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Abstract
In this paper, we consider the following system of rational difference equations

a—+x, o +y,

) = — n:0,1,2,...
b+cyn,+dx,—1 os ﬁ + ¥Yxn +MNyn—1

Xn+1 =

where a,b,c,d, o, B,y,m € (0,0) and the initial values x_;,xo,y_1,y0 € (0,0). Our main aim is to investigate the
local asymptotic stability and global stability of equilibrium points, and the rate of convergence of positive solutions

of the system.
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1. Introduction

Difference equations appear naturally as discrete analogues and as numerical solutions of differential and delay differential
equations having applications in biology, ecology, economy, physics, and so forth [5, 7, 14, 15]. Recently, there has been a
lot of works concerning the global behaviors of positive solutions of rational difference equations and positive solutions of
systems of rational difference equations [1, 2, 4, 8, 9, 12, 13]. It is extremely difficult to understand thoroughly the global
behaviors of solutions of rational difference equations and solutions of systems of rational difference equations, although they
have very simple forms. One can refer to [1]-[22] and the references cited therein to illustrate this. Therefore, the study of
rational difference equations and systems of rational difference equations is worth further consideration.

In [1] M.R.S. Kulenovi¢ and M. Nurkanovi¢ studied the global asymptotic behavior of solutions of the system of difference
equations

AXpyn _ Bxpyn

—, =——,n=0,1,2,...,
L+y, Yl 1 +x,

Xn4+1 =

where A, B € (0,c0) and the initial conditions xy and y are arbitrary nonnegative numbers.
In [2] S. Kalabusi¢ and M.R.S. Kulenovi¢ considered two systems of difference equations

01+ Yiyn a2+ﬁ2xn
Xp+1 = x—7 Yol = —"—) n:0,1,2,...,
n n
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and

01+ Y1yn o + Boxy

= 2012...
1+xn y Yn+l 1+yn y n s Ly &y )

Xn+1 =
where o, 0, 32,7 € (0,00) and xo,yp are positive numbers.
In [3], Q. Din et al. investigated behavior of the competitive system of difference equations

a1+ Prxn—1 o+ Boya-i

s Vbl = ,n=0,1,2,...,
ay+biy, ] ap +box,

Xn+1 =
where a;,b;, 0, B € (0,00) for i € {1,2} and initial conditions x_j,xq,y_1,yo are positive numbers.
In [4], the author investigate the local asymptotic stability and global stability of equilibrium points, and the rate of
convergence of positive solutions of the system

ax, — bxnyn OXyYn — BYn

B 7%= n=0,1,2,...,
T+ t+dy " T Ty + 1y

Xn+1 =
where a,b,c,d, o, ,7,M € (0,00) and the initial values (xg,yp) € (0,0).
Motivated by these above papers, in this paper we will consider the following system of difference equations

a+xp a+yp

—— Y1 =5——,n=0,1,2,..., 1.1
b+cyn,+dx,— it B+ ¥xn +Nyn—1 4.1

Xn+1 =

where a,b,c,d, o, ,7,n € (0,0) and the initial values x_1,xp,y—1,y0 € (0,00). More precisely, we investigate the local
asymptotic stability and global stability of equilibrium points, and the rate of convergence of positive solutions of the system
(1.1) which converge to its unique positive equilibrium point.

2. Boundedness and persistence
In the first result we will establish the boundedness and persistence of every positive solution of the system (1.1).

Theorem 2.1. Assume thatb > 1,d < 1, > 1 and y < 1 then every positive solution {(x,,yn)} of the system (1.1) is bounded
and persists.

Proof. For any positive solution {(x,,y,)} of the system (1.1), we have

a 1 oa 1
Xn+1 S Z+ana Yn+1 S B+B)’m n=0,1,2,.... (21)

Consider the following linear difference equations:

a 1 a 1

un+1:E+Eun7 vn+1:B+Evnan:071727"" (22)
We can see the solutions of (2.2) have the forms
_a 1 (04 1

tn = b—1 +C1(7)”7 Vn =

; Y n=1,2,..., (2.3)

where C1,C, depend on initial conditions ug, vo.
Assume that b > 1 and 8 > 1 then the sequences {u,} and {v,} are bounded. Suppose that uy = x¢ and vy = yo then by
comparison we have

a o
anﬁZUl,ynSﬁzUz,n:1,2,.... (2.4)
Also, from (1.1) and (2.4), we infer

a a

> > ,
T b4cyn+dx,—1 — b+cUy+dx,—
a n=12,....

> > ,
B+Yxa+nya1 — BHYUL+Nyu

Xn+1
2.5)

Yn+1
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Consider the following linear difference equations:
Spi1 =0 +ds, 1, thiy1=0+nt,, n=0,1,2,..., (2.6)
where 0 = b+ cU,0 = B+ YUj.

We can see the solutions of (2.6) have the forms

Sp = % +G3(Vd)" 4 Cy(—Vd)",

b= 1o VT G~V

n=1,2,..., 2.7)

where C3,Cy4 depend on initial conditions s_j,so and Cs,Cg depend on initial conditions 7_1, .
Assume that d < 1 and y < 1 then the sequences {s,} and {z,} are bounded. Suppose that s_; = x_1,s9 = xp and
t_1 =Yy_1,t = yo then by comparison we have

a a(l—=d) a(l1—-d) a(1-d)(p-1)
Xp > = = 5 = Ly,
§/(1—d) b+cl, b+cﬁ b(B—1)+ca
n=1,2,.... (2.8)
> & :06(1—7):06(1—7):06(1—7)(19—1):L2
—0/(1—y) B+Y BHryy  Bb—1)+tra ’
From (2.4) and (2.5), we have
Ly <xy <UL Ly<y, <Uy,n=1.2,.... (2.9)
Hence, the proof is completed. O

Lemma 2.2. Let {(x,,yn)} be a positive solution of the system (1.1). Then, [L1,U] X [Ly,Us] is an invariant set for system

(1.1).
Proof. The proof follows by induction. O

3. Global behavior

In the following, we state some main definitions used in this paper.
Let 1,J be some intervals of real numbers and let

fiPxJ?—Tandg:I*xJ* —J (3.1

are continuously differentiable functions. Then, for all initial values (x_;,x0,y—1,Y0) € I? x J?, the system of difference
equations

Xni1 = [ (X, Xn—1,Yn,Yn=1) Yna1 = 8(Xn, Xn—1,¥n:Yn—1), n=0,1,2,..., (3.2
has a unique solution {(x,,y,)}r_;.
Definition 3.1. A point (%,7) is called an equilibrium point of the system (3.2) if
X =f(%%7,9), ¥ =g(%,%7,5). (3.3)
Definition 3.2. [3, 5] Let (%,7) be an equilibrium point of the system (3.2).
1. An equilibrium point (%,¥) is said to be stable if for every € > 0 there exists § > 0 such that for every initial point
(xi,vi),i € {-1,0} if i |(xi,yi) — (X,9)|| < & implies ||(Xy,yn) — (%,7)|| < € for all n > 0. An equilibrium point (%,5)

i=—1

is said to be unstable if it is not stable (the Euclidean norm in R? given by ||(x,y)| = \/x2 +y? is denoted by ||.|).

0
2. An equilibrium point (%,¥) is said to be asymptotically stable if there exists 1 > 0 such that Z I|(xi,yi) — (£,7)]| <1
i=—1
and (xn,yn) — (X,5) as n — oo,
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3. An equilibrium point (%,¥) is called a global attractor if (x,,yn) — (%,7) as n — co.
4. An equilibrium point (%,y) is called an asymptotic global attractor if it is global attractor and stable.

Definition 3.3. [3, 5] Let (%,¥) be an equilibrium point of a map F = (f,Xn,8,yn), where f and g are continuously differentiable
Sfunctions at (X,y). The linearized system of (3.2) about the equilibrium point (%,y) is given by

Xn+1 = F(Xn) = Fi Xy,

Xn
Yn
Xn—1

Yn—1

where X,, = and Fy is a Jacobian matrix of the system (3.2) about the equilibrium point (%,5).

In order to corresponding linearized form of system (1.1) we consider the following transformation:

(Xn,xn—h)’n,)’n—l) —>(f>g7f17g1)7 (34)

where f = X,11,8 = Yn+1, /1 = Xn,&1 = yu. The linearized system of (1.1) about (%,7) is given by

Y1 = Fj(%,9)Yy, (3.5)
Xn
where ¥, = Y7 | and the Jacobian matrix of the system (1.1) about the equilibrium point (x,¥) is given by
n—1
Yn—1
1 —cX —dx 0
btcytdx  btcytdt  btcy+dx )
Ry = | Faw e 0 Foew (3.6)
X,y) = yx+ny Yx+ny yx+ny .
Y 1 0 0 0
0 1 0 0

The following results will be useful in the sequel.

Lemma 3.4. [3] Assume that X,1 = F(X,),n=0,1,2,..., is a system of difference equations such that X is a fixed point of F.
If all eigenvalues of Jacobian matrix Fy about X lie inside the open unit disk |A| < 1, then X is locally asymptotically stable. If
one of them has a modulus greater than one, then X is unstable.

Lemma 3.5. [6] Assume that qo,q1, - . .,qx are real numbers such that

g0 + g+ +a] < 1.
Then all roots of the equation

M L goA g A+ g =0
lie inside the unit disk.

The next theorem will show the existence and uniqueness of positive equilibrium point of the system (1.1).

Theorem 3.6. Assume that b > 1, > 1 and the following conditions are satisfied:

—(Pa+cdy)U —cd(B—1)U; +d*n <0, (3.7)
and

(cdy—d*n)L{+[(b—1)cy+cd(B—1) —2(b—1)dn]L}
+[2adn +c*a+ (b—1)c(B—1) —acy—n(b—1)*]L2 (3.8)
+[2a(b—1)n —ac(B —1)]Ly —a*n >0,



Global Behavior of a System of Second-Order Rational Difference Equations — 154/162

or
—(Po+cdy)UE —cd(B— 1)U, +d*n >0,

and
(cdy—d*n)LT+[(b—1)cy+cd(B—1)—2(b—1)dn]L}
+[2adn +c*a+(b—1)c(B—1) —acy—n(b—1)?|L2
+2a(b—1)n —ac(B—1)]Ly —a*n <0,

and

2./
<=

Then there exists unique positive equilibrium point of the system (1.1) in [L1,U;] X [Lp, Us].

Proof. Firstly, we consider the following system of algebraic equations

a+x oa+y
X=— y=—>"—
b+cy+dx Y B+yx+ny

From (3.12), it follows that

a+x—bx—dx? a d b—1
y=—"—""" X

cx cx c c
(o Oty=By-my o m -l
Yy Yy v Y
Set
a d b—1
)= Ex 2,
cx ¢ c
and
o n B—1
F(x)= ——f(x)———x
®) vf(x) 7’() Y
We have
a d b—1
=g ="~
_Eb—l_g a b—1
¢ a chb—1 c
__g a __d
T oceb—1 U
o n p—1
W)=y WY
d —1
:_C(XU1+ n _ﬁ U

dy ¢yl 14
_ —(Po+cdy)UE —cd(B— 1)U +d*n
N cdyU; ’

a d b—1 —dLi—(b—1)Li+a
cL; ¢ c cL; ’

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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o n B—1

R A

_ —n[—dL}{ — (b—1)Ly +a)* — cyL}|—dL} — (b— 1)L, +d]

B cyLi[—dL? — (b—1)L; +a]

—c(B—1)Li[—dL} — (b— 1)Ly +a]+al?
cyLi[—dL? — (b—1)L; +ad]
(cdy—d*n)Lt+[(b—1)cy+cd(B—1)—2(b—1)dn]L}

cyLi[—dL? — (b—1)L; +d]

[2adn +c*a+ (b—1)c(B—1)—acy—n(b—1)%L3
cyLi[—dL? — (b—1)L; +ad]

[2a(b—1)n —ac(B —1)]Li —a’n

cYLi[-dL? — (b—1)Li+a]

F(Ly)

(3.19)

_|_

From (3.15), we have

cx ﬂ—dxz—(b—l)x—i—a_ﬁ—l_

o
Fix)=2. _n
(x) Y —dx2—(b—1)x+a vy cx Y

x. (3.20)

It follows that
, cot —dx*—(b—1Dx+a—x(—2dx—b+1)
F'(x)=—.

% [~ — (b~ )x+a]

n x(—2dx—b+1)—[—dx* — (b—1)x+ad B
: 2

1

cy x
_co dx’ +a +1 dx’> +a |
oy a2 —(b—1)x+a? ¢y A2

NG dx* +a von 1
> . — R
22 Y ‘x[—dx2—(b—1)x+aq] 1>2 Y x !

(3.21)

Assume that condition (3.11) is satisfied, then we have F’(x) > 0. Hence, F(x) = 0 has a unique positive solution in [L;,U;]. [

Theorem 3.7. The unique positive equilibrium point (%,5) of system (1.1) is locally asymptotically stable if the following
condition holds

1+dU; 1+n0, 1+dU, +nUy+ (cy+dn)U,U,

b+dLy+cLy B+7yLi+nLy, (b+dLi+cLy)(B+YyLi+nLy)

(3.22)

Proof. The characteristic polynomial of Jacobian matrix F;(x,y) about (X,y) is given by
P(A) =A% — (A+B)A® + (d7A +nFB+AB — cYiFAB)A* — (d¥AB +nJAB)A + dniyAB, (3.23)

1 1

where A = ,B= .
b+dx+cy B+yx+ny

‘We have

|A+ B| + |dxA + nyB + AB — cyxyAB| + |dXAB + NyAB| + |dNXyAB|
< (14+d¥)A+ (14 17)B+ (1 +dx+ Ny + cyiF+ dniy)AB

< 14+dU; 1+nU; 1+dU, +nUz + (cy+dn)U, U,
b+dLi+cL, B+yLi+nL, (b+dLi+cLy)(B+7vLi+nLy)

(3.24)

By using Lemma 3.5, we can see that all the roots of (3.23) satisfy |A| < 1, and it follows from Lemma 3.4 that the unique
positive equilibrium point (¥,¥) of the system (1.1) is locally asymptotically stable. Hence, the proof is completed. O



Global Behavior of a System of Second-Order Rational Difference Equations — 156/162

Theorem 3.8. The unique positive equilibrium point (%,3) of system (1.1) is globally asymptotically stable if the following
condition holds

a+U; <Li(b+cly+dL),a+Uy < Ly(B + 7L +1Ly). (3.25)
Proof. Arguing as in Theorem 1.1 of [11], we consider the following Lyapunov function:

Vo =T5(7) + 380 (3.26)
where

glx)=x—1—Inx>0,vx > 0. (3.27)

It is easy to see that V}, is nonnegative function.
Consider

Vit =V =x(PL Ty g2l g g 2

x x y v
_Xn Xn —Vn Yn
—X(—=—-1—-In— —=—1—-In=
(= n—)+3( 5 n ) (3.28)
:_(anrl__xn Tln Xn )er()’nJrl__Yn +1In Yn .
X Xn+1 y Yn+1
Furthermore, from (3.27) we have
T I PR (3.29)
Xn+1  Xntl Yn+1  Yn+l

Then, from (3.28) and (3.29) we have

V,H,]*Vn <z (Xn+1__Xn+Xn_Xn+l)+)_)<yn+1__yn+yn_yn+1>
X Xn+1 y Ynt1
_ (xn+l *xn)(XrH»l *f) i (ynJrl 7yn)(yn+l 7)7)
Kn+1 Yn+1
<(U1 —L1)(1 = =)+ (V2 —Lp)(1 - y) )
Xn+1 Vn+l1
:(U1—Ll)[a+x”_x(b+cy”+dxn*l)] (3.30)
a—+x,
o+ Y, — (P + Yy +Nyn—
+(U2—L2)[ Yn y(ﬁ Y- NYn ])}
a+yll
(Ui =Li)la+ Uy —Li(b+cly+dLy)]
o a+L;
L Wa—Do)[at Uy~ La(B +¥Li + L]
oa+L ’

By using condition (3.25), we have V.11 —V,, <0 for all n > 0, so that V,, > 0 is monotonically decreasing sequence. It follows
that limV,, exists and is nonnegative. Hence, we imply that
n—oo

lim (Ve — V,) =0. (3.31)

n—

Then it follows that lim x,,+; =X and limy, | = y. Furthermore, V,, <V, for all n > 0, which gives that (%, 7) € [L1,U;] X [La, Uz]
n—oo n—oo

is uniformly stable. Hence, unique positive equilibrium point (¥,¥) € [L;,U;] X [La,Uz] of system (1.1) is globally asymptotically
stable. O
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4. Rate of convergence

In this section we give the rate of convergence of a solution that converges to the equilibrium E = (%, y) of the systems (1.1)
for all values of parameters. The rate of convergence of solutions that converge to an equilibrium has been obtained for some
two-dimensional systems in [16] and [17].

The following results give the rate of convergence of solutions of a system of difference equations

Xp+1 = [A+ B(n)]x, 4.1)
where x,, is a k-dimensional vector, A € CF*¥ is a constant matrix, and B : Z+t — C*** is a matrix function satisfying
|B(n)|| — 0 when n — oo, (4.2)

where ||.|| denotes any matrix norm which is associated with the vector norm; ||.|| also denotes the Euclidean norm in R? given
by

Ix]] = 1|(x, )| = Vx> +2. (4.3)
Theorem 4.1. ([18]) Assume that condition (4.2) holds. If X, is a solution of system (4.1), then either x,, = 0 for all large n or

p = lim /]

n—oo
exists and is equal to the modulus of one of the eigenvalues of matrix A.

Theorem 4.2. ([18]) Assume that condition (4.2) holds. If X, is a solution of system (4.1), then either x,, = 0 for all large n or

. ||Xn+1H
= lim
P T

exists and is equal to the modulus of one of the eigenvalues of matrix A.

Theorem 4.3. Assume that {(x,,yn)} is a positive solution of the system (1.1) such that lim,_,ex, = X,1im, . y, = ¥, where
1 —

e, Xp—X
W) -
X €[Ly,U1],¥ € [Lp,Us]. Then the error vector e, = ef" = xy" Y of every solution (x,,yn) # (%,5) of (1.1) satisfies
n—1 n—1—
9371 Yn—1—Y

both of the following asymptotic relations:
lim {/lle,|| = |4i(Jr (%,7))| for some i € {1, 2, 3, 4}
n—yo0

and

fim A6l \Ai(Jr (%,))| for some i € {1, 2, 3, 4}

nes e

where |A;(Jp(X,¥))]| is equal to the modulus of one of the eigenvalues of the Jacobian matrix evaluated at the equilibrium (X, 7).

(¥
Proof. Let {(x,,yn)} be an arbitrary positive solution of the system (1.1) such that lim,_,.x, = £,lim,_ey, = J, where
X €[L1,U1],5 € [L2,Us). Firstly, we will find a system satisfied by the error terms, which are given as

o a+x, a+Xx
_b+cyn+dxn_1 b+cy+dx

1
:(b—l—cy,,—i—dx,,_l) (0 =)
cla+x) _
(b4 cyn+dx,_1)(b+cy+dx) On=3)
d(a+x) _
(b4 cyn+dx,_1)(b+cy+dx) (1 =),

Xn+1 —X

4.4)
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and

ol —F = 0+ Yn . a+y
e B+t Mym1 Bryitny
_ y(a+y) _
= - — (%, — %)
(B + y%n +Nya—1)(B+yX+ny)
1
ﬁ"""yxn"‘n)’nfl)
n(a+y)

Bty 1)(B+yE+ 1Y) (Yn1 —F)-

(4.5)

Let e,ll = x, — X and eﬁ =y, —, then from (4.4) and (4.5) we have:

1 1 2 1
€n+1 = Pnéy +qnen + n€y—1,

2 1 2 2
€ht+1 = 8n€y +hnen +Wnen717

where
1
=,
(b+cy, +dx,_1)
_ c(a+x)
I T e+ dxg) (bt ey 1 dx)
d(a+X)
Fp=— N
(b+cyn +dx,—1)(b+cy +dx)
gy = — Y(o+7)
(B + v+ Nyn—1)(B+vx+N3)’
1
By = 7
(B+ Y0 +MNyn-1)
_ n(a+y)
Wy = —

B+ +nyn-1)(B+7E+M7)

Taking the limmits of p,, q,, 7u,&n,h, and w, as n — oo, we obtain

limp,= —————, lim _77c(a+i) limr _77d(a+)€)
P T b ey di) e T T (bt eyt dR)2 am " (bt ey +di)?
. y(a+y) . 1 . n(a+y)
1 =275 limhy= 1 S LS L 2
w3 T T By e T (B ny) e (B i)
that is
B o g cla+x) T d(a+7%) N
Pr= ot eirdn) T T ey rdn? T T T (bt e+ d)? L
y(a+y) 1 n(o+7y)
gnsz ns hn:f+ ns Wn=—"05 - > n-
(B+yx+ny)? Bryitny) (B+yx+ny)?
where a;, —» 0, B, =0, ¥, — 0,5, = 0,1, = 0and 6, — 0 as n — oo.
Now, we have system of the form (4.1):
€r+1 = (A +B(n))en,
where
1 ~ clat+x) _d(a+%) 0
(b+ cy+dx) (b+ cy+dx)? (b+ cy+dx)?
 Yo+y) 1 0 __ n(a+y)
(ﬂ+7’1f+11y')2 (ﬁ+7’§+ﬂy‘) . (ﬁ+78?+ny‘)2

0 1 0 0
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o Bn wm O
=\ )
0 0 0 O

and
|B(n)|| = 0asn— co.

Thus, the limiting system of error terms can be written as:

1 1
€l €
62 62

nJlrl —A 1n

eg eg_l
€ €n—1

The system is exactly linearized system of (1.1) evaluated at the equilibrium E = (X, ¥). Then Theorem 4.1 and Theorem 4.2

imply the result.

5. Examples

O

In order to verify our theoretical results and to support our theoretical discussion, we consider several interesting numerical
examples. These examples represent different types of qualitative behavior of solutions of the systems (1.1). All plots in this

section are drawn with Matlab.

Example 5.1. Leta=3,b=1.045,¢=0.09,d =0.8,xa =4, =1.5,y=0.69,1 = 0.7. The system (1.1) can be written as

3+x, _ 4+,
1.0451+0.09y, + 0.85 1 "' = 1.5+ 0.69%, + 0.7y,1’

with initial conditions x_1 = 1.14, xo = 1.8, y_1 = 1.1 and yp = 1.6.

Xn+1 =

17
16
15

1.4

== 3 B = 1.3
25 12
11

0.9 H

08

L L L L L L
a a0 100 150 200 260 300 a a0

L L L L
100 150 200 260

(a) Plot of x,, for the system (5.1) (b) Plot of y, for the system (5.1)
1.8
1.7+
16
1.5+
1.4+
= 1.3
1.2+
11t
L
oat
o8, 15 2 25 3 35 4 45 5

(c) An attractor of the system (5.1)

Figure 5.1. Plots for the system (5.1)

300

5.1)
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In this case, the unique positive equilibrium point of the system (1.1) is global attractor. In Figure 5.1, the plot of x,, is
shown in Figure 5.1 (a), the plot of y, is shown in Figure 5.1 (b), and a phase portrait of the system (5.1) is shown in Figure 5.1

(©.
Example 5.2. Leta=20,b=1.002,c=0.07,d = 0.8, =0.8, =2,y=0.09,1 = 0.2. The system (1.1) can be written as

o 20+ x, B 0.8+ y,
T 1002+ 0.07y, 4085, 1 2" T 250.09%, + 0.2y, 1

5.2)

with initial conditions x_1 =2, x9o = 3, y_1 = 0.45 and yy = 0.55.

E] 06
! | nssf
056
7
054
&
e L= 052 m
5 hr
! ns
4
0.48
3 1 0.8
5 . . . . . 044 . . . . .
0 50 100 150 200 250 300 i 50 100 150 200 250 300
n n
(a) Plot of x,, for the system (5.2) (b) Plot of y, for the system (5.2)
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Figure 5.2. Plots for the system (5.2)

In this case, the unique positive equilibrium point of the system (1.1) is global attractor. In Figure 5.2, the plot of x, is
shown in Figure 5.2 (a), the plot of y, is shown in Figure 5.2 (b), and a phase portrait of the system (5.2) is shown in Figure 5.2

(©).

6. Conclusion

This work is related to qualitative behavior of the system of second-order rational difference equations. We have investigated
the existence and uniqueness of positive equilibrium of system (1.1). Under certain parametric conditions the boundedness and
persistence of positive solutions is proved. Moreover, we have shown that unique positive equilibrium point of system (1.1) is
locally as well as globally asymptotically stable under certain parametric conditions. Furthermore, the rate of convergence of
positive solutions of (1.1) which converge to its unique positive equilibrium point is demonstrated. Finally, numerical examples
are established to support our theoretical results.
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