, we obtain from [4, Proposition 1.10(i¢) and (7i¢)] that the
i=1

mapping f : R — p% X p% X - X pﬁn defined by f(r) = (r + p1,7 + p2,...,7 + py,) is an isomorphism

of rings. Let i € {1,2,...,n}. Since p; € Max(R), it follows that % is a field. Let us denote the ring

pﬁl X p% X e X p% by T. It follows from Example 2.8(1) that I(T)* = A(T)* = EA(T)*. Since R=T as

rings, we obtain that I(R)* = A(R)* = EA(R)*. O

Theorem 2.16. Let R be a reduced ring which is not an integral domain. The following statements are
equivalent:

(1) EA(R)* = {1, J}.
(2) J = Ann(I) and I,J € Spec(R).
(3) Min(R) ={I,J}.

Proof. (1) = (2) As I € EA(R)*, it follows that I € A(R)* and so, Ann(I) # (0). It is clear that
Ann(I) € A(R)*. Observe that we obtain from (2) = (1) of Lemma 2.1 that Ann(I) € EA(R)* =
{I,J}. Since R is reduced, I? # (0) and so, Ann(I) # I and therefore, Ann(I) = J. Let B € A(R)*.
Then Ann(B) € A(R)*. Therefore, we obtain from (2) = (1) of Lemma 2.1 that Ann(B) € EA(R)*.
From the hypothesis EA(R)* = {I, Ann(I)}, it follows that if B € A(R)*, then either Ann(B) = I or
Ann(B) = Ann(I). We next verify that I,J = Ann(I) € Spec(R). Let a,b € R be such that ab € I.
Then abAnn(I) = (0). We know from (1) = (3) of Lemma 2.1 that Ann(Ann(I)) = I. If aAnn(I) = (0),
then a € Ann(Ann(I)) = I. Similarly, if bAnn(I) = (0), then b € I. Hence, we can assume that
aAnn(I) # (0) and bAnn(I) # (0). Now, aAnn(I) # (0), Ann(aAnn(I)) # (0), bAnn(I) # (0), and
Ann(bAnn(I)) # (0). Therefore, Ann(aAnn(I)), Ann(bAnn(I)) € EA(R)* = {I, Ann(I)}. Observe that
Ann(aAnn(I)) # Ann(bAnn(I)). For if Ann(aAnn(I)) = Ann(bAnn(I)), then from abAnn(l) = (0),
it follows that b>Ann(I) = (0). Since R is reduced, we get that bAnn(I) = (0) and this contradicts
our assumption. Hence, Ann(aAnn(I)) # Ann(bAnn(I)). Therefore, either Ann(aAnn(I)) = I or
Ann(bAnn(I)) = I. If Ann(aAnn(I)) = I, then b € I. If Ann(bAnn(I)) = I, then a € I. This proves
that I € Spec(R). Similarly, it can be shown that Ann(I) € Spec(R).

(2) = (3) We are assuming that the ideals I, J of R are such that J = Ann(I), and I, J € Spec(R). By
hypothesis, R is not an integral domain. Hence, I # (0) and J # (0). As R is reduced, I? # (0), and so,
it follows that I # Ann(I) = J. Note that I.J = (0). If r € I N J, then r? € IJ = (0) and since R is
reduced, we obtain that » = 0 and so, I NJ = (0). It is convenient to denote I by p; and Ann(I) by ps.
Note that p; Np2 = (0). We claim that Min(R) = {p1,p2}. If p € Spec(R), then from p; Nps = (0), it
follows that p D p; for some ¢ € {1,2}. Since R is not an integral domain, we obtain that p; and p» are not
comparable under the inclusion relation. The above arguments imply that Min(R) = {p1 = I,p2 = J}.
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(3) = (1) We are assuming that Min(R) = {I,J}. It now follows from the proof of Proposition 2.15
that EA(R)* = {1, J}. O

Let T be a UFD. If A(Tlpz)* EA( z)* for every prime element p of T', then we prove in Theorem
2.17 that T is a PID.

Theorem 2.17. Let T be a UFD which is not a field. The following statements are equivalent:
(1) For any prime element p of T, A(Tlpz)* = EA(TLPZ)*

(2) T is a PID.

(3) For any non-zero proper ideal I of T with I ¢ Max(T), I(%)* = A($) = EA(L)*.

Proof. (1) = (2) Let p be a prime element of T. We claim that Tp € Max(T). For the sake of
convenience, let us denote =5 L. by R. Observe that Tp € Spec( ) and let us denote TT—;’z by p. Note that
p € Spec(R), p = R(p+ Tp? ) is principal, p # (0 + Tp?) but p? = (0 + Tp?) and we know from the proof
of Lemma 2.11 that Z(R) = p. We are assuming that that A(R)* = EA(R)*. Therefore, we obtain from
the moreover part of Proposition 2.10 that p € Maxz(R). As p = TT—pr, we get that Tp € Max(T). This
is true for any prime element p of T. Let B € Spec(T)\{(0)}. Since any non-zero non-unit of T’ can
be expressed as the product of a finite number of prime elements of T', it follows that 8 O T'p for some
prime element p of T. As Tp € Max(T), we obtain that 8 = Tp € Max(T). This shows that dimT = 1.
Hence, any prime ideal of T is principal. Therefore, we obtain from [14, Exercise 10, page 8] that any
ideal of T is principal. Therefore, T is a PID.

(2) = (3) This follows from Example 2.8(3).

(3) = (1) This is clear, since for any prime element p of T, Tp? ¢ Maz(T). O

Let T be a UFD which is not a field. If for every pair of non-associate prime elements pi,ps of
T, IEA(TPIPZ) = A(T;lhpz) , then we prove in Theorem 2.18 that T is a PID. Suppose that T has
a prime element p such that any prime element of T is an associate of p in T. Let a be any non-
zero non-unit of 7. Then a = wup™ for some v € U(T) and n > 1. Hence, Ta C Tp. Therefore,
Max(T) = Spec(T)\{(0)} = {Tp}. Let I be any non-zero proper ideal of T. Then I C Tp. From

N Tp™ = (0), we get that there exists n € N such that I C Tp™ but I € Tp"*. Let x € I\Tp"+!.
n=1

Then z = up™ for some u € U(T). This implies that p”* = u~!x € I. This proves that Tp® C I and
so, I = Tp™. Thus any ideal of T is principal and so, T is a PID. Hence, in proving Theorem 2.18, we
assume that T has at least two non-associate prime elements.

Theorem 2.18. Let T' be a UFD such that T has at least two mon-associate prime elements. The
following statements are equivalent:

(1) For any non-associate prime elements py,ps of T, EA(Tplm)* =

(Tplpz) ’
(2) T is a PID.
(3) For any non-zero proper ideal I of T with I ¢ Maxz(T) , EA(L)* = A(%)*.

Proof. (1)=(2) We are assuming that for any two non-associate prime elements py, ps of T, EA(R)* =

A(R)* with R = Tp ;- Let p be any prime element of 7. By assumption, 7" has at least two non-

associate prlme elements. Let ¢ be a prime element of T such p and ¢ are non-associates in 1. By
* T

(1), EA(qu) = A(qu) . Observe that 7 is a reduced ring with Mm(qu) = {qu7 qu} From

EA(qu)* = A(Tlpq)*, we obtain from the moreover part of Proposition 2.15 that 7?;;, Tj;jqq € Max(R)
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and so, Tp,Tq € Max(T). Thus for any prime element p of T, Tp € Max(T). Now, it follows as in the
proof of (1) = (2) of Theorem 2.17 that T is a PID.

(2) = (3) This follows from Example 2.8(3).

(3) = (1) This is clear, since for any non-associate prime elements p1,ps of T, Tpi1ps ¢ Max(T). O

Recall from [10, Exercise 16, page 111] that a ring T is von Neumann regular if given a € T, there
exists b € T such that a = a?b. If @ is a non-zero non-unit of a von Neumann regular ring 7', then from
a = a®b, it follows that e = ab = a?b?> = €. Hence, e is an idempotent element of T with e ¢ {0,1}.
It is known from (a) < (d) of [10, Exercise 16, page 111] that a ring 7" is von Neumann regular if and
only if dimT = 0 and T is reduced. An idempotent element e of R with e ¢ {0,1} is referred to as a
non-trivial idempotent element. Let R be a von Neumann regular ring which is not a field. We verify
in Corollary 2.19 that |[EA(R)*| < oo if and only if there exist n > 2 and fields F, Fs, ..., F,, such that

R=F) X Fy x --- x F,, as rings.

Corollary 2.19. Let R be a von Neumann regular ring which is not a field. The following statements
are equivalent:

(1) |[EA(R)*| < oo.
(2) There exist n > 2 and fields Fy, Fs, ..., F, such that R = Fy; X Fy x --- X F, as rings.

R)

Proof. (1) = (2) Since R is von Neumann regular, we obtain that Spec(R) = Maxz(R) = Min(R).
| > 2.

Since R is reduced, we get that (1 m=(0). From R is not a field, it follows that |[Max(R)
We are assuming that [EA(R)*| n;ezggl.m(génce, we obtain from the remark which appears just preceding
the statement of Proposition 2.15 that |[Min(R) = Maz(R)| < oo. Let Maz(R) = {m;|i € {1,2,...,n}}.
Now, it follows as in the proof of the moreover part of Proposition 2.15 that R & ﬁ mﬁ as rings. Let
i € {1,2,...,n} and let us denote the field & by F;. Thus there exist n > 2 and 2ﬁzellds L F, ... F,

m;

such that R = F} x Fy x --- x F, as rings.

(2) = (1) We are assuming that there exist n > 2 and fields Fy, Fy, ..., F,, such that R~ Fy X Fyx---X F,
as rings. Let us denote the ring l_n[ F; by T. We know from Example 2.8(1) that I(T)* = A(T)* = EA(T)*.
Therefore, [EA(T)*| = [I[(T)*| — 2" — 2. Hence, [EA(R)*| = 2" — 2 < co. O

3. Some results on EAG(R)

Let G = (V, E) be a graph. G is said to be connected if for distinct vertices a,b € V, there exists at
least one path in G between a and b. Let G = (V, E) be a connected graph. Let a,b € V with a # b.
Recall from [5] that the distance between a and b, denoted by d(a,b) is defined as the length of a shortest
path in G between a and b. We define d(a,a) = 0 and define the diameter of G, denoted by diam(G)
as diam(G) = sup{d(a,b) | a,b € V}. A simple graph G is said to be complete if every pair of distinct
vertices of G are adjacent in G. Let n > 1. A complete graph with n vertices is denoted by K, [5,
Definition 1.1.11].

Let R be a ring such that EA(R)* # 0. The aim of this section is to discuss some results on EAG(R).
First, we prove some results regarding the connectedness of EAG(R).

Proposition 3.1. Let R be a ring such that EA(R)* # 0. Let I,J € EA(R)* be such that there is a
path in EAG(R) between I and J. Then I and J are adjacent in EAG(R). In particular, if EAG(R) is
connected and if |[EA(R)*| > 2, then diam(EAG(R)) = 1.
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Proof. Let I,J € EA(R)* be such that there is a path in EAG(R) between I and J. We claim
thatl and J are adjacent in EAG(R). Suppose that I and J are not adjacent in EAG(R). Let Iy =
I—-1 —---—1I, = J be a shortest path in EAG(R) between I and J. It is clear that n > 2. Note
that for all ¢ € {0,1,...,n — 1}, I, and I;11 are adjacent in EAG(R). Hence, Ann(l;) = I;41 and
Ann(l;41) = I;. If A € EA(R)*, then we know from (1) = (3) of Lemma 2.1 that A = Ann(Ann(A)).
Therefore, I = Iy = Ann(Ann(ly)) = Ann(l1) = I,. This is a contradiction. Therefore, I and J are
adjacent in EAG(R).

We now verify the in particular statement of this proposition. Suppose that EAG(R) is connected
and |EA(R)*| > 2. Let I,J € EA(R)* be such that I # J. Since EAG(R) is connected, there exists a
path in EAG(R) between I and J. Hence, we obtain from what is shown in the previous paragraph that
I and J are adjacent in EAG(R). Therefore, it follows that diam(EAG(R)) = 1. O

Let G = (V, E) be a graph. Recall from [9, page 21] that a maximal connected subgraph of G is
called a component of G. Let R be a ring such that EA(R)* # (. We prove in Corollary 3.3 that each
component of EAG(R) is a complete graph with at most two vertices. We use Lemma 3.2 in the proof of
Corollary 3.3.

Lemma 3.2. Let R be a ring such that EA(R)* # (. Let I — J be an edge of EAG(R). Let A €
EA(R)*\{I,J}. Then I and A are not adjacent in EAG(R) and J and A are not adjacent in EAG(R).

Proof. Since I — J is an edge of EAG(R), we obtain that Ann(I) = J and Ann(J) = I. As A €
EA(R)*, we know from (1) = (3) of Lemma 2.1 that Ann(Ann(A)) = A. As A ¢ {I,J}, it follows that
Ann(A) ¢ {I,J}. Therefore, we obtain that I and A are not adjacent in EAG(R) and J and A are not
adjacent in EAG(R). O

Corollary 3.3. Let R be a ring such that EA(R)* # 0. If g is any component of EAG(R), then g is
a complete graph with at most two vertices. In particular, if EAG(R) is connected, then EAG(R) is a
complete graph with at most two vertices.

Proof. Let g be any component of EAG(R). Suppose that |V (g)| > 2. Let I,J € V(g) with I # J.
Then there exists a path in EAG(R) between I and J. Hence, we obtain from Proposition 3.1 that I and
J are adjacent in EAG(R) and so, they are adjacent in g. Let A € EA(R)*\{I, J}. We know from Lemma
3.2 that I and A are not adjacent in EAG(R) and J and A are not adjacent in EAG(R). Therefore,
A ¢ V(g) and so, V(g) = {I,J}. This proves that any component g of EAG(R) is a complete graph with
at most two vertices.

We next verify the in particular statement of this corollary. Suppose that EAG(R) is connected.
Then EAG(R) is the only component of EAG(R) and so, EAG(R) is a complete graph with at most two
vertices. O

Next, we assume that (R, m) is a SPIR and try to determine the structure of EAG(R).

Proposition 3.4. Let R be a ring. Let p € Spec(R) be such that p # (0) but p?> = (0). If p = Z(R),
then EAG(R) is a graph with V(EAG(R)) = {p}. In particular, if (R,m) is a SPIR with m # (0) but
m2 = (0), then EAG(R) is a graph with V(EAG(R)) = {m}.

Proof. We know from (2) = (1) of Theorem 2.9 that EA(R)* = {p}. As V(EAG(R)) = EA(R)*, we

obtain that V(EAG(R)) = {p}.

We next verify the in particular statement of this proposition. Let (R, m) be a SPIR with m # (0)
but m? = (0). As Z(R) =m, it follows that V(EAG(R)) = {m}. O

Proposition 3.5. Let R be a ring. Let p € Spec(R) be such that p = Rp is principal, n > 3 is least with
the property that p™ = (0), and Z(R) = p. Then the following statements hold:
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(1) If n is odd, then EAG(R) has exactly [5] components and each component is a complete graph with
two vertices.

(2) If n is even, then EAG(R) has exactly 5 components g1, ga, ..., gz such that g; is a complete graph
with two vertices for each j € {1,...,5 — 1} and gz is a complete graph on a single vertex.

In particular, if (R,m) is a SPIR and n > 3 is least with the property that m™ = (0), then the
statements (1) and (2) hold for EAG(R).

Proof. Note that V(EAG(R)) = EA(R)* and we know from Proposition 2.10 that EA(R)* = {p’ |
i€ {l,2,...,n—1}}. We know from the proof of Proposition 2.10 that for each i € {1,2,...,n — 1},
Ann(p') = p™~* and Ann(p"~") = p’. Suppose that n > 4. Let j € {1,...,[%] —1}. As2j <n and n is
least with the property that p™ = (0), it follows that p? # p"~7. Observe that p/ and p"~7 are adjacent
in EAG(R). Let g; be the subgraph of EAG(R) induced by {p’,p"~7}. Then g; is a complete graph with
two vertices and it follows from Corollary 3.3 that g; is necessarily a component of EAG(R).

(1) Assume that n is odd. If n = 3, then V(EAG(R)) = {p,p?} and EAG(R) is a complete graph with two

n—1 n—1

vertices. Let n > 5. Note that p™2 # p%. Observe that Ann(p%) = p"TH and Ann(p"TH) =pz .
Hence, p“= and p"z are adjacent in EAG(R). Let gz be the subgraph of EAG(R) induced by

n—1

{pT,pnTH}. Note that gjz) is a complete graph with two vertices and it follows from Corollary 3.3

(51 ,
that g[=) is necessarily a component of EAG(R). Observe that V(EAG(R)) = EA(R)" = U {p’,p" 77} =
j=1

(5]
O V(g;). Tt is clear that for any distinct ji,j2 € {1,2,...,[5]}, V(g5,) N V(gj,) = 0. From the above
j=1

arguments, it is clear that EAG(R) has exactly [§] components and each component is a complete graph
with two vertices.
(2) Assume that n is even. It is clear that n > 4. Observe that

31 . n 31 n
V(EAG(R)) = EA(R)* = ( 'L:J1 {p?,p" 7 U{pz} = ( 'L:J1 V(gj)) U{p=}. Let gn be the subgraph of

EAG(R) induced by {pZ }. It is clear that for all distinct ji,j> € {1,2,..., 2}, V(g;,) NV (gj,) = 0. From
the above given arguments, it follows that EAG(R) has exactly § components g1, gs, ..., gz such that g;
is a complete graph with two vertices for each j € {1,...,5 — 1} and gz is a complete graph on a single
vertex.

We next verify the in particular statement of this proposition. Now, (R, m) is a SPIR and n > 3
is least with the property that m”™ = (0). Let m € m be such that m = Rm. Observe that Z(R) = m.
Hence, the hypotheses of this proposition are satisfied and therefore, the statements (1) and (2) hold for
EAG(R). O

Remark 3.6. Let R be a ring. Let p € Spec(R) be such that p = Rp is principal, p # (0) but p is
nilpotent. Let n > 2 be least with the property that p™ = (0). Then the following hold:

(1) (R,p) is a SPIR if and only if p € Max(R).
(2) Suppose that Z(R) =p. Then EAG(R) is connected if and only if n € {2,3}.

Proof. (1) Assume that (R,p) is a SPIR. Then p € Max(R) and indeed, it is the only prime ideal of R.
Conversely, assume that p € Max(R). Then it is shown in the proof of the moreover part of Proposition
2.10 that (R,p) is a SPIR.

(2) If n > 4, then [5] > 2. We know from Proposition 3.5 that EAG(R) has exactly [§] components.
Thus if EAG(R) is connected, then n € {2,3}. Assume that n € {2,3}. If n = 2, then we know from
Proposition 3.4 that V(EAG(R)) = {p}. If n = 3, then we know from the proof of Proposition 3.5(1) that
EAG(R) is a complete graph with two vertices. Therefore, if n € {2,3}, then EAG(R) is connected. O
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Let R be a ring. Let p € Spec(R) be such that p satisfies the hypotheses mentioned in the statement
of Remark 3.6. If Z(R) = p, then in Theorem 3.7, we characterize R such that EAG(R) = AG(R).

Theorem 3.7. Let R be a ring. Let p € Spec(R) be such that p = Rp is principal. Let n > 2 be least
with the property that p™ = (0). If Z(R) = p, then the following statements are equivalent:

(1) EAG(R) = AG(R).
(2) (R,p) is a SPIR and n € {2,3}.

Proof. (1) = (2) From the assumption EAG(R) = AG(R), we get that EA(R)* = V(EAG(R)) =
V(AG(R)) = A(R)*. We know from Proposition 2.10 that EA(R)* = {p’ | i € {1,...,n — 1}}. Hence,
AR)* ={p"|ie{l,...,n—1}}. We first verify that (R,p) is a SPIR. In view of the statement (1) of
Remark 3.6, it is enough to prove that p € Maxz(R). As A(R)* = EA(R)*, we obtain from the moreover
part of Proposition 2.10 that p € Max(R). Therefore, (R,p) is a SPIR. It is known that AG(R) is
connected and diam(AG(R)) < 3 [7, Theorem 2.1]. Therefore, from EAG(R) = AG(R), we get that
EAG(R) is connected. Hence, we obtain from Remark 3.6(2) that n € {2,3}.

(2) = (1) We are assuming that (R, p) is a SPIR and n € {2,3}. If n = 2, then we know from the proof of
Lemma 2.4 that EA(R)* = A(R)* = {p}. Hence, EAG(R) = AG(R) in this case. If n = 3, then we know
from the proof of Lemma 2.4 that EA(R)* = A(R)* = {p,p?}. Thus V(EAG(R)) = V(AG(R)) = {p,p?}.
We know from the proof of the statement (1) of Proposition 3.5 that EAG(R) is a complete graph with
vertex set {p,p?}. For any ring T, EAG(T) is a subgraph of AG(T'). Hence, AG(R) is a complete graph
with vertex set {p,p?}. Therefore, EAG(R) = AG(R) in this case also. Therefore, if (R, p) is a SPIR and
n € {2,3}, then EAG(R) = AG(R). O

Let R be a ring. Let p € Spec(R) be such that p = Rp is principal, p? # (0) but p? = (0), and
Z(R) = p. Then we know from the proof of Proposition 3.5(1) that EAG(R) is a complete graph with
V(EAG(R)) = {p,p?}. We provide Example 3.8 to illustrate that in the above result, if the hypothesis
that p is principal is omitted, then the conclusion can fail to hold.

Example 3.8. Let R be the ring considered by D.D. Anderson and M. Naseer in [3, page 501]. Then
I(R)* = A(R)* = EA(R)*, AG(R) is connected with diam(AG(R)) = 2, and EAG(R) has ezactly eight
components and each component is a complete graph with two vertices.

Proof The ring R is also considered in Example 2.3 of this article. In the notation of Example 2.3,
R =L where T = 7Z4]X,Y, Z], the polynomial ring in three variables X,Y,Z over Z4, and I is the
ideal of T generated by {X? —2,Y2 - 2,72 XY, XZ YZ — 2,2X,2Y,2Z}. Let us denote X + I by
z, Y+ 1 by y, and Z + I by z. Observe that R is a local Artinian ring with m = Rz + Ry + Rz as
its unique maximal ideal, m? = {0+ I,2 + I}, m3 = (0 + I), and |R| = 32. It is already noted in
Example 2.3 that I(R)* = {m, m?, Rz, Ry, Rz, R(x +vy), R(y + 2), R(z + 2), R(x + y + z), Rz + Ry, Ry +
Rz,Rx + Rz, Rx + R(y + #z), Ry + R(z + z),Rz + R(x + y), R(x + y) + R(y + 2)}. It is verified in
Example 2.3 that I(R)* = A(R)* = EA(R)*. Let A, B € A(R)* with A # B. Suppose that A and B
are not adjacent in AG(R). From m3 = (0), we obtain that A —m? — B is a path of length two between
A and B in AG(R). This proves that diam(AG(R)) < 2. Observe that (Ry)(Rz) # (0) and so, Ry
and Rz are not adjacent in AG(R). This shows that diam(AG(R)) > 2 and so, diam(AG(R)) = 2.
We next verify that EAG(R) has exactly eight components and each component is a complete graph
with two vertices. Let Ay = {A1; = m, Ajp = m?}, Ay = {49 = Rz, Ay = Ry + Rz}, Az = {43 =
Ry,Agg = Rx + R(y + Z)},A4 == {A41 == RZ,A42 = Rz + RZ},A5 = {A51 = R(I’ + y) A52 = (y +
z)+ R(z+2)},A¢ = {461 = R(y + %), A2 = Rx + Ry}, A7 = {Ann = R(z+ ), Ars = Rz + R(z + )},
and Ag = {As1 = R(x +y+ 2),As2 = Ry + R(z + z)}. Let g; be the subgraph of EAG(R) induced
by A; for each ¢ € {1,2,...,8}. We know from the proof of Example 2.3, that Ann(4;;) = A2 and
Ann(A;2) = Aj for each i € {1,2,3,...,8}. It is clear that g; is a complete graph with two vertices for
each i € {1,2,3,...,8} and it follows from Corollary 3.3 that each g; is a component of EAG(R). As
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8

A; =V(g;) foreachi € {1,2,3,...,8}, EA(R)* = | A4;, A;NA; =0 for all distinct ¢,j € {1,2,3,...,8},
i=1

it follows that {g; | i € {1,2,3,...,8}} is the set of all components of EAG(R). O

Let R be a reduced ring which is not an integral domain. If T is a ring which is not an integral
domain, then it is already noted in the paragraph which appears just preceding the statement of Corollary
2.2 that EA(T)* # 0. Hence, EA(R)* # (). In Corollary 3.10, we answer when EAG(R) is connected. In
Corollary 3.11, we prove that EAG(R) = AG(R) if and only if R 2 F} x Fy as rings, where F; is a field
for each i € {1,2}. We use Lemma 3.9 in the proof of Corollary 3.10.

Lemma 3.9. Let R be a reduced ring which is not an integral domain. Then EA(R)* # () and any
component g of EAG(R) is a Ks.

Proof. If R is not an integral domain (whether it is reduced or not), then it is already noted that
EA(R)* # 0.

Let g be a component of EAG(R). Let I € V(g). It follows from (1) = (3) of Lemma 2.1 that
Ann(Ann(I)) = I. Since R is reduced, I? # (0) and so, I # Ann(I). With J = Ann(I), it follows that
Ann(J) = 1. Hence, I and J are adjacent in EAG(R). Therefore, J € V(g). Also, I and J are adjacent
in g. It follows from Corollary 3.3 that g is a complete graph with two vertices. 0

Corollary 3.10. Let R be a reduced ring which is not an integral domain. The following statements are
equivalent:

(1) EAG(R) is connected.
(2) IMin(R)| = 2.

Proof. (1) = (2) Assume that EAG(R) is connected. We know from Lemma 3.9 that EAG(R) is
a complete graph with two vertices. Hence, |[EAG(R)| = 2. As V(EAG(R)) = EA(R)*, we get that
|[EA(R)*| = 2. Hence, it follows from (1) = (3) of Theorem 2.16 that |Min(R)| = 2.

(2) = (1) Let Min(R) = {p; | i € {1,2}}. We know from the proof of Proposition 2.15 that EA(R)* =
{p; | © € {1,2}}, Ann(p1) = p2, and Ann(ps) = p1. Therefore, p; and po are adjacent in EAG(R).
This shows that EAG(R) is a complete graph with two vertices and so, we obtain that EAG(R) is
connected. O

Corollary 3.11. Let R be a reduced ring which is not an integral domain. The following statements are
equivalent:

(1) EAG(R) = AG(R).
(2) R F| X Fy as rings, where F; is a field for each i € {1,2}.

Proof. (1) = (2) We are assuming that EAG(R) = AG(R). We know from [7, Theorem 2.1] that
AG(R) is connected. Therefore, EAG(R) is connected. Hence, we obtain from the proof of (1) = (2)
of Corollary 3.10 that |Min(R)| = 2 and EA(R)* = Min(R). Let Min(R) = {p1,p2}. Now, A(R)* =
V(AG(R)) = V(EAG(R)) = EA(R)*. In such a case, we obtain from the proof of moreover part of
Proposition 2.15 that R = Fy x F» as rings, where F; is a field for each ¢ € {1, 2}.

(2) = (1) Assume that R = F; x Fy as rings, where F; is a field for each i € {1,2}. Let us denote
the ring Fy x F» by T. We know from Example 2.8(1) that I(T)* = A(T)* = EA(T)*. Note that
I(T)* = {m; = (0) X Fy,my = F}; x (0)}. Observe that Min(T) = {m; | ¢ € {1,2}}. Now, it follows
from the proof of (2) = (1) of Corollary 3.10 that EAG(T) is a complete graph with two vertices. Since
EAG(T) is a subgraph of AG(T), we get that EAG(T) = AG(T) is a complete graph with two vertices.
Since R = T as rings, we obtain that EAG(R) = AG(R). O

Corollary 3.12. Let R be a reduced ring with |Min(R)| = n > 2. Then EAG(R) has ezactly 2! — 1
components and each component is a Ks.
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Proof. We know from Proposition 2.15 that |[V(EAG(R)) = EA(R)*| = 2™ — 2. Let ¢t be the number
of components of EAG(R). Let {g; | i € {1,...,t}} be the set of all components of EAG(R). We know

t
from Lemma 3.9 that g; is a K> for each i € {1,...,t}. Now, EA(R)* = U V(¢:), |V (9:)| = 2 for each

i=1
ie{l,...,t}, V(g:) NV(g;) = 0 for all distinct 4, j € {1,...,¢}. Therefore, 2" — 2 = [EA(R)*| = 2t and
so, t = 271 — 1. This proves that EAG(R) has exactly 2”1 — 1 components and each component is a
K. O

Corollary 3.13. Let n > 2 and let R; be an integral domain for each i € {1,2,...,n}. Let R =
Ry X Ry X --- X R,. Then EAG(R) has exactly 2"~ — 1 components and each component is a K.

Proof. Note that R is a reduced ring and {p1,p2,...,pn} is the set of all minimal prime ideals of
R, where for each ¢ € {1,2,...,n}, p; = I x --- X I; x --- x I, with I; = (0) and I; = R; for all
j e {1,2,...,n}\{i}. Thus |[Min(R)| = n and so, we obtain from Corollary 3.12 that EAG(R) has
exactly 2! — 1 components and each component is a complete graph with two vertices. O

Let R be a ring which is not reduced. We are not able to determine I,J € EA(R)* such that
EA(R)* = {I,J}. However, as a consequence of Corollary 3.3 and [7, Theorem 2.7|, we characterize in
Theorem 3.14 rings R with EA(R)* # () such that EAG(R) = AG(R).

Theorem 3.14. Let R be a ring such that EA(R)* # (. The following statements are equivalent:
(1) EAG(R) = AG(R).

(2) Either R = Fy x Fy as rings, where F; is a field for each i € {1,2} or (R,m) is a SPIR satisfying the
property that if n € N is least such that m™ = (0), then n € {2, 3}.

Proof. (1) = (2) We are assuming that EAG(R) = AG(R). We know from [7, Theorem 2.1] that
AG(R) is connected. Therefore, EAG(R) is connected. Hence, we obtain from Corollary 3.3 that EAG(R)
is complete. Therefore, AG(R) is complete and so, it follows from [7, Theorem 2.7] that one of the
following holds: (a) R = Fy x Fy as rings, where F; is a field for each i € {1,2}; (b) Z(R) is an ideal
of R with (Z(R))? = (0); (¢) (R,m) is a SPIR with m3 = (0) but m? # (0). Assume that (b) holds. As
Z(R) is an ideal of R, Z(R) is necessarily a prime ideal of R. Let us denote Z(R) by p. Now, p # (0),
p? = (0), and p = Z(R). Therefore, we obtain from (2) = (1) of Theorem 2.9 that EA(R)* = {p}. From
EAG(R) = AG(R), it follows that A(R)* = EA(R)* = {p}. Hence, we obtain from |7, Corollary 2.9(a)]
that (R,m) (with m = p) is a SPIR with m? = (0). Therefore, we obtain that either R & Fy x Fy as
rings, where F; is a field for each ¢ € {1,2} or (R, m) is a SPIR satisfying the property that if n € N is
least such that m™ = (0), then n € {2,3}.

(2) = (1) Suppose that R = F; x F; as rings. Then we obtain from (2) = (1) of Corollary 3.11 that
EAG(R) = AG(R). Suppose that (R, m) is a SPIR satisfying the property that if n € N is least such that
m” = (0), then n € {2,3}. Then we know from (2) = (1) of Theorem 3.7 that EAG(R) = AG(R). O

Let n > 2 and let T = K[X;, Xs, ..., X,] be the polynomial ring in n variables X;, Xo, ..., X,, over
a field K. Let R = #1)(2 Observe that R is a reduced ring with Min(R) = {%, %} and thus
|Min(R)| = 2. Hence, we obtain from (2) = (1) of Corollary 3.10 that EAG(R) is connected. We know
from [18, Theorem 3, page 281] that each maximal ideal of T is of height n and hence, it follows that
dimR = n — 1. Tt follows from [18, Corollary 1, page 279] that TX; is the intersection of all maximal
ideals of T that contain TX;. Therefore, it follows that Maz(R) is infinite. If a ring is zero-dimensional
which admits at least one non-zero exact annihilating ideal and if its exact annihilating-ideal graph is
connected, then we prove in Proposition 3.16 that there is a bound on the number of its maximal ideals.
We use Lemma 3.15 in the proof of Proposition 3.16.

Lemma 3.15. Let R be a ring such that dimR = 0. Let n > 2. If |Max(R)| > n, then there exist
zero-dimensional mings Ry, Ro, ..., R, such that R= Ry X Ry X --- X R, as rings.
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Proof. We prove this lemma using induction on n. Suppose that |[Max(R)| > 2. Let us denote the
ring ﬁER’) by T. From |Max(R)| > 2, it follows that |Maz(T)| > 2. Note that dimT = 0 and we know

from [4, Proposition 1.7] that T is reduced. Therefore, T is a von Neumann regular ring which is not a
field. Hence, T' admits a non-trivial idempotent element a + nil(R). Since nil(R) is a nil ideal of R, we
obtain from [13, Proposition 7.14, page 405] that there exists an idempotent element e of R such that
a+nil(R) = e+nil(R). It is clear that e ¢ {0,1}. Note that the mapping f : R — Re x R(1 —e) defined
by f(r) = (re,r(1 —e)) is an isomorphism of rings. Let us denote the ring Re by Ry and R(1 —e) by Rs.
Let i € {1,2}. Since R; is a homomorphic image of R, it follows that dim R; = 0. Thus there exist zero-
dimensional rings Ry, Ry such that R = R; X Ry as rings. Let n > 3 and assume by induction that the
lemma is true for n—1. Now, |[Max(R)| > n > n—1. By induction hypothesis, there exist zero-dimensional
rings R},..., R, such that R~ R} x --- x R/, _, as rings. Since |[Maz(R)| > n, [Maz(R})| > 1 for at
least one ¢ € {1,...,n — 1}. Without loss of generality, we can assume that |Max(R})| > 1. Hence, by
the case n = 2, there exist zero-dimensional rings R}, R}, such that R} = R}, x R}, as rings. Therefore,
R >Ry x Rl x Ry x -+ x Rl asrings. Let Ry = R};,R2 = R|y,R3 = Rh,...,R, = R],_;. Then
dimR; =0 foreach i € {1,2,...,n} and R~ R; X Ry X Rg X --- X R,, as rings. O

Proposition 3.16. Let R be a zero-dimensional ring such that EA(R)* # (. If EAG(R) is connected,
then |Maz(R)| < 2.

Proof. We are assuming that dimR = 0, EA(R)* # 0, and EAG(R) is connected. Suppose that
|Max(R)| > 3. Then it follows from Lemma 3.15 that there exist zero-dimensional rings Ry, Rz, and Rj
such that R = Ry x Ry X R3 as rings. Let us denote the ring Ry X Ry X R3 by T. Since R = T as rings,
we obtain that EAG(T) is connected. Hence, we obtain from Proposition 3.1 that for any I.J € EA(T)*
with I # J, I and J are adjacent in EAG(T). Let e; = (1,0,0),e2 = (0,1,0), and e3 = (0,0,1). Observe
that for all distinct 4,5 € {1,2,3}, e;e; = (0,0,0) and so, Te; € A(T)*. Moreover, for all ¢ € {1,2,3},
Ann(Ann(Te;)) = Te; and so, we obtain from (3) = (1) of Lemma 2.1 that T'e; € EA(T)*. Observe that
Ann(Tey) = Teg + Tes # Tes and so, Tey and Tey are not adjacent in EAG(T). This is a contradiction.
Therefore, |Maz(R)| < 2. O

Let R be a ring such that dimR = 0 and |Maz(R)| = 2. In Corollary 3.17, we characterize R such
that EAG(R) is connected.

Corollary 3.17. Let R be a ring such that dimR =0 and |Max(R)| = 2. The following statements are
equivalent:

(1) EAG(R) is connected.
(2) R Fy X Fy as rings, where F; is a field for each i € {1,2}.

Proof. (1) = (2) By hypothesis, dimR = 0 and |Maz(R)| = 2. We know from Lemma 3.15 that
there exist rings Ry, Ry such that dimR; = 0 for each i € {1,2} and R = R; x Ry as rings. Since
|Maz(R)| = 2, it follows that |[Max(R;)| = 1 for each ¢ € {1,2}. Let m; denote the unique maximal
ideal of R; for each i € {1,2}. Let us denote the ring Ry x Ry by T. As EAG(R) is connected, it
follows that EAG(T) is connected. Note that {(0) x R, Ry x (0)} C EA(T)*. We know from Corollary
3.3 that EAG(T) is a complete graph with two vertices. Therefore, EA(T)* = {(0) x Ry, R1 x (0)}.
We next verify that R; is a field for each ¢ € {1,2}. Suppose that R; is not a field. Then m; # (0).
Since Spec(R1) = {my}, it follows from [4, Proposition 1.8] that nil(R;) = m;. Let x € my,x # 0.
Let n > 2 be least with the property that 2™ = 0. Then 2"~ ! € Ann(z) and 2"~ ! # 0. Observe that
Ann(z) x (0) € EA(T)* = {(0) x R, Ry x (0)}. This is impossible. Therefore, R; is a field. Similarly, it
can be shown that Rs is a field. Hence, R & F} x F5 as rings, where F; = R; is a field for each i € {1,2}.

(2) = (1) We are assuming that R = F} x Fy as rings, where F; is a field for each ¢ € {1,2}. Note that
R is reduced and |Min(R)| = 2. Hence, we obtain from (2) = (1) of Corollary 3.10 that EAG(R) is
connected. O
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Let T be a Dedekind domain. Let I be a non-zero proper ideal of T' I ¢ Maxz(T) and let R = =+
It is shown in Example 2.8(2) that I(R)* = A(R)* = EA(R)*. In Corollary 3.18, we characterize R such
that EAG(R) is connected.

Corollary 3.18. Let I be a non-zero proper ideal of a Dedekind domain T' such that I ¢ Max(T). Let
R= % The following statements are equivalent:

(1) EAG(R) is connected.
(2) |[Maz(R)| < 2 and EAG(R) is complete.

(3) Either R = Fy x Fy as rings, where F; is a field for each i € {1,2} or (R,9M) is a SPIR and if k > 2
is least with the property that MF = (0 + I), then k € {2,3}.

Proof. (1) = (2) Since dimT = 1, it follows that dim R = 0. Hence, we obtain from Proposition 3.16
that [Maz(R)| < 2 and we obtain from Corollary 3.3 that EAG(R) is a complete graph with at most two
vertices.

(2) = (3) Suppose that |[Maz(R)| = 2. Since dimR = 0 and EAG(R) is connected, we obtain from
(1) = (2) of Corollary 3.17 that R = F} x F» as rings, where F; is a field for each ¢ € {1,2} and in this
case, I = mymy for some distinct my, mo € Max(T). Suppose that |Maz(R)| = 1. We know from the
proof of Example 2. 8( ) that I = m* for some k > 2 and (R, 9 = %) is a SPIR. It follows from [4,
Corollary 9.4] that m? # m/ for all distinct 7, j € N. Hence, k is least with the property that 9t* = (0+1).
From the assumption that EAG(R) is connected, we obtain from Remark 3.6(2) that k € {2, 3}.

(3) = (1) If R~ Fy x F, as rings, where F; is a field for each ¢ € {1,2}, then it follows from the proof
of (2) = (1) of Corollary 3.11 that EAG(R) is a complete graph with two vertices. Suppose that (R, 9t)
is a SPIR and if k > 2 is least with the property that 9* = (0 + I), then k € {2,3}. Then it follows
from the proof of Remark 3.6(2) that EAG(R) is a complete graph with at most two vertices. Therefore,
EAG(R) is connected. O

Let n > 2 be such that n is not a prime number. Since Z is a PID and hence, a Dedekind domain,

and Z, = % as rings, the following corollary is an immediate consequence of Corollary 3.18.

Corollary 3.19. Let n > 2 be not a prime number. Let R = Z,,. Then EAG(R) is connected if and only
if either n = p1py for some distinct prime numbers py,ps or n € {p%,p3} for some prime number p.

Let G = (V, E) be a graph. Suppose that G admits a cycle. Recall from [5, page 159] that the girth
of G, denoted by girth(G) is defined as the length of a shortest cycle in G. If G does not contain any
cycle, then we define girth(G) = co. Recall from [5, Definition 1.2.2] that a clique of G is a complete
subgraph of G. Suppose that there exists k¥ € N such that any clique of G is a clique on at most k
vertices. Then the cligue number of G, denoted by w(G) is defined as the largest integer n > 1 such that
G contains a clique on n vertices [5, Definition, page 185]. We set w(G) = oo if G contains a clique on n
vertices for all n > 1.

Let G = (V, E) be a graph. Recall from [5, page 129] that a vertex coloring of Gisamap f:V — S,
where S is a set of distinct colors. A vertex coloring f : V' — S is said to be proper if adjacent vertices
of G receive distinct colors of S; that is, if a and b are adjacent in G, then f(a) # f(b). The chromatic
number of G, denoted by x(G) is the minimum number of colors needed for a proper vertex coloring of
G [5, Definition 7.1.2]. It is well-known that for any graph G, w(G) < x(G). Recall from [5] that a graph
G is said to be weakly perfect if x(G) = w(G). A graph G is said to be perfect if any induced subgraph
H of G is weakly perfect; that is, for any induced subgraph H of G, x(H) = w(H).

Corollary 3.20. Let R be a ring such that EA(R)* # (). Then the following hold:
(1) girth(EAG(R)) = oo.
(2) EAG(R) is perfect.
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Proof. (1) If g is any component of EAG(R), then we know from Corollary 3.3 then g is a complete
graph with at most two vertices. Therefore, EAG(R) does not contain any cycle and so, girth(EAG(R)) =
00.

(2) Let H be any induced subgraph of EAG(R). Let h be any component of H. Suppose that |V (k)| > 2.
Then it follows from Proposition 3.1 and Lemma 3.2 that h is a complete graph with two vertices. Hence,
it follows that x(H) = w(H) € {1,2}. Therefore, we obtain that EAG(R) is perfect. O
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